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Abstract The regularity for solutions of elliptic equations is rather perfectly
solved, But it does not so perfect for that of elliptic variational inequalities. In lit-
erature only different special situations are considered. Now the boundedness, (e
continuity and ' regularity are proved for solutions of one-sided obstacle problems
under more general structural conditions, in which the growth orders of u are permitted
to reach the critical exponents and the growth order 7 of the gradient in B is permitted
to be super critical as 1 < p < n.
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Let (7 be a bounded domain in n-dimensional Euclidean space E™. Consider on G
the following obstacle problem:

LHW — o) - Alw,w, 7u) + (v — w) Bz, u, vu) dz 2 0, Yo € K(¥) (0.1)

where K (1) = {ulu € W P(G) + g € WIP(G) and u(z) = ¥(z) for ae. zin G}. For
the case of p > 1, Az, u, &) = |£P~2¢ and |B(z,u,€)| = cllepP-t + lulP~! + 1) Choel!!
has proved the e pegularity for the solution of (0.1). The same results have been
obtained by Lindqviat[z] and Fuchsl®! for p = 2 and B = 0 and by Norandol! for p > 2
and other one-sided obstacle problems. In Michael-Ziemer® the C%* continuity of the
solution is proved for A and B satisfying the structural conditions (1.1)-(1.3) with
g=pand 7 =p— 1. Based on [5] Liang-Yul® and Wang-Liang[” have proved the C*
regularity for p > 2 and for 1 < p < 2. respectively. The structural conditions on A and
B appearing in both [6] and [7] are the same as in [5]. In this paper we consider more
general structural conditions: the exponent ¢ appearing in (1:1)-(1.3} is permitted to
reach the critical Sobolev exponent p* and the growth order v of £ in B is permitted
to be super critical, thatisp—1+p/n<y<pasl<p<mn. But in the latter case,
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in order to make (0.1) have a meaning it is needed to add restrictions to u. In what
follows we require u € I-’?,f Le(@y n LYG) with ¢ satisfying (1.7) and corresponsively
K (4p) is replaced by Ki() = {u|u € W Le(@) N LHG) + wp C WHP(G) N E*I:G']. and
u(z) = (z) for a.e. z in G} inthe case p— 1 +p/n <7 <p.

1. Boundedness

Let A(z,u, &) and Bz, u,£) be defined on G % E! x E™, continuous in u and £ for
fixed x, and measurable in @ for fixed u and &, respectively. In addition A and B satisfy
the following structural conditions:

£ Alz,u,€) 2 kolé]? — Elul? — fo(z) (1.1)
Az, u, &) < ka|e]P™ + klul”® + fi(z) (1.2)
|B(z,u,8)] < c(@)|E]" + klu|?" + fa(z) (1.3)

where the constants By = kg > 0,p s L, 1/ +1fp =1k > 055 =l Py Tl

p—

g=p*=np/(n—-plasl<p<nandpZg<tocasp=mn.

filx) € L¥(G) (i = 0,1,2), so,82 > nfp and §; > nf(p—1) (1.4)
elz) € L™HG) ' (1.3)
(ry=n asl<p<nandy=p—1
1/rp=1—1/p—1/p" :as1-c::p=::na11{lp—1{ﬂff:p~l+ﬂ,-"n
1T1=+ﬂc asl<p<nandy=p-—1+p/n (1.6)
r1 = n/{p— ) asl<p<nandp-l+p/r<y<p
L r1 > pf(p =) asp=nandp—1<y<p

Let t satisfy

(v+1=p)ft+m—-M/g+yfp+lfri=1lasl<p<n (1.7

Theorem 1 Suppose 1 < p < n and the conditions (1.1}-(1.7) are fulfilled. Sup-
- pose the solution of (0.1), u, satisfies

uEK[tﬁ}as1{;1{?1andp—lf_if:rﬂp—l-l—pfn{}rp:na.ndp—lﬂfi:{p
vweK(p)asl<p<nandp-1l+4+p/n<y<p (1.8)

If 1 is bounded locally in G, then, so is u.

Proof Denote B(z,7) = {ly—=z| <r} and B(0,r) = B(r). Suppose B(2p) CC G
and p < p1 < po < 2p. Let {(z) =¢ (]|} be a piecewise linear continuous function of |x|
satisfying ((z) = 1 as |z < g1 and ¢(z) =0 as |z| = po. Take k = k% = el o= BL2oY)
and 7 = p/(p—1). Then, v = u—("(u- k)* may be taken as a test function. Inserting
it into (0.1) we obtain that

0= T Pda — : T 4 fol:
> fﬂ{m}q |7 ulfda fﬂ{m}{c (k[ul? + fo(z))



