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Abstract  In this paper we obtained the Hopf bifurcation theorem for an abstract
functional differential equation by the results of [ 1]. The asymptotic expression of bifurca-
tion formulae and stability condition were given in detail. Applying the result, we consid-
ered the Hopf bifurcation problem for a reaction—diffusion equation with time delay.
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1. Introduction

There are a variely of mathematical models in electronics, ecology, biology and
biochemistry etc, , which are described by differential equations with time delay. Many
problems of these models possess oscillatory phenomena or periedic oscillation. The re-
search of this aspect was confined to ordinary differential equation with delay so far in
a substantial literature, we refer the readers to [6],[7],[8],[9]. There are few re-
sults in partial differential equation with delay. In paper [2] and [3],the Hopf bifurca-
tion of a semilinear diffusion equation with time delay arising in ecology was studied,
In paper [ 1] we proved a Hopf bifurcation theorem for an abstract evolution equation
by means of the center manifold reduction method. This paper is a continuous research
of [1],we considered the Hopf bifurcation problem for an abstract functional differen-
tial equation here. Applying out abstract results, we considered a reaction —diffusion e-
quation, more precisely, we considered the following problem
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u(0,8) = ulm,t) = 0
(z,t) € (0,n) X R*

2. Preliminaries

Let X be a real Banach space. We shall still denote Xpo=X-+1X by X if it is not
confused. We consider the functional differential equation
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du L1} ]
E = A{:;;:}E: -+ f_ll:i’-'?(#:ﬂ}u! -+ f{ﬁ:ﬂ;:} (1:]

where A(u) is a closed, densely defined linear operator on X and is the infinitesimal
generator of a strangly continuous semigroup T(t), and T(¢) is compact for each =0,
ALy Ot Ein p(r=>=9),

Let C=C([ —», 07],X) be the Banach space of continuous X —valued function on
[—7,0], with supremum norm, where r=>0. If u is a continuous function from [a—
r,b] to X and ¢€ [a,b],then u denotes the element of € given by u (0 =u(t++0), —
r<<f0=_0. u is a real parameter. 7, @) : RX[—r,0]=B(X,X) is of bounded varja
tion, where B(X, X) denotes the space of bounded linear everywhere defined operators
from X to X,9(u,0) € C*t2(L=2) in u f:R¥C—X belongs to CEFE(LZ=2) satisfy-
ing f(ﬂrﬂjzﬂrﬂuf(ﬁ:U}Z& ,

We refer the readers to [4] and [5] for the results of the existence, uniqueness,
smoothness of the solution of (1) with initial value.

Define

% . — <0< 0
(A ()P (0) = : '
AW + [ anCums@  0=0

D(As()) = {9 € .52 € ¢,4(0) € D))

For any ¢& C,define Ut d=u ), where uw(¢) is the solution of (1) with initial val-
ue é. From the result of [4] we know that IU(¢) is a strongly continuous semigroup with
infinitesimal generator A,(ux),and DCACu)) is densed in .

Define

0 — e G ()

Py ) (0) = {f(#uﬁfiﬂ)il s

we can transform equation (1) into an abstract differential equation on .

it

e An Qg 4+ FCuyu) ' (2)

Define the linear operator A(L) . D(A)—=X by
d
1G> = 4w = 31 + [ ay(u 030

We will say that A satisfies the “characteristic equation™ of (2) provided ACA) =10 for
some 5= (),

Let C'* =G([{},T],I" } ,where X* is the dual space of X. Also let A(u)" .
X*—X"* be the dual operator of ACu) ,which exists since A(u) is densely defined (see
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