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Abstract This paper is concerned with a equation,which is a model of filtration in
partially saturated porous media, with mixed boundary condition of Dirichlet-Neumann

type
ab(u) — F ea[ Fu+ kBlu))] = f RN | R | I Y 0
{u = h(fx) on {0,00) X I,
veog Vu+ k(B(u)) ] = g(t,z) ot [ iDyeo i T

We have proved that there exists one and only one periodic solution of the problem under
the data f.g and & with same period. Moreover , we have proved that the unique periodic
solution o is asymptotically statble in the sense that for any solution & of the problem

Blu(t))y — blw(t)) — 0 in LA as t— oo,
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1. Introduction

This paper is concerned with a parabolic-elliptic equation of the following form
apu) — V +a[Vu+ k@@))] =7 in (0,) X 2 (1. 1D

Here @ is a bounded domain in RY(N>1) with smooth boundary I'=32,b. R—R k.
R—+R",f;(0,00) X £2—R are given functions and a(z) = (g, ;(z)) is a positive defi-
nite symmetric matrix. This equation is a2 mathematical model of filtration in partially
saturated porous media, where the saturation of flow is represented by b(u) and the
term k(b(u)) refers to the effect of gravitational force.

In this paper,equation (1. 1) is studied with the following mixed boundary condi-
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tion of Dirichlet-Neumann type

u= L(t,z) on (0,00} X I, 4
voeal Va4 E(B(u))] = g(i,x) on- (0,ca)} X F, C1.8)

where I, is a measurable subset of I" with positive surface measure (i. e. meas,(I",) >
0y, =F'\Pu.,1r is the outward normal vector on I"and k (resp. g) is a given function
on (0,c00) X I'y(resp. (0,20) X I'\). This problem (1. 13>—(1. 3) with initia! condi-
tion has been studied by many authors. For instance,see [ 1] for an existence-unique-
ness result. Concerning the asymptotic behavior of solutions,we know (cf, [217]) that
the stationary problem

— WV o a[ Ve, + kB (u))] = Fo(2) in £
= h.2(x) on: 1y (143
vor ol Vg, + kb (u.)) ] = g (2) on I

has a unique solution u., and any solution of (1. 1)—(1. 3) converges to &, weakly in
H'(£) as t—=oo,provided that f(z, » J==Foorglt, » Y=g and h({, » )—h_ in appro-
priate senses as {—-oo,

In the present paper we are interested in periodic solutions to problem (1. 13— 1.
3). We shall prove that there exists one and only one periodic solution of the problem
under pericdicity condition on the data f,g and & with same period. Moreover , we shall
prove that the unique periodic solution ® is asymptotically stable in the sense that for
any solution u of (1.1)-(1.3)

Blu(L)) — blaw())— 0 in L}(2) ast— oo

In proving the unigueness of periodic solution ,our main idea is to employ the same
technique as the one in the proof of [ 8;Theorem 10. 7| (see the proof of Lemma 4. 1).
The existence and asymptotic stability of periodic solution will be shown by using an or-
der property for solutions u,,u, as below

|[b{ﬂ1{ﬁ)} = b{ugit}}]_l- |L:{ﬂ'.'l i ||:'~E‘(3‘|{5)} - 'E'{HE{S:])]+ |:.'{ﬂ-}
for any &,f with s << {

This property is originally due to Bénilan [3].

In the case k=10,the pericdic stability has been studied in [13},whcn the bound-
ary condition is of mixed-type and of Signorini type on time-dependent parts of the
boundary. The methed employed in the present paper can be applicable,with the help of
some order property of boundary flux (see [13; Fmpm-tmn 4. 171),to the boundary
condition treated in [13].

For papers dealing with some related topics,see [2,4,6,7,9-12,14-16,207. In
particular ,we refer to [5] for pericdic behavior of solutions of the evolutionary dam
problem in a rectangular domain. In [17-18, 22 ], periodic solutions have been studied
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