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Many satisfactory results on the existence of " nontrivial golutions in wit for
guasilinear elliptic equations have been ohtained by the Mountain Pass Lemma (gee Shen
Yaotian (2 — 41). Recently, Wu Shaoping discussed the existence and regularity of the
nontrivial solution in W™ for the Neumann problem for a class of quasilinear equations.

In paper (6], the author of this paper studied the existence of infinitely many critical
points of the even functional I F(z, u, Du) + J. Gz, u) in w-ri . The work of this
; o g

paper is the continuation of that in [6]. We study the existence of the nontrivial critical
points, especially. the positive critical point and the negative critical point, - of the

functional (not necessarily even) :

I () = jF{::, u, Du) + _[ Gz, ¥ u e WL (1)
o o

where G {z, ¥} = _[ g (z, 1) dt. For simplicity., we call the function u is positive if u =0

o
butu==0in 2 ;and u 18 negative if — u is positive. Furthermore, we discuss the regularity
of the weak solutions of the second order quasilinear elliptic equations in divergence form
under the weak structure conditions. Our regularity result generalizes the result in (9]
which only deals with the semilineat elliptic equations. .

Let &2 be 2 bounded domain in B* with smooth boundary 282, =) be the unit
outward normal to ag atz . Set F; (=, :: qQ =F, (x, u, §). (= 15 Smcs mw Formally, the

critical point of the functional (1) is the weak solution of the following elliptic problem:

— g G w Dw G Dy =0, z€ S (2)

F.(z, u, Du)cos i z) + gz ) =1, =€ I (3)

Set ﬁ-——'ﬂ;ﬂ,-" (n — 7). Suppose a=3andl="p<n . The norm for wrr (@ is || u |
1

= ( I | Du|* _[ | u l’j’ . In the sequel, the contants ¢ and €, depending on ¢ may Vaty
F o

from trelation to relation in the argument.
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For m>=1, set m =m/(m— 1) . First, we give the following conditions for
F iz, u q) and g (z, u) :
(Fy) Fi, 0,0 =0, £ ;Fiz, u g, F{z u g and
Fiz.u. ) ECIEXREXED, =12, ... n)
(F,) There is a € = 0 such that ;
|Fotz, w. @) | =C|g|*" "+ o, (|u]d
|Fotz, u @) | (g} + o, (fuD
where g, (&) € C[0, +00), (i=1,23) and @, () =0 ), @, =07 ), @u ®)
=0 ast——+ oo ;
(F) (Fiwwg —Fuad) @—3g) >0 @D :
(F,) There exists A, = 0 such that
Fitz, w. @a=alg|"— @ Cluld
where @, (t) & C[0, 4+ <o) and @, (£ = o (t") as t—~+ o=

¢ Fy) There art-ﬂiﬁfi%.ﬁ}ﬂ.k}ﬂ, such’ that

Flz, u, @) —8(Fla, v, Q@+ F,(z, v. Quwy Z=Blg|’+Blul’—k

(F.) There are 0 <6 << %, 80, k>0, such that

Flz, u, ) —8(F,(z, u, g, +F.(z. v Qu) =g|lg|"—k
(F) Fzu g =C|g|"—®(|u|). where C€=0.0@ €C[0, +oo) and
lim @) [ = 4= oo ;

I
(Fy) Forallu=0, Fiz, u.q) = C|q|*— @ (u), where =0, ¢ () € C[0. =)
and lim ¢ (&) /=40,

i

g) g@w ECEXR. gz 0 =0 (€ ;
(g9 There is a » = () such that for |u| =7,

pG (z, uw) Zug(z, u) =0
(g,) There exists r > 1 such that for |u| >r,

PGz, w) =uglz, w) =alz) |ul

where a (z) 15 a nonnegative continuous function on £, and J Gy >0,
. i :

Theorem 1  Suppose thal F (z, u, q) satisfies (F)—(F) , (F9. (Fy and
(F)  There ts g v > () such that
' Fiz, u. q) =Zv|g|"— Pz, u)
shere Plz, w) CE C(E X R, |Piz,w) | <a,|ulf+a, and Pz, w) =o(|u|? uniformly in
s Qasu—0.
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