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THE MULTISCALE DISCONTINUOUS GALERKIN METHOD
FOR SOLVING A CLASS OF SECOND ORDER ELLIPTIC
PROBLEMS WITH ROUGH COEFFICIENTS

WEI WANG, JOHNNY GUZMAN, AND CHI-WANG SHU

Abstract. We develop a multiscale discontinuous Galerkin (DG) method for solving a class
of second order elliptic problems with rough coefficients. The main ingredient of this method
is to use a non-polynomial multiscale approximation space in the DG method to capture the
multiscale solutions using coarse meshes without resolving the fine scale structure of the solution.
Theoretical proofs and numerical examples are presented in both one and two dimensions. For
one-dimensional problems, optimal error estimates and numerical examples are shown for arbitrary
order approximations. For two-dimensional problems, numerical results are presented by the high
order multiscale DG method, but the error estimate is proven only for the second order method.
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1. Introduction

In this paper, we consider solving a class of second order elliptic boundary value
problems with highly oscillatory coefficients. Such equations arise in, e.g. composite
materials and porous media. The solution oscillates rapidly and requires a very
refined mesh to resolve. It is numerically difficult for traditional numerical methods
to solve such problems due to the tremendous amount of computer memory and
CPU time. Recently developed multiscale finite element methods [3, 13, 2, 15, 16,
11, 6, 23] provide an idea of constructing multiscale bases which are adapted to
the local properties of the differential operators, allowing adequate resolution on a
coarser mesh.

In particular, we are interested in the second order elliptic boundary value prob-
lems

(1) -V (Ax)Vu) = f(x) in

with the boundary condition
u=0 on 0,

where Q is a rectangular domain, f is a function in L?(Q) and A(x) is the coefficient
matrix containing small scales.

In applications, Eq. (1) is the pressure equation in modeling two phase flow in
porous media (see [17, 15, 6]), with u and A(x) interpreted as the pressure and
the relative permeability tensor. Especially when the stochastic permeabilities are
upscaled, A(x) is a diagonal tensor. Eq. (1) is also the equation of steady state heat
(electrical) conduction through a composite material, with A(x) and u interpreted
as the thermal (electric) conductivity and temperature (electric potential) (see [15]).

In the one-dimensional case, A(x) = a(z) and the equation becomes

(2) —(a(®)uz)s = f(x).
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In the two-dimensional case, we consider A with the following special form

409 = ("5 4 )

and the two-dimensional equation is

(3) —(a(@)uz)e = (b(y)uy)y = f(2,y).

The typical situation in multiscale modeling, has a(z) = a®(z, ) and b(y) = b*(y, €)
being oscillatory functions involving a small scale e. We do not need the assumption
of any periodicity of a® and b° and we do not assume any scale separation. The
coeflicients as well as the solution w can then have a continuum scale spectrum from
O(e) to O(1). We only assume a(x) and b(y) belong to L>°(£2) and satisfy

(4) 0<a<a(z),bly) <p<oo

for any (z,y) € 2, where o and 8 are constants independent of €. If the coefficient
a(x) is rough, then the solution u to (2) will also be rough; to be more specific, we
will in general have

l|al g1 () — o0, [|ul|g2Q) — o0, ase—0.

Thus, v is not uniformly bounded with respect to ¢ in H?(2) or in H'*°(Q) for
any 0 > 0.

Notice that we are considering the special class (3) of two-dimensional problems
for the convenience of explicitly constructed multiscale bases, thereby making the
multiscale algorithm efficient. This special class of multiscale problems does have
important applications in, e.g. two-dimensional semi-conductor quantum devices
(for application of such device models in one-dimension, see [20]), in which there
is a specific direction of oscillation in the coefficients at each location in space and
time. We remark that the proposed numerical method can also be applied to cases
with more general two-dimensional coefficients, at the price of having to numerically
constructing the multiscale bases.

As early as in the 60s, Tikhonov and Samarskii [18] (see also [14]) already de-
signed a simple 3-point finite difference scheme utilizing harmonic averages and the
special solution structure of (2). In particular, the scheme in [14] can give exact
solutions to the one-dimensional problem (2) at the grid points. In [3, 2], Babuska
et al. proposed an approach to this kind of problems based on continuous (or non-
conforming) finite element methods. In [3] theoretical proofs were provided for the
one-dimensional case and arbitrary order approximation. The two-dimensional case
was considered in [2], where only second-order accurate elements were considered
(piecewise linear elements if A is constant). One of the difficulties in using higher
order elements in multi-dimensions for the continuous Galerkin method is to make
the multi-scale spaces conforming. Compared to continuous finite element meth-
ods, discontinuous Galerkin (DG) methods do not enforce continuity at the element
interfaces, thus providing an easy way to construct multiscale basis in higher di-
mensions with high-order elements. Of course, there is a price to pay for the DG
multiscale method for this flexibility: we must carefully analyze the errors associ-
ated with these discontinuities across element interfaces, to obtain high order error
estimate. This is done for the arbitrary high order scheme in one dimension and
for the second order scheme in two dimension in this paper. Numerical evidence
indicates that our multiscale DG scheme can achieve higher than second order ac-
curacy in two dimensions, as shown in this paper, although a proof is not available
at this time.



