Journal of Computational Mathematics, Vol.20, No.1, 2002, 79-88.

ERROR ANALYSIS AND GLOBAL SUPERCONVERGENCES
FOR THE SIGNORINI PROBLEM WITH LAGRANGE
MULTIPLIER METHODS*"

Ping Luo
(Department of Computer Science, Tsinghua University, Beijing 100084, China)

Guo-ping Liang
(Institute of Mathematics, Academy of Mathematics and System, Chinese Academy of Sciences,
Beijing 100080, China)

Abstract
In this paper, the finite element approximation of the Signorini problem is studied
by using Lagrange multiplier methods with piecewise constant elements. Optimal error
bounds are obtained and iterative algorithm and its convergence are given. Furthermore,
global superconvergences are proved.
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1. Introduction

It is well known that contact problems have always occupied a position of special importance
in the mechanics of solids. So it attracted particular attention of engineers and computational
experts. In the last ten years, with the development of the theory of variational inequalities, a
lot of new results and methods on contact problems have been reported. We refer to Brezzi,
Hager and Raviart 34, Falk 8], Glowinski, Lions and Trémoliérés 1% Haslinger ', Haslinger
and Hlavacek '13] Kikuchi and Oden ['®! for details and survey in this field.

Superconvergence estimates for the finite element methods are well studied in many papers.
We refer to Krizek and Neittanmiki 16, Lin and Xu 2%, Lin and Zhu 2132 Krizek 17 and
Wahlbin % for more details.

We shall discuss in this paper the classical example of the role of variational inequalities
in the formulation of contact problems in solid mechanics — the so-called Signorini problem
describing the contact of a linearly elastic body with a rigid frictionless foundation and show that
the finite element approximation of the Lagrange multipliers methods with piecewise constant
element is of order one in accuracy with the energy norm. Furthermore, we find that the error
estimates with the energy norm are half a order higher than the usual optimal error bounds
if the partition of €2 is almost a uniform piecewise strongly regular mesh and the solution is
smooth enough.

We consider the deformation of a body unilaterally supported by a frictionless rigid founda-
tion and subjected to body forces f and surface tractions ¢ applied to a portion I'x of the body’s
surface I'. The body is fixed along a portion I'p of its boundary and we denote by I'. a portion
of body which is a candidate contact surface. Let u = (u1,u2) and ¢ = (0y5),1 < i,j < 2,
denote arbitrary displacement and stress fields in the body respectively. If we take on the spe-
cific form o;;(u) = Ejjpug,(x), where Ejjp; are the components of Hooke’s tensor which may
depend on x and have the symmetry properties

Eijri = Ejirg = By, 1<14,5,k, 1 < 2.
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Then the Signorini problem consists in finding the displacement field u such that

—(Eijriuey),;, = fi, inQ,
u; = 0, onIp,
Eijpiugyn; = t;, on ', (1)
or;(u) = 0, o,(u)(u, —g) =0,
onl,,
up—g < 0, op(u) <0,

U
—k, n and g denote the outward unit normal vector on I'. and the normalized

8xl

initial gap, respectively, and

where uy; =

Up = u-n=un;, op(u) =o;(u)nn;,
OT; (ll) = Ul](u)n] - Un(u)nia 1 S i:j: kal S 27

here o1, (u), 0, (u) denote the tangential and the normal components of the stress vector, re-
spectively, and the usual summation convention on repeated indices is used.

Let  be a bounded domain with a sufficiently smooth boundary. We will use the usual
Sobolev space W™P(Q) consisting of real valued functions defined on  with derivatives up to
order m in LP(Q2) and the norm on W™ P?(Q) is denoted by || - ||m,p.q. In particular, we define

H™(Q)=W™*(Q) and || [lma =" [lmz20-
Let (-,-) denote the L?-inner product and
Y=int(l —Tp), IrCY, I'pNl.=9¢, [.CX,

where int denotes interior of a set. For vector-valued function v with components v; in H™(Q),
we shall use the following notations

v e H™(Q) = {(vy,v)|v; € H™(Q),1 < i < 2},

Wllno =3 [ X IDout@)Pde}?,

la<m
V = {veH (Q)|yp(v) =0,in H?(I'p)},
K={veV|y (v)—g<0, ae onl.},
vp : HY(Q) — H? (T'p),~p being the trace map from H'(Q),
7 V= H: (X),7% being the normal trace map from V.

We see that the set K is a nonempty closed convex subset of V and the normal trace operator
1 1
79, is a surjective linear continuous map. Let H~=(T.) denote the dual space of Hz(I';) and

its norm be defined by
| / vy
e
Wll—gr.= sup T

)
ospers o 121150

where

2 _ 2 2 2 _ (v(z) —v(y))
ol v, = ol + o, oy, = [ f = ey



