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Abstract
In this paper, product formulas based on projector-splines for the numerical evaluation
of 2-D CPV integrals are proposed. Convergence results are proved, numerical examples
and comparisons are given.
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1. Introduction

We consider the numerical evaluation of Cauchy principal value integrals of the form

J(f;z,09) ][ ][wl x)wy (& @ _fs)v(;)_ ) dz dz (1.1)

where z € (a,b), ¥ € (@,b), the weight functions w1 (), w2 (%) and the function f are such that
J(f;z,0) exists.

The numerical evaluation of the integrals (1.1) are of two types: global and local. The global
methods have generally to be used when f is differentiable with ’small’ derivatives. However,
one of the difficulties wich occur in the use of global methods usually based on orthogonal
polynomials, lies in the fact that a greater accuracy in approximating (1.1) requires to increase
the number of the nodes coinciding with the zeros of above polynomials. Therefore, when the
weight functions w;, we are different from the classical Jacobi weights, the evaluation of the
nodes requires a considerable computational effort.

Besides, global methods are generally not appropriate when f behave "badly’ in some subin-
terval of [a,b] x [@ x D], then for such integrals a local method with no restriction on the choice
of the nodes would have to be preferred.

In this paper we will consider an approximation function of the form:

Qnyf(z, %) = ' (Miihii f) Bk (2, %) (1.2)

in which the operators A;, \iz are such that Q) y 5 1s the tensor product of two one-dimensional
projector-splines and we will examine a cubature rule for (1.1), considering that it can be
written in the form

. (g () L ED = FED)
T(fs2.9) ][][ L(@yws (x_z)(x_ﬁ) dr di +

+ f(z,f/‘)]é w_zd][ (1.3)

* Received August 17, 1998; Final revised October 15, 2000.
1 Work sponsored by M.U.R.S.T. and C.N.R. of Italy.




114 E. SANTI AND M.G. CIMORONI

and then, it can be approximated by

Ini(f32,9) ][][w1 T)ws (F QNNf((ffl)(jing)f(z’ﬁ) dzdz +

b b
+ f(z,ﬁ)][ wl—(:”)da;]{ 1;’2(1;& (1.4)

r—z

This paper is organized as follows. In Section 2 we will present some preliminaries and
summarize numerical thecniques to be used; in Section 3 we will prove the convergence of the
integration rules here proposed and we give conditions for their uniform convergence for (¢, )
belonging to any closed interval contained in (a, b) % (&, l~)) Finally, in Section 4, some numerical
results are presented and compared with those obtained by using the method proposed in [2].

2. Preliminaries

_ Given Q :=[a,b] x [a, b, let {Y;,} and {¥3} be two sequences of partitions of I := [a, b] and
I :=[a, b] respectively:

Y, = {a =Yon < Y1in < . < Ynpn = b}, Yfﬁ = {a =90 < 17 < - < Yan = [N)}
If hy = yit1 — yi and h; = i1 — §s, we define
01 = min h; 1, J02 = min hi . (2.1)

1<i<n 1<i<n
Let Ay, A, be the norms of the partitions Y, and Y; respectively, given by

Al = 112?<Xn hz 1, Az = 1%1%}(& hzfl. (22)

We say that the collection of partitions {Y;, X Yz : n = ny,ng..;7 = iy, 7, ...} of Q, is
quasi-uniform (q.u.) if there exists a positive constant A such that

SA 1<4,5<2 (2.3)

S|P

and we assume that
Al —0 as n—o0, Ay—0 as 7 — oco. (2.4)

Let {din}7™, {Jm}i‘_l be two sequences of positive integers with d;, < k — 1, din < k —1,
where k, k are assigned integers greater than 1, and let m be the non-decreasing sequence {z; }5’
obtained from Y,, by repeating ;. exactly d; times (thus N = Y77 Yd; + 1); similarly, let 7
be the non-decreasing sequence {:1:,}0 obtained from Y3 (thus N = E” Yd; +1). We denote
with S, and Smc the polynomial spline spaces of order k and k respectively. We shall call a
sequence of spline spaces {Syj X S’fr,;} g-u. if they are based on a sequence of g.u. partitions.

We can suppose, without loss of generality, k = k.

It is well known that considering the extended partitions n. = {z; fv ﬁkgl and T, =

{ii}é\:;:l, the normalized B-splines { By, (z)}Y [, and {Buy,(& )}l |}, constitue a basis com-

pactly supported for Sy and S respectively. By the above univariate normalized B-splines
we may generate a collection of bivariate B-splines, defined on [z1_, zNntr—1] X [F1—k, 53N+k—1]7

B (z,%) = Bi(z)Bi ().



