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Abstract

In this paper, a new superlinearly convergent algorithm of sequential systems of lin-
ear equations (SSLE) for nonlinear optimization problems with inequality constraints is
proposed. Since the new algorithm only needs to solve several systems of linear equations
having a same coefficient matrix per iteration, the computation amount of the algorithm is
much less than that of the existing SQP algorithms per iteration. Moreover, for the SQP
type algorithms, there exist so-called inconsistent problems, i.e., quadratic programming
subproblems of the SQP algorithms may not have a solution at some iterations, but this
phenomenon will not occur with the SSLE algorithms because the related systems of linear
equations always have solutions. Some numerical results are reported.
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1. Introduction

In this paper, we consider the following nonlinear programming problem with inequality
constraints:

min flz)

(IP) s.t. gi(z) <0, j=1,2,--- ,m.
where z = (z1,-++ ,2,)7 € E™, the index set I = {1,2,--- ,m} and f: E" - E and g;: E" —
E (j=1,---,m) are all real-valued functions.

Since the algorithms of Sequential Quadratic Programming (i.e. SQP) generally have good
superlinear convergence properties, they are currently considered to be one of the most effective
approaches for solving nonlinear programming problems with nonlinear constraints, and have
been widely studied by many authors. (See, e.g. [5-8]). However, most of the SQP algorithms
have two serious shortcomings: (1) In order to obtain a search direction, one must solve one
or more quadratic programming subproblems per iteration, general speaking, the computation
amount of this type of algorithms is very large. In addition, it is difficult to use some good
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sparse and symmetric properties in solving quadratic programming subproblems, this may
restrict the application of the SQP type algorithms, especially for large scale problems; (2) The
SQP algorithms require that the related quadratic programming subproblems must be solvable
per iteration, however, it is difficult to be satisfied in general. So it is desirable to design some
algorithms which can avoid these shortcomings for nonlinear optimization problems.

In Ref.[3], E.R. Panier, A,L.Tits and J.N. Herskovits gave a feasible algorithm which is two-
step superlinear convergent. They try to replace quadratic programming problems by systems of
linear equations for overcoming the difficulties encountered in the SQP methods. The algorithm
in Ref.[3] needs to solve two linear systems and a quadratic subproblem at each iteration, and
the initial point of the algorithm must be an interior point. Particularly, in order to obtain the
global convergence, Ref.[3] needs two strong assumptions ( i.e. an interior point is assumed,
and the number of stationary points is finite.). In addition, the algorithm of Ref.[3] can not be
used to deal with problems having equality constraints.

In order to overcome these shortcomings just mentioned for the SQP algorithms for solving
constrained optimization problems, through improving the algorithm in Ref.[3], a new super-
linearly convergent algorithm of sequential systems of linear equations (SSLE) for inequality
constrained optimization problems is proposed in this paper. Comparing with the SQP algo-
rithms recently suggested, the new algorithm has three main advantages: (1) The new algorithm
is completely QP-free, more precisely, the algorithm only needs to solve four systems of lin-
ear equations having a same coefficient matrix per iteration, the computation amount of the
algorithm is much less than that of the existing SQP algorithms per iteration; (2) The iter-
ating points generated by the algorithm are feasible; (3) The rate of convergence is one-step
superlinear under much milder assumptions than that in Ref.[3].

The proposed method is based on the following observation. Let {d}} be a sequence gener-
ated by the following linear system in (d, \):

Hyd} + V f(xx) + YAV, (wx) =0, (1.1)
j=1
Vg () ) + A jgi(xk) =0, (G €T, (1.2)

where Hj, is an estimate of the Hessian of L(z, A) = f(z) + Z;nﬂ Ajgj(x), xp the current
estimate of a solution z*, zj + d} the next estimate, u; the current estimate of the Kuhn-
Tucker multiplier vector associated with z*, and A) the next estimate of this vector. Locally,
the system (1.1)-(1.2) is a higher order perturbation of the following quadratic programming
(SQP):

min %dTde + Vi(xe)'d

st.  gj(z) + Vgj(zr)d <0, j=1,--,m,

according to the theorem 4.6 of Ref.[3], we know that the sequence defined by wj41= x), + dY
have superlinear convergence. Thus, d? is obtained as first direction. However, dj is not entirely
suitable as a search direction. Indeed, although df is a descent direction, it may be zero at
some iterates which are not K-T point of (IP). This effect can be avoided if one substitutes in
each right-hand side of (1.2) a negative number v;, (j € I), but v; must tend to zero faster
than d9 in order for the convergence properties of {;} to be preserved, we let v; be ()\27 j)
or (=X} ;)gj(zi)||dR|]>. Thus, after dj is obtained, a new direction dj would be computed by
solving the linear system

Hydj, + V f(xx) + > M Vgi(ar) =0,
j=1 (1.3)

1k Vg5 (wn)Tdy, + A j95(Tk) = fr 0k 5, (jel,



