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Abstract

In this paper, we first give a smoothing approximation function of nonsmooth system
based on box constrained variational inequalities and then present a new smoothing ap-
proximation algorithm. Under suitable conditions,we show that the method is globally and
superlinearly convergent. A few numerical results are also reported in the paper.
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1. Introduction

Consider the following box constrained variational inequalities of finding an z € X, such
that

f@)(y—=2) =20, VyeX (1.1)
where f is a smooth mapping from R"™ into itself, set X has the following box form:
X={zeR"a<z<b} (1.2)

with a = (017027"'7an)T7 b= (b17b27"'7bn)T and —oo S a; < bz S -|—OO,Z = ]-7"'777“
It is easily shown that problem (1.1) is equivalent to

H(z)=0 (1.3)
where H(z) = (Hy(x), -, Hu(z))?, Hi(z)(i =1,---,n) defined by

T —a;, v — fi(r) <ay,
Hi(z) =< filz), a; <wzi— fi(z) < by, (1.4)
zi — by, w;— fi(x) > by,

Generally, mapping H is nonsmooth. Qi and Chan(see[6]) established a so-called successive
approximation method, which changes (1.3) into an equivalent nonsmooth equations of the
following form:

H(x) = fr(x) + gr(x) =0 (1.5)

where fj, and g are mappings from R™ into itself with fj being F-differentiable and g4, not, but
its norm relatively small. Global convergence of this method is obtained and numerical examples
are given to illustrate its usefulness.

Another approach for solving problem (1.3) is the smoothing methods(see[7, 8, 9]). The
feature of smoothing methods is to construct a smoothing approximation function H(-,-) : R"™ X
Ry — R"™ of H such that for any € > 0, H(-,¢) is continuously differentiable and

|H(x) — H(z,€)|| = 0 as e = 0" forall z € R"
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and then to find a solution of (1.3) by solving the following problem for a given sequence
{ek}7k:0717"'7
H(z,e) = 0. (1.6)

In [7], Chen and Mangasarian introduced a class of smoothing approximation functions for
nonlinear complementarity problems. And Gabriel and Moré extended Chen-Mangasarian’s
smoothing approximation functions to box constrained variational inequalities(see[9]).

In this paper, we will present a new smoothing approximation method for solving problem
(1.1). Under mild conditions, we prove that the sequence {x;} generated by this method is
bounded and each accumulation point is a solution of problem (1.3).

This paper is organized as follows. In the next section, we define the Jacobian consistency
property and construct a new smoothing approximation function of H. And then we describe
the algorithm in detail. In section 3, we show that the algorithm is globally and superlinearly
convergent. Finally, some numerical examples are given in section 4.

We let || - || denote the Euclidean norm of R™ and let

Ry ={ele>0, e€ R}, Ry ={ele>0, e € R},
we denote the set of all nonnegative integers by N={0, 1, 2,---}.

2. The Algorithm

Let F': R™ — R™ be locally Lipschitz continuous. According to Rademacher’s theorem, H is
differentiable almost everywhere. Let Dp be the set where F' is differentiable. The B-derivative
of F'is defined by (see[3])

OpF(z)={ lim  F'(xy)}.
zix(EDp)—x
The generalized Jacobian of F' at x in the sense of Clarke(see[1]) is
OF = convOpF(x).

In this paper, for the function F', we use a kind of generalized Jacobian, denote by OcF' and
defined as(see[10])
OF = 0F(z) x 0F,(x) x ---0F,(x).

Next we give the definition of the Jacobian consistency property.

Definition 2.1. Let H(-) be a Lipschitz function in R". We call H(-,¢) : R* x Ryy — R"
a smoothing approximation function of H(-) if H (-, €) is continuously differentiable with respect
to variable z and there exists a constant ¢ > 0 such that for any « € R™ and € € R4,

1 H (z,€) — H(z)|| < ce (2.1)
Further, if for any z € R"™,
liﬁ)l dist(H.(z,€),0cH(x)) =0 (2.2)

then we say H(-,¢) satisfies the Jacobian consistency property.
We now construct a new smoothing approxiomation function H (z,€) = (H;(x,¢€)) of H(x)
defined by (1.4) as follows

_ (@i—fi(x)—aite)?®

xT; —a; ic , 1€ a(z),
2
Hi(z,€) =q z; — b; + W7 i€ B(x), (2.3)
Hi(z), otherwise

where a(z) = {i : |z; — fi(z) —a;| < €}, B(x) = {i : |z;— fi(z) —b;| < €}. Tt isn’t difficult to find
that H(z,€) is continuously differential while e < 1I<m£1 {3(b; —a;)}. And Jacobian H(z,€) is
<i<n



