Journal of Computational Mathematics, Vol.18, No.6, 2000, 645—656.

ORDER PROPERTIES AND CONSTRUCTION OF SYMPLECTIC
RUNGE-KUTTA METHODS*!

Shou-fu Li
(Institute for Computational and Applied Mathematics, Xiangtan University, Xiangtan
411105, China)

Abstract

The main results of this paper are as follows: (1) Suppose an s stage Runge-
Kutta method is consistent, irreducible, non-confluent and symplectic. Then this
method is of order at least 2p + (1 < p < s — 1) provided that the simplifying
conditions C(p) (or D(p) with non-zero weights) and B(2p + [) hold, where | =
0,1,2. (2) Suppose an s stage Runge-Kutta method is consistent, irreducible and
non-confluent, and satisfies the simplifying conditions C'(p) and D(p) with 0 < p <
s. Then this method is symplectic if and only if either p = s or the nonlinear
stability matrix M of the method has an (s — p) x (s — p) chief submatrix M =
0. (3) Using the results (1) and (2) as bases, we present a general approach for
the construction of symplectic Runge-Kutta methods, and a software has been
designed, by means of which, the coefficients of s stage symplectic Runge-Kutta
methods satisfying C(p), D(p) and B(2p + ) can be easily computed, where 1 <
p<s50<1<2s<2p+1<2s.
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1. Introduction

For a given s stage Runge-Kutta method

uw| A

- (1.1)

with A = [a;j], p = [p1, p2, - ps]” and y = [y1,72,--+,7]" # 0, we introduce the
following simplifying conditions as in Butcher [1]
T,i-1 _

B(p) 27 M 1 221723 iy 2
C(p) ZA:U‘l 1_Ma . 2-21,2,"',[7,
D(p) : ZAlea‘g( ) = Y= dla‘g(fY):u‘la 1= 17 23 iy 2

and make the notational convension
M= [mzy] = diag(y)A + Aleag( ) — ’Y’YTa
Uim = [p1(1), pr1(1)s -+ -5 pm (1)1
Vi = [p1(1), o1 (1), -+, o (W],
Blm = [blubl-i-la 7b ]7 Clm = [Cl,CH_l,"',Cm],
Dlm = [dladH—b ) m]7
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where | < m, p;(z),i =1,2,3,---, are arbitrarily given i-th polynomials with the prop-
erty that pZ(O) =0,
pi(v) = [Pi(l/l),ﬂz(
pi(v) = [p(v1), pi(

ci = Ap;(p )_Pi (1),

Note that B(p), C’( ) and D(p) are equivalent to By, = 0,C1, =0 and Dy, =0
respectively. We shall always denote B 4, C 5, D1 and Vi 3 by B,C, D and V respec-
tively, and frequently refer the following two theorems in the sequel.

Theorem 1.1. (¢f. Butcher [1]) B(p),C(n) and D(§) with min{n+£+1,2n+2} >
p implies that the method has order at least p.

Theorem 1.2. (c¢f. Sanz-Serna [2] and Lasagni [3]) An irreducible Runge-Kutta
method is symplectic if and only if M = 0.

i(v2), - pi(vw)]

2),“‘,p;'(VN)]T7 forV:[Vl,VZ""ayN]TERN’

2. Order Properties

Lemma 2.1. Suppose B(q) holds. Then we have
d} py(n) — cf diag(v)pf(n) = 0 for i+j<q. (2.1)
Lemma 2.2. Suppose that

di, 05, (1) = cj, diag(7)ply () =0, ix+jx =k for k=23, ¢
(2.2)
Then B(1) implies B(q).
Corollary 2.3. The following implications hold.
(1) B(q) and C(p) == d pli(n) =0 forj <p,i+j<q,
(2) B(g) and D(p) = cf diag(v)pjj(u) =0 for j <p, i+ <q,
(3) B(p+q) and C(p) = D{ Vi, =0,
(4) B(p +4q) and D(p) = Cf ,diag(7)V1, =0,
(5) B(1), Cf ,diag(y)Vi,y =0 and Df Vi, = 0= B(p+q),
(6) B(1), C(p) and D(q) = B(p +q).

Proof. Corollary 2.3 follows directly from Lemmas 2.1 and 2.2. Lemmas 2.1 and

2.2 can be easily verified by using the following identity and simple induction.

df pfy () — ¢ diag(y)pf () = b)) — pi(1)bj, 0,5 =1,2,3,-++, (2.3)
where

09) =4 (i) ) ems — i3 (1),

Theorem 2.4. Suppose the method (1.1) is irreducible and symplectic. Then we
have the following implications for 1 < p < s.
(1) B(1) and C(p) = B(2p);

(2) B(1) and D(p) = B(2p);
(3) B(1) and C(p) with distinct abscissae = B(2p) and D(p);
(4) B(1) and D(p) with distinct abscissae and nonzero weights

B
B
= B(2p) and C(p);
(5) C(1) and D(p) with distinct abscissae => B(2p);
D(1) and C(p) with distinct abscissae => B(2p) and D(p);



