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Abstract

In this paper, we have obtained an expression of the bivariate Vandermonde
determinant for the Elliptic Type Node Configuration in R?, and discussed the
possibility of the corresponding multivariate Lagrange, Hermite and Birkhoff in-
terpolation.
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1. Introduction

In this paper, we use the usual multivariate notation w’/ = w{l coewls g = g1+

o445 (1, js € Z4) M2 and let P, be the (bivariate) polynomial space of all real
(bivariate) polynomials of degree at most n.
Now we introduce the concept of the Curve Type Node Configuration (CTNC):
Definition 1. Curve Type Node Configuration A (CTNCA)BL. Let L, = (n +
1)(2n +1). Then carry out the following steps:

0. Arbitrarily select a point as node x1 in R?;

1. Draw a quadratic irreducible curve X1 such that it does not go through the node
x1 on R? (X1 can be an ellipse, a hyperbola or a parabola), arbitrarily select five distinct
points from X1 as nodes xa,- -, x¢;

n. Draw a quadratic irreducible curve X, such that it does not go through the
nodes that have been selected on R? (X,, can be an ellipse, a hyperbola or a parabola),
arbitrarily select 4n + 1 distinct points from X, as nodes xr, 41, "*,ZL,-

The obtained node group X, = {z;j:i=1,---,L,} is called the Curve Type Node
Configuration A (CTNCA). If every quadratic irreducible curve is an ellipse, then X,
can be called an Elliptic Type Node Configuration A (ETNCA).

Let w = (u,v) be the variables in R? and arrange the bivariate monomial sequence

V1,9, s, - - - as the following order:

1 w,v,u?,uw, v?; ud, v, wo?, v, ut, udv, wPo? wed, vt
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The multivariate Vandermonde determinant that we will study can be formulated
as follows:

VDn(Qola ) SOL'”) :det[¢1,"'a¢Ln]

T, -, T,
where the column vector
¢i = [1(2), -, pr, ()]
If a node distribution guarantees the existence and uniqueness of a Lagrange in-
terpolant to any given data, we say that the set of nodes admits unique Lagrange

~

interpolation. Hence, X,, admits unique Lagrange interpolation if and only if

VDTL<()017 Tty SOL”)%O
Ty, - TL,
To allow coalescence of nodes along the curves X7y, - - -, X,,, we consider the following

definition.
Definition 2. Curve Type Node Configuration B (CTNCB). There exist quadratic
wrreductble curves Xq,---, Xy, such that

TL; 141, TL; € Xj\(Xj-f-l U---UXp)
forj=1,---,n as in CTNCA, where

TL; 1415 TL; :yjlv"'ayjlv"'vyjkjv'"7yjkj

451 Uik,

withgﬂ—l-"'—i-fjkj =Lj—Lj4,j=1,---,n.

Node coalescence along X; corresponds to Hermite interpolation with derivatives
D’)“(j (Dgfj := I, the identity operator). The definition of Dx; will be different according
to whether X; is an ellipse, a hyperbola or a parabola. In this paper, we will give the
definition of Dx; when Xj is an ellipse. We denote the column vectors by

Hence, the generalized Vandermonde determinant corresponding to the Hermite inter-
polation problem on the nodes X, satisfying CTNCB becomes:

HDn(Sola T ¢Ln)

i, -, L,

. . . . o li—1 . . . . ol —1 .
:det{qﬁl:---:qﬁjl:Dngzbjl:---:D)g; gbjl:---:<Z>jk,j:DX].gbjkj:---:D)éjJ Pjk; 1 |-

(for points on Xj)

To allow coalescence of the quadratic irreducible curves X1, - - -, X,,, we consider the
following definition.

Definition 3. Curve Type Node Configuration C (CTNCC). The set X,, consists
of distinct nodes x1,---,xr,, and there exist curves Xy, ---,X,, where

Xla”'vXn:Ylv'”ayla'”dea'”7Yd7
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