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Abstract

In this paper, a mean-field equation of motion which is derived by Penrose
(1991) for the dynamic Ising model with Glauber dynamics is considered. Var-
ious finite difference schemes such as explicit Euler scheme, predictor-corrector
scheme and some implicit schemes are given and their convergence, stabilities and
dynamical properties are discussed. Moreover, a Lyapunov functional for the dis-
crete semigroup {S},~o is constructed. Finally, numerical examples are computed
and analyzed. it shows that the model is a better approximation to Cahn-Allen
equation which is mentioned in Penrose (1991).

1. Introduction

We consider the following mean-field equation of motion for the dynamic Ising model
on a periodic lattice A:

u; +u = tanh(fAu) t>0 (1.1a)
u(0) =ug € " (1.1b)
U,y Nei = Ug acel, 1<i<d (1.1¢)

d
where A denotes the lattice of Z? with N sites defined by A := {a a = Zaiei,
i=1

a; €2,1<q; < N} with {e’} being the standard unit vectors of Z%. We say that A is

a d-dimensional lattice. We denote by V the N¢ dimensional space of lattice vectors
V = (Vq)aen~ satisfying v, yei = vq. Here u = (uq)qen and u, denotes the expectation

d
of the spin at site a of the lattice and A* is defined by {a ta = Z ae’, a; € Z}.
i=1
The N% x N% symmetric matrix A is defined by, for v € Vj

{Av}, =) Eaww (1.2)

beA
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where Ju, = JEg (J > 0) is the Ising interaction between sites a and b satisfying, for
all a,b e A

(7). Eg >0 (13). Eu >0<=be N(a) (131). Egp < 1. (1.3)

d
Here N (a) denotes the neighborhood of the site a defined by N(a) = {b : Z la; —b;| =
i=1

1}. The parameter 5 = J/60, where (> 0) is the absolute temperature. Further-
more throughout the paper we use the convention that for any lattice vector u, the
component at site a in (u), = u, and for any f : R — R, {f(u)}, = f(ug). The
dynamical system (1.1) was derived by Penrose!!! from an Ising model on the lattice A.
It approximately represents the behavior in the mean of the Ising model with Glauber
(spin-flip) stochastic dynamics, Glauber?. Existence and bounded of absorbing sets,
global attractor for (1.1) are studied by Lu Bainian®l, and the bifurcation solutions for
the steady-state equation of the equation (1.1) also are discussed in [3].

In this paper we shall construct some explicit and implicit finite difference approx-
imations and their convergence, stability, dynimical properties and long time behavior
for the equation (1.1).

For simplicity, we shall use the same notations and abbreviations as used in [3]

Oa:=J > FEuw (1.4a)
beN(a)
0. == max 0, = J||A |00, (1.4b)
a€N
where ||A || is the infinity norm of the matrix A and given by ||A ||« = max Z Egp.
=2 beN(a)
The discrete weighted L? inner product and L? norm are defined as
(u,v):hdZuava Yu,v € V,, (1.5)
acN
IVl = (v, V)2, W € Vi, (1.6)
and discrete maximum norm is defined as
Iv]|oo = Igleaic|va|, Vv e Vi (1.7)
. . 1. 1+r
The inverse of tanh(-) is denoted by ¢(-) so that ¢(r) = 3 In T
We introduce the homogeneous ‘free energy’ functions for r € (-1, 1)
1
P(r) = 5((1—{—7‘) In(1+r)+ (1 —r)ln(l —r)) (1.8)

Then as noted by Penrosel!l, an important feature of the system (1.1) is the existence
of a Lyapunov functional given in our notation by

g

I(u) := 5

(Au,u)+ (e,9(u)) (1.9)



