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Abstract

This paper is a sequel to [2]. A two parameter family of explicit and imphcit
schemes is constructed for the numerical solution of the degenerate hyperbolic
equations of second order. We prove the existence and the uniqueness of the
solutions of tifese schemes. Furthermore, we prove that these schemes are stable
for the initial values and that the numerical solution is convergent to the unique
generalized solution of the partial differential equation.

§1. The Problem and the Difference Schemes

Consider the initial boundary value problem for the degenerate hyp erbolic equation
of second order

gi: zpa(z,t)—g—zﬁ = b(ﬁ,t)g—g + f(ihta‘u: %): (-"‘3:_5_) €, (1)
u(z,0) = ug(z), 0<z<I, (2)
BBt o= s}, DLE KL, (3)
u(0,t) is finite on 0 < ¢t < T, (4)
u(L,t) =0, 0<t<T, (5)

Here the domain Q = {0 <2< L,0<t<T}andp>1.

Suppose that the following assumptions are valid for the coefficients in equation (1)
and the initial functions:

(A1) a(x,t) is differentiable with respect to z and ¢ on Q. And there exist constants
Ag, A1, A and C,, for any (z,t) € Q, such that 0 < Ay < a(z,t) < A;,2%a(z,t) < A,
| 8a/B8z | < C4 and | 0a/0t |< C, . |
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(A2) b{z,t) is a continuous function of z € [0, L]. Furthermore, there are

| b(z,t) |< BvVzr, (z,t)€Q,

| b(:ﬂ,tl) — b(ﬂ:,tz) Iﬂ OIRVE | 1 — o |, T € [O,L], l1,%2 € [O,T],

where B and (), are positive constants.
(A3) f(z,t,u,w) is a continucus function of (z,t,u,w) € Q x R%. And for any
(z,t) € Q and u,w € R there are

Y, 2,
oot w)| O+ [ul 4 w), |5 f(e,t,u,w0)] < Cp
where (s is a positive constant. |
(Ad) f(=z,t,u,w) is semi-bounded for w, i.e., there exists a positive constant C,

such that
[f(2,t,u,w1) — fe, b u,wa)| (wy — w) < Cp | wy — w2 [
Yu,w,,ws € R,(z,t) € Q.
(A5) For z = L: there is a positive constant C such that
| f(£,t1,0,0) = f(L,t2,0,0) [ Cp [t1 — 22|, £1,82 € [0,T].

(AG) The initial functions satisfy the consistent condition, i.e., uo(L) = ©3(L) = 0.
In addition, up(z) and u(z) are Lipschitz continuously differentiable.

Under the assumptions (A1)-(A6), the existence and uniqueness of the generalized
“solution of the problem (1)—(5) have been proved by M.L. Krasnovl®l.

Solve the problem (1)-(5) by means of the finite difference method. Divide the
interval [0, L] and [0,7] into J and N + 1 parts respectively. The space stepis h= L/J
and the time step is £ = T/(N +1). Let wy = {t" = nk;n = 0,1,---,N + 1} and
wp = {z; = jh;j = 0,1, --,J}. The set of all net points on the domain Q is denoted
by wh, X wi. Let V(z,t) be a discrete function defined on wy, X wi and Vi =V(e;1t").
Using the same symbols in (2], we denote V., V. and VI, as V*’s forward, backward
and centered difference quotients on variable a(= z or t). The symbols ||-|| and || - |loo,
respectively, are L, and L., discretized norms with respect to z.

Now, let V(z,1) be the difference approximate solution. We construct a two pa-

rameter family of explicit-implicit difference schemes

Vi — 50 Vi =83V + ff, 1<j<I-1,1<n< N, (6)
o=1Jfo, 1<n<N, (7)
Vi=0, 1<n<N, (8)
VP = w(z;), 0<j<J, (9)
Vi = wi(z;), 0<j<J, (10)



