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A SHARP ESTIMATE OF A SIMPLIFIED
VISCOSITY SPLITTING SCHEME"

' Zhang Ping-wen
(Depariment of Mathematics, Peking University, Beijing, China)

Abstract

A viscosity splitting method for solving the initial boundary value problems of
the Navier-Stokes equation, introduced by Zheng and Huang, is considered. We
give an improved and sharp estimate in the space L*(0,T; (L*(2))?).

§1. Introduction

Let Q be a bpunded domain in R?. For simplicity we assume that it is a simply
connected bounded domain, and its boundary 9% is sufficiently smooth. Denote by
¢ = (21,22) a point in R?. The usual notations H*(2), W™P(l) for Sobolev spaces,
and || - ||s, || - |l for their norms are applied through out this paper. It is known that
L2(Q)) = H°(Q).

In [1] the viscosity splitting method for solving the two-dimensional initial boundary
value problem of the Navier-Stokes equation |

1
%+(u-v)u+;'{7}’=y&u+_f, zeflt>0, (1.1)
7 u=0, z€Nt>0, (1.2)
u +cO0 — 01 (13)
Uit=0 = HU(I) 1 (14)

was considered, where v = (u1,us) is the velocity, P is the pressure, the positive
constants v, p are the density and viscosity respectively, and <7 is the gradient, A =
72,7 - ug = 0,u,]ze50 = 0. The following scheme was considered: divide the interval
[0, T'] into equal subintervals with length k; then we solve ﬁk(t),ﬁk(t),uk(t),Pk(t) on
each interval [ik, (i + 1)k),i = 0,1, - - -, according to the following procedure:

First step. Solve a problem on interval [k, (Z + 1)k)

St . N

| . A+ -7 P =, 1.5

5 (. U)“L-FPV .= f (1.5)
\/ 'ﬁk e ﬂ, (1..5)
Ty, - nlzcon = 0, (1.7)
ﬁk(tk) = uk(ik - 0) (]_3)
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where n is the unit outward normal vector and u;(—0) =
Second step. Solve a problem on interval [ik, (i 4+ 1)k)

1
?;"f-!-;vl’kzvéuk, (1.9)
V Uk = 0, [1.10)
Uplzeon = 0, (1.11)
ug(ik) = (i + 1)}k - 0). (1.12)

Zheng and Huang proved that this scheme converges, and for any 0 < € < 3, the
rate of convergence is O(k%“) in the space L*=(0,T;(L%(02))?), where k is the length
of the time step. |

We now consider the same scheme and give an improved and sharp estimate. Qur
main result is the following

Theorem. If uy € (H3(R))* N (HJ(Q))?, v -uo = 0, f € L®(0,T;(H*(9))*)
NW2°(0,T; (H%(Q))z), u 1s the solution of problem (1.1) — (1.4), g, us ts the solution
of problem (1.5) — (1‘;12), 0 <8< 3/2 then

UE‘:ET“ﬁk(t)”aH < M, (1.13)
UiggT(H“(t) — uz(t)|lo, [[u(t) — Te(t)llo) < ME, (1.14)

where the constants M, M' depend only on the domain , constants v,s,T, and func-
tions f,up and u.

§2. Preliminaries

We will use the Helmholtz operator P and the Stokes operator A frequently. It is
known that

(L’(Q)*=XaG
where
X = Closure in (L*(R))? of {u € (CF(R))*; v -u = 0},
G = {vP; P € H'(Q)}

P is the orthogonal projection P : (L%(Q2))? — X, which is a bounded operator from
H*(Q))? to (H*(Q))? for any nonnegative s. A is defined as A = —PA with domain
D(A) = X n {u € (H?*(Q))? u|sq = 0} which admits the following properties:

A%~ A< Ct™, a>0,t>0, (2.1)

1 X

"""”““2'1 i ”AaﬂHD a C”“”hw Vu € D(A )1‘1 20 {2-2)
and if 0 < s < —.=.=t,nt::].-t.r.eXr‘l(H(ﬂ))2 thenueD(A:);iflgs-r{ 3/2 and
u € D(A)N (H**1(Q))?, then u € D(A )



