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. Abstract

A class of implicit trapezoidal TVD schemes is proven to satisfy a discrete

© convex entropy inequality and the sclutmn sequence of such implicit trapezoidal
schemes converges to the physmally relevant solution. for genuinely nonlinear .

scalar conservation laws.. The results are extended for: a- class of generalized

implicit one-leg TVD schemes.

Fra

§-1; Introduction -

We consider a hyperbolic conservation law:

u  8f(u)
3t+ . t >0, (1.1)

“(ﬂfa'ﬂl : :.HF‘:(.."':),_ —00 < T < 00.

If there exists a convex function V(u) and a differentiable functmn '3 ('-u.) such that
V'f! = F', the admissible weak solution of (1.1), satisfies

oV(u) OF(u)
TR 5z <0 (1.2)

in a weak sense, then inequality (1.2) is called the entropy inequality. The pair (V, F’)
is called the entropy pair. It is well known that the weak solution of (1.1) safisfying
the entropy inequality (1. 2) for all entropy pairs is unique. The weak admissible
solution satisfying the entropy inequality is called the entropy solution.

In the genuinely nnnlmeaa: case, where f | is, say, strictly convex, if the admissible
weak solution of (1. 1) satisfies one specla.l convex entrﬂpy mequa.hty (1.2), the weak
solution 15 unique (DlPema f1]). . 5 hES i B B S
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The idea of Total Variation Diminishing Schemes was proposed by Harten!?.
The solutions of the conservative TVD scheme have a subsequence which converges

1o the weak solution of (1.1) in a weak sence. Unfortunately, the limit weak solution
is not always unique. Hence, it is necessary to impose an entropy inequality to
the TVD scheme to ensure the convergence of the solution sequence to a unique
physically relevant solution. |

The entropy inequality for first order accurate TVD schemes have been widely
tudiedB-689. Osherld showed the entropy inequality for semidiscrete, second or-
“der accurate generalized MUSCL schemes. Osher and Chakrayarthy[5] constructed
semidiscrete, second order accurate TVD schemes, and proved that those schemes .
satisfy a semi-discrete entropy inequality. Osher and Tadmorl® considered the en-
tropy inequality for fully discrete second order accurate explicit TVD schemes. The
result given in [6] has the strict CFL linitation. As to first order accurate explicit
TVD schemes, the limitation of CFL number is also strictl®88, Hence, we should
consider the implicit TVD schéme to relax the limitation. Qur discussion is moti-
vated by papers [4-6, 10). "B |

In Section 2, we, gife some preliminary results for implicit TVD schemes. In
Section 3, we establish the entropy inequality {or implicit trapezoidal TVD schemes.
In Section 4 and 5, two examples of second order accurate implicit trapezoidal TVD
schemes are presented. In the last section we give some explanation about our
results.

82. Preliminary Results on Implicit TVD Schemes

We consider the semidi:s'crgéte approximation to (1.1) in conservative form:

duj 1 | _
b gl byl = (2:1)

w;{0) = 31-;/; w’(z)dz,

where fwn o ow | : -
T = {z:(j~1/2)Az <z < (G+1/2)Az}.
The corresponding discrete entropy inequality is written as |
dU (us(t)) , 1 U REe o U GES w
Rt b LA (FH% ,gj;%)__o L (23)

di" . Az



