Journal of Computational Matheviatics, Vol.10, No.4, 1992, 366-375.

A QUASI-PROJECTION ANALYSIS FOR ELASTIC WAVE
PROPAGATION IN FLUID-SATURATED POROUS MEDIA®

Chen Zhang-xin
( Department of Mathematics, Purdue University, USA)

Abstract

This paper deals with the superconvergence phenomena for Galerkin approxa-
mations of solutions of Biot’s dynamic equations describing eiastic wave propaga-
tion in fluid-saturated porous media. An asymptotic expansion to high order of
Galerkin solutions is ysed to derive these results.

81. Introduction

An isotropic, elastic porous solid sa.turﬁted by a compressible viscous fluid can be
described by the system of partial differential equations {1], [6],

8%u Ou
it — e ot ' 1.1
ASg + € — L(w) = Flz, 1), (2,1) € 2 x [0, ], (L)
where Q is a bounded domain in R?, u(z,?) = (u1,uz) is the displacement vector on
Q, u; = (uy1,u12) and ug(z,t) = (221, uz2) are the displacement of the solid and the
average fluid displacement, respectively, and F(z,?) is the force applied to the system.

The differential operator L(u) is defined by
L(u) = (V - 61(u), V - b2(u), V(u)),
where the vectors 8;(u),i = 1,2, and the scalar s(u) are
Bi(u) = (0i1,0:2), 1=1,2; s(u)=QV-u + RV - uy,
and . o .
0:ii(u) = oy (u1) + Q6;;V - ug, 4,5 =12

Here 6;; denotes the Kronecker symbol, and the stress tensors oi; and the strain tensors
¢;; for § are related by
1 (3111,' Juy 3
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oi;(u1) = Ab;; Y ep(w) +2Neij(wa), 1£4, 3 <2
k=1 |
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A A(z),N = N(z),Q = Q(z), and R = R(z) are the elastlc coefficients fer Q1. They
will be assumed to satisfy the constraints

| 0<-N.,__§N(zj-5N*<m,a:eﬁzﬁuaﬂ, '
0 < A. < A(z) € A < o0, z € Q, .
0<Q.<Qx) < Q"< 0, z€Q,
0< B <R(z)< R <0, z€D,
R(A+N)-Q*>0,2€0. '

In(1.1), Ac R andC € R"“ denote the density matrix and the dissipative matrix
given by
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A prz 0 paa O s = B -1 0 1 0|
Lo pe 0 pal 0 -1 0 1]

where p11 = p1 — P12, P22 = P2 — P12, P1 = pi(z) (respectively, p; = p2(z)) is the
mass of solid (respectively, fluid) per unit of the aggregate, and py2 = p12(z) is a mass

coupling parameter between fluid and solid; b = b(:t:) is the dissipation coefficient for

0.
From physical consideration, it will be assumed that

pripn — Py > 0, z€Q, (1.2)
0 < .b. gb(z) <b* <00, 7€ (1.3)

Then, it follows that A is peeitive-deﬁﬁite and C is nonnegative.
We shall impose initial conditions |

u(z, 0):’:;“ e, 3“(:.: o)_u T €Q, (1.4)

and the hemogeneeus beunda.ry cendltmns

(Ox(w) <, B2(u) - my5(w)) = 0, (s, t)eaﬂx[() T), (1.5)

where n = n(z) is the outward unit'normal along N0,

In this paper we shall analyze supercenvergenee phenemena, for the numenca.l solu-
tion of (1 ‘1') The a.na.'lym is based on a regularity assumption on the scﬂutlen of (1.1)
6], {7], and the general.method of an asymptotic expansion,’called a quasi-projection,
of the approximate solution [4]. We shall also rely on some earlier results on the sub-
ject [6], [7], which, analyzed, the éxistence and. umqueness of solution of (1.1) and the
Galerkin precedure for the a.p'pronmate solution of such equations. -



