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Abstract

By means of the theory of spline interpolation in Hilbert spaces, the bivariate poly-
nomial natural spline interpolation to scattered data is constructed. The method can
easily be carried out on a computer, and parallelly generalized to high dimensional
cases a8 well. The resulis can be used for numerical inregration in higher dimensions
and numerical solution of partial differential equations, and so on.

There are many papers about multivariate spline interpolation and a comprehensive and
important survey is given almost every two years in the world [1]-[5]. Now, B-splines,
B-nets, thin plate splines and radial functions!® are useful tools for interpolation, but a
method which can”asily be carried out on a computer with better variational properties is
- not found.

The first author of this paper has pointed out that based on variational consideration
with multiple restrictions via a generalized Euler equaiton, a simple, convenient and prac-
tical method for multivariate spline interpolation could be obtained, and in fact a suitable
generalized blending spline function space for solving problems of multivariate optimal in-
terpolation to scattered data throughout a rectangle with continuous boundary conditions
and discrete boundary conditions has been constructed in [7], [8]. But it needs to be revised
and has not yet been published in magazines.

By means of the theory and methods of spline interpolation in Hilbert spaces, we treat
again the bivariate polynomial natural spline interpolation to scattered data proposed in
8]. The method is simple and convenient; the solution has better variational properties
and suitable smoothing properties. It suits the solution of the problem of bivariate inter-
polation to scattered data without boundary conditions and can be generalized to similar
multivariate interpolation problems. The results can be used for numerical integration in
higher dimensions, the computer solution of partial differential equations and so on.

The notations in this paper can be found in [9], [10].

§1. Selection of Spaces and Definition of Operators
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Let X = H™"(R) = {u(z,y)lazmayn € L;(R), 3298yP 18 a absolutely continuous
function, a =0,m - 1,8 =0,n— 1;(z,y) € R = [a, b] x |, d]}
Let
n—1 m-1
Y = Ly(R) x [] Lz2la,8] x [] Lafe,d]
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n—1 .
be a product space where H Ljla,b] is a product space constructed by n Hilbert space

=0

Lz|a,b), and Z = R? be a p-dimensional Euclidean space. Suppose that they are all Hilbert
spaces.
We define a continuous linear operator T : X — Y with

m-—1
T = to X Ht""’ x [T ¢
=0 p=0
being a ﬁrﬂduct operator mapping X onto product space Y, where
amtiy(z, y
to : X — Ly(R), to(u) = ulmn) (z,v) = 3:‘.-:"13(3;11 )’
+v
(v) . () () = lmw)(p gy O ulz, y)
ty " : X — Lala,b],¢; ' (u) = u (z, d) 320y |yed
v=0.--,n—1
(1) 2 5 () () — (i) (p o) = O u(z, y)
tx — Lale, d|, t57" (u) = u'*™(}, y) Cyry ean N

p=0,---,m-1,
and define a linear continuous operator 4 : X — Z with
Au = [u[a'ﬁ](zi: yi)]:- a € If:ﬁ i J{,i = 1, N

with u(z,y) € X, the scattered interpolation nodes (z;,y;) € Rand ; c I ={0,---,m —
1}, J; € J = {0,--.,n—1} being arbitrary index sets. The total number of indices is dennted

by p.

Given p real numbers z; 7 (@ € I;,8 € J;,s = 1,N), we consider the following spline
interpolation problem in Hilbert spaces, which is called bivariate polynomial natural spline
interpolation problem, and its solution as bivariate polynomial natural spline interpolant.

Problem P. Find a function oz, y} € X satisfying

|ITe||¥ = min ||Tz||}

z€l,
where
Iy ={ue X[Au= 2,2 = lzfﬁ]f_—haen,ﬁe.n}
and
n-1
|Tz)|} = (Tz,Tz)y = (tos,toz}r,(r) + E(tgvlz, )z, o z (1) 2 (0 2 Y foaliel
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