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AN ACCELERATION METHOD IN THE HOMOTOPY
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Abatract

The nonlinear singular'problem f(u) =0 is considered. Here f is a O mapping from E= to Bw.

. The Jacobian matriz #'(%) is singular at the solution u* of (%) =0. A new accaleration method in the
hOmotopy Newton’s continuation is proposed. The qua.dratm convergence of the new a.lgunthm is

proved. A numerical example is given.

§ 1. Introduction

We consider the nonlinear gingular problem -

f(w) =0. - (1.1)

Here f is a O° mapping from E* to E* and u* is a singular solution of (1.1), i.e.
J (") =0 and the Jacobian matrix f'(x") is singular

Newton’s method and its acceleration in the neighborhood of a singunlar
solution have been studied by many authors {(see [2]—[9], [11], [18]—([15] for
details), under the reqnirement thHat the initial gness not only is near «" but also

belongs to a special cone
- Wip, &) ={u|o<u—u"] <p, HPs(ﬂ-u')H‘@lPx(u—u')ﬂ}

for small p, 8, where N is the null space of f'(u*), X is the complement of N in E,
Py is the projection onio N and P, is the projection onto X. -
- We sssume the dimension of N is one, i,e. rank f'(u") =n—1. ThlG is the case

we usually meet. Denote | |
N—{ap|a€R}, $CI, $+0,
M=Range(f' (u")) ={yc E*[Yy—=0}, $CAh", 0.

Wo introduce a hometopy Gﬂntinuatlon mapping & (u, A) =f(w) —Af (&%) from
E** o B, A point (u, A) € E**! is called a regular point for G if DG: E***— E* is
surjective. A point v € E® is a:regular value of @ if each point of G~*(v) is a regular
point for @.

Our idea ig fo transform the singularity in the original problem into the
singula.rlty in a scalar equation which is simply treated by an acceleration method.
Compared with the other algorithms ours does not require that the initial guess
mugt lie in a special come W (p, §) for small p, #. Also, some combination of our
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algorithm with the other algorithms is possible, The initial guess for other
algorithms can be obtained by our method.

. § 2 Ps&udo——Arclength Cohtinuation .

We construot a homotopy
G, =W -Af), (2.1)
where «” is chosen in such a way that 0 is a regular value of G(u, A). According
0 Lemma 2.15 in [10], we can choose such «® with probability one.

Our purpose is to find a path u(A) from A=1 to A=0. Obviously «(1) =«*, and!
©(0) is just a& solution of f(u) =0 that we want to solve. An auxiliary equation
introduced in the pmudo—arclenglih continuation method is

N (u, A o) =uf (u—u) +A,(A—4,) — (o ¥ (2.2)

where (u,, }..) is a point on the homotopy path at o=o,, u,=du(c,)/do, A =
dA(o,) /do, ub is the transpose of u,.

§ 3. Computing the Root o” of A (o) =0

In order to get the solution of f(u) =0 we are concerned only with the root ¢*
of A(c) =0 and the corresponding computation for u(¢*), rather than the whole

homotopy path I'(a): [A (q::r); u(o)].
Keller [9] proposed the secant iteration

- i S - (3 1. .

| O311=0G}4 A(oy) —A(o 5—1) (a") &1 |

a,fter T a.nd o1, which satisfy A(go) *A (1) <0, are computed Of course we can use:
Newton’s iteration for A(o) =0,

a11=05—A(as) /A(o)). (3.2)

The practical computatmna show that both methods con'verge slowly in our singular

case because of |
Thaorem 1 Alcmy mth tha homotopy path I (cr) [u(o'), a.(o-)] A(o*) =0 if

a(a®) =0,
Proof. u® was chosen in Section 1 such that |
- DG (u, A) = (f'(w), f (u")) (3.8)
is a surjective mapping from E** to0 E*. So Yo -
| , Rﬂﬂk(f (u),f( ))=n. V(u A) EP | (8.4)
Noticing " - | | -
we bave - = E g R.a.nk f WY =n—1at c=0"

. f (@) ERango f' (). |
Otherwise f (u“) is & linear combma’mn of each culumn of the matnx f'(w"), and
therefara

B B g n Rank(f ", f(u“))=33nkf(u)=n—L
That contra,dmts (3.4).



