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§ 1. Introduction

Consider the initial value problem of ordinary differential equations

ﬂ=f'(3»*)1.

4 da

g/ (@o) = 2o,
where t € R, ¢ G R™, In unifying the theory of various linear methods, Burrage and
Butcher [1] preSented the following general linear methods:
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There are s internal vectors ¥Y'{¥, .--, ¥ and % external vectors y{”, -, E‘},_;
respectively, For the matrix—vector form, set

Y{n} __Irin}eay{n}@ @Y;{n},
y( =y(n)®y{n)® (_By{rl}’
F(T®)=fTPIDf ¥ P)D- ®fF F);
011"" (cij )wn 013 o (ﬂij)mk; Uﬂi (Gl 1) kxXas Oﬂﬂ = (Gi_f )Iﬁ){ﬁ:
_ ( C1 C’m) [0 - (G’n®1 o O1s®I u)
’ Ca®I, Ou®I/)

where I’s are unit matrices. By means of the partitioned matrix O, the general
linear methods (2) are expressed as

(1)

(2)
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Burrage and Bufcher [1] defined that if there exist vectors u, ¥ € B* such that
| 012175’3, Oagtt =1, (4)
Caie+ Oagv=u-+tv, (b)

then the method (3) is said to be consistent, where e=(1 1 -+ 1)7,
There are two questions: First, three submatrices Ci, Oy and O are
oonstrained in the consistency conditions (4) and (5); and what about the submatrix
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C1:? Becond, when the method (8) is given, how 1o determine the vectors u and », and
how to discuss the congistenoy of order p=>1?

Franlk, Schneid and Ueberhuber [2] defined the so called B-consistency for the
general linear methods. The method (8) is B-consistent of order p=1, if the
numerical solution £ obtained one step forward from y(x) (steplength %) and the
exact solution y(a:+h) of problem (1) satisfy

|e—yla+h) [<DA**:, RE(O, hol, (6)

where D) and Ay depend only _oﬁ the logarithmia norm of % and other derivatives
of f. | T b om b

This consistency condition seems to be strengthened in order to gain the B-
convergence. And no algebraic oriterion of the consistenoy is given.

In thlq paper, the necessary and. suﬂ"lment conditions -of. oongistenoy . of order

p=>1 for the general linear method 8 are presen'hed They have very wide
apphﬂahcm in various linear methods, |

N2 Maln Result
ik

Aﬂmrdmg to the feature of general linear method (3) , the infernal wvectors ¥ ®
must be in the domain of f, so they usually are approxlmatmns of 'bhe exaot solution
F(ﬂ:) of problem (1) ‘at the point -+ sh+1wh: -

o =Y§HJ~7?EH}=y(mﬂ+nh+wih) g1, .,21 ey 8. (7)

The external veotors y” are relatively iree;k_ they may be expressed in a rather
peneral form: | - | |

fH)NCf"J—_—a‘y(mu+-nh+7¢h) + By (wo-+-nh-+3h), b=1, 2, -, k. (8)

When the method (3) is given, the parameters w;, a:i, B;, 7; and 8; can be defermined.
Partioularly, af -+ 8 %0 and o4+8;=0. Set e ¢ .

H{;}__,_nin}@ﬁ{n}@ @.n{u)’ Z("}—Cf“}@zé")@ @g(rﬂ (9)
As usual, ;
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Definition. For the general linear method @); if | S B
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then it 43 said 1o be consistent of n-rd&r P- - L e
.. Obviously, this is a measure about the local dlscsretlzatmn error of tha schame
(3), and it coinoides with the proper sense of the concept “consistency”. The key 0

the establishment of consistency deﬁmtmn (11) 1193 in expressmns (7) and (B) of

the 1111:51'115.1 and Hx'bernal veotors,

<. Before fnrmulatmg the algebraio ﬂrltermn of Gonﬁlstenﬂy for genara.l lmear

methods, we set the follﬂwnlg symbols,
For the vectors

] o), (11)




