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THE USE OF MAXIMAL MONOTONE OPERATORS
IN THE NUMERICAL ANALYSIS OF VARIATIONAL
INEQUALITIES AND FREE BOUNDARY PROBLEMS®
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. In this mrk we use, maa:imn.l monntona npamhom thenry fnr sulnng 80me 'ruria.tmnal moqnaliﬁu
and some free hound.u.q fmblams This utilization, a].mady adopted at theoretical level for giving

anstanca, uniqnenm and ‘rogularity theorems ([11, [6], [10]) in this fiald, was ignored. until’ now
in numerical methods. We obtain in this way a direct computation method extremely simple and

goneral enough as we shall prove in concrete examples.

Some Second Order Problem

§ 1. Introduction

T WB adOPt usual nota.tmns in the field of vanatmna.l mequalltlea (51, [3]) Lot
¥V be a real Sobolev space,
K a closed convex seb in V',
“a(+, ) a bilinear, continnous, V-elliptic form on ¥ x¥:
la(u, v) |[<Miu|lv], Vi, o€V,
a(u, u)=aful?, a>0, Vu€V,
<+, *» the duality pairing between ¥’ and V¥, |
%: F—>R.a proper convex funatmn, IOWGI‘"-SBIDIGGII‘EIHEOUS on. V, hﬂ"iﬂg K as
effective domam,
f€ F” an, Aassigned fu;uctwn, which we suppose belongs to L“(Q) in numencal
ﬁxa.mplm
We oonsider the following variational inequality: D IR
o find wEV: a(y, v—) +1(v) —x (W) ><f, v—uw), VoET. L (1 ;’i);
It is well known thai (1.1) has a unique solntion: ([8]).. -~ '.t. ... '

‘We recall that a vector (u) is said to be a subgradiens of z at a pomt u, 1f
_w(u) satisfies the “su lent inequality”:

"'z(u) —~2()><u(w), 0wy, VoEV. 1.2)
The subdﬁ'arentml b/ 4 (u mul tivalued mapping from ¥ to 27, is the set of all

subgradients ([7]). We suppose (o) @, Vo€ X; (0, 0) belongs to the graph of 8y.
If we consider the operator A: V—-—J"’ associated with a(-, |

. * Reosived NuvamberBB ‘1935 |
A i Parhallyaupporbadbj‘@rogethoﬂ'lmmlﬁmﬂm” C.N.E. ‘Bﬁttoprogqthuﬂg.p_p_lu=.«.
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| a.n.d. then Hﬁe subdlﬂ"erentlal |
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<Au: ﬂ)““(ur ‘H), I ' T .I (1 3)

we obtain from the theory of maximal monotone operators ([1], [11]) that A and
Oy as well as A+8y are maximal monotone operators. Besides, A0y is coercive.
Th'us the problem | '.
Ay, M(ﬂ)}EVXV" {Au+p(y), ©3=<Lf, v», YoV (1.4)
ha.s a solution ([11] 4 Gorolla.ry, p. 120) and only one solution. In fact, let uy, us be
two solutions; by setting unui, v g in (1, 4) and then u=tg, v=ity— U, We
of:tam respectwely | | | .
At (), g gy <f, U~ g, L. @.5)
. LAust+p(s), va— wd=Lf, ta—tsd.. (1.6)
By addmg (1 5), (1 6) and by using V——elhpt:lcity of A and monotommty of 9z we
have

Oﬁﬂﬂm mll’ﬁ@i(ui —¥a);, Uy — ad~+ () = ﬁb(us), Uy — us>-0 (.7
which proves that” Uy = Uy, p(u) is & ghotion of 1. (1 4) is‘equivalent to (1.1). The
same type of equation appea.rs in .some; irea bounda.ry problama, for example in

Btefan’s problem.* ok

+* . §2 TwoObstacles Problem

_Let
ﬂ be an open, boundad set in R" with bounda.ry 3ﬂ=1” regular enough {is a
convex polygonin R?, in numerical examples,

V"HG(Q): | _ .
L m(u, 4.:) j grad tLXgradw*dm Au-=-—dw,

K&w= {0: #EV/B?!J}:: a.e. in 2}. « and B are aﬁlgned functiong such that
B|r>>0>a|r; We can suppose a, BE€0°() and a=0 by translation.
We conmd&r the variational inequality ([B], Ohapter 11, Section 6):

. . uEER%E a(uv—u)><f, v—uy, Y€K, _ (2.1)
and nonsequenﬂy have as “mdma.tu ? function of K4
=0 ifvyC K% |
: 2.2
x(w_){ﬂ—i—m if v K3 i | | .

b A - é’@ if "!!'GEIK'L’,, .
| J ]—00,0] ifv=a, -
E :(ﬂ) i
sy g lﬂ'ﬂ HBW>0 " . % ¢+ > 28.7
- —[0 +m[ lfﬂ-ﬁ P e TR n B g

o ML) +5O 3> 00, OCT, @)
I ABHYER xFina(w; 0+ W), SmCfyeD, WOEV. . (2.5)
nst.ds Mdea u, & medsure u(u) =u* —p- setisfying (2.5).




