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§ 1. Introduction

There have been a lot of papers on finiie elerhent analyses of the linear and
nonlinear parabolio equations, but only a few are concerned with the problems in
which the boundary conditions are of mixed type——the problems that are
frequently encountered in engineering applications. ¢ = |

In B}, the antHor considered the semi-discrete (Galerkin methods for quasi-
linear parabolic equations with nonlinear third mixed boundary conditions. In
this paper, we consider a discrete time Galerkin approximation for the same
parabolic problem investigated in [5]. In § 2, a Orank-Nicolson Galerkin
procedure for the problem is described and its solvability disoussed. In § 8 and § 4,
H'-norm and Ly—norm error estimates with optimal approximating order with
respect to the space mesh parameter % are developed respectively.

Consider the following parabolic equation and associated initial value and
boundary conditions:

r-?—:-—ﬂ‘?-(k(m, u) Vas) +0(e, u) - Vut+f(z, & u),
(=, )EQ X (0, T, (1.1)
() Yu=0, (o, 1)€on,x[0, T],
| %@, u)Vurv+o(a, wu=g(z, t; v), (&, &) E€oQyx[0, T], (1.2)
Uz, 0)=u(w), =E€Q, (1.3)

where Q is a bounded domain in RB* with piecewise smooth boundary and satisfies
the cone condition, 82 =088 U 8Q,, meas (83y) >0, b(=x, u) = (b1(2, u), ba(a, u), -+,
ba(w, u)) and v = (v, vy, -+, v,) is the unit exterior normal of 5.
Assume that %, b, o, f and g satisfy the following
Oondition (Ay).
(i) There exist constants k,, * such that
0<k.<k(s, P)<F', |b(e, ) |<F, V(z, p) EAXEY v
O<o(z, p)<k', V(s p)CoR.%x R '
(ii) &, & (¢=1, 2, «--, u), f, o, g are uniformly Lipschitz continuous with
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respect 10 their (n+1)th variable with Lipschitz constant I; for each & [0, T1],
f(zx, t; 0) € L,(2) and g(s, t; 0) € Ly(8Q,); and alse, f, g are continuous in variable
i ue(2) €E HI(Q2), where

H}(Q)={v: v € H'(Q), v|s0,=0}.

In the above notations, H7(£2) are usual Hilberi—Sobolev spaces on Q with
norm ., the subsoript will be omitted in the case r=0, Analogously, let
Hr(20) denote Sobolev trace spaces on 802 with norm |- |,.0; specifically, in the
case r=0, H°(002) = L,(002) and

8.0 | _ 0*ds.
Let X be a Banach space, and @(¢) a map [0, T]-> X. Define

T 1/p
“?’ﬂnp(x}“(jﬂ||¢’ﬂ§(f)d*) , 15 p< -+ 005 ||¢?ﬂn.{m=“§‘t1_§,"¢’ﬂx(t)-

The spaces L,(X) and L,(X) are the set of all ¢ such thai above norm are finite

Ttespectively.
Let J be a positive integer, and 4¢=T/J a fime step. Let ¢, =j&, and ¢’ =p(1y).

Define

|2

- T ., \U/2 J—1 i i N
lolio=(S 1015 4) ,  lolua =3 1o 134t) ",

- = +1/3
|eliz.cx ﬁﬁﬁﬂ@’”z; lelzeco nﬁflﬂﬂﬂ’ | =,

@2 = (@ () +@(t41)) /2.
For convenience, we write |@[z,arwn=|@lt,u, [@lsaan =lelz.ws and u(t)
=u(X, 1), b,(u)=b(e, v), flu)=f(z, t, u) eto.
The weak form of problem (A) is the following: find a differentiable map w(t):
[0, 7]—> H1(Q2) such that -

(%“., v)+a(y; v, v)=(Bu)-Vu, 0)+(f(), 0)+<g(u), o,

where

B vec HiI(Q), 0<i<T, (18
u(0) =uy,
where
(w, m)=ju wydQ, <w, w>=mewds,
a(Q; w, @)=-L £(Q) Ve~V dﬂ—i-Ln‘cr(Q)ww ds. (1.6)
From (1.4) -
k| v)2<a(@; v, v)<k*(|v]i+2]3.:0), V@, vEH;(Q), (1.7)

where 'Eha semi—norm
9]3=(Va, Vo) = Sl

| Throughout this paper, we shall always suppose that the solution u(f) of
problem (B) exists uniquely and use letters g, 0, 0;, e to denote generic constantis

which have different values in different inequalities.



