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Abstract. Understanding transformer-based language models is becoming increasingly crucial, particularly
as they play pivotal roles in advancing towards artificial general intelligence. However, language model re-
search faces significant challenges, especially for academic research groups with constrained resources. These
challenges include complex data structures, unknown target functions, high computational costs and memory
requirements, and a lack of interpretability in the inference process, etc.

Drawing a parallel to the use of simple models in scientific research, we propose the concept of an anchor
function. This is a type of benchmark function designed for studying language models in learning tasks that
follow an “anchor-key” pattern. By utilizing the concept of an anchor function, we can construct a series of
functions to simulate various language tasks. The anchor function plays a role analogous to that of mice in
diabetes research, particularly suitable for academic research.

We demonstrate the utility of the anchor function with an example, revealing two basic operations by atten-
tion structures in language models: shifting tokens and broadcasting one token from one position to many
positions. These operations are also commonly observed in large language models. The anchor function
framework, therefore, opens up a series of valuable and accessible research questions for further exploration,
especially for theoretical study.
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1 Introduction

Studying a natural phenomenon in scientific research often parallels the complexities en-
countered in language model research. As Feynman famously argued, “What I cannot cre-
ate, I donot understand”, and Hinton’s paper, “To recognize shapes, first learn to generate
images” [12], both perspectives underline a fundamental principle in scientific inquiry: to
truly comprehend a complex phenomenon, one should possess the capability to reproduce
it. For example, mice are a valuable model for diabetes research due to their genetic and
physiological similarities to humans, allowing for relevant gene function studies. Their
short lifespan enables quicker observation of the disease process, enhancing research ef-
ficiency. Additionally, mice are cost-effective and easy to breed, reducing research costs.
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Importantly, their genes can be easily modified using genetic engineering, facilitating the
study of specific genes in diabetes development. These advantages make mice an ideal
choice for diabetes research.

This scientific approach to animal models is applicable to the study of language models.
By designing careful and focused experiments, researchers can uncover significant charac-
teristics of language models. For example, studies like Lake and Baroni [16] demonstrate
the potential of language models to learn systematic compositionality. [1,2,10,34] analyze
the mechanism of transformers on various designed linear regression tasks. [5,24}27] uti-
lize the item-label sequence and [16] designs a primitive composition dataset. [28] gener-
ates the sequence from a Boltzmann distribution to train the transformer model. Such tar-
geted experimentation can effectively isolate and analyze specific capabilities of language
models, contributing to a deeper understanding of their functionalities and limitations.

In language-related tasks, a common pattern is the identification of anchor words that
indicate specific operations to be performed on other tokens within the sentence. For
instance, in phrases like “summation of 1, 16, 17” and “product of 1, 16, 17”, the anchor
words “summation” and “product” respectively signal the mathematical operations to
be applied to the key tokens 1, 16, and 17. To better comprehend how neural networks
manage the “anchor-operation” pattern, this paper introduces a concept referred to as the
“anchor function” for studying language models. A basic example of an anchor function
is the identity learning function. In this scenario, a designated number, which acts as
an anchor prompt, appears only once in each input sequence. The output of this function
is the number immediately following this specific anchor. For example, if we take “3” as
the anchor, then for the sequence (43,33,13,3,20,89,44,24,56), the output would be 20.
All other numbers in the sequence are inconsequential to the result. This concept mirrors
a task that finds out the name in the input sequence, for example, the output of “He is
from China, his name is Mike, he likes reading.” is “Mike” and the anchor is “name is”.

Furthermore, one could design a task involving two different anchors, each directing
the network to execute a distinct operation. This kind of task is reflective of composite
tasks in language models, where multiple prompts or cues within a sequence guide the
model to perform various operations, demonstrating the model’s ability to handle com-
plex instructions. The anchor function qualifies as an effective type of benchmark function
for studying language models, offering, but are not limited to, the following several ad-
vantages:

* The anchor function can simulate a range of language tasks, demonstrating its ver-
satility in reproducing various linguistic scenarios.

e It is cost-effective in terms of computation and memory, making it a feasible option
for academic research groups with limited resources.

¢ With a well-defined target function, the anchor function provides a clear and straight-
forward objective for analysis.

e It allows for a distinct separation between training data and test data, essential for
accurate model evaluation.
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¢ Experiments with the anchor function can be conducted under strict control of vari-
ables, ensuring precise and reliable outcomes.

¢ This function is instrumental in studying both the generalization within a single task
and the transfer of learning from known tasks to new, unseen tasks.

¢ Fully-connected networks struggle to learn tasks with logical structures, such as
identity learning tasks, in contrast to language models, which sheds light on the dif-
fering capabilities of various network architectures.

These attributes make the anchor function a robust and insightful tool for probing the
complexities and capabilities of language models.

In this work, we will showcase a range of anchor functions that effectively simulate var-
ious language tasks. These functions serve as tools to investigate the operational mech-
anisms of transformer networks in executing these tasks. Specifically, in the context of
the identity learning anchor function, we have identified that two fundamental opera-
tions, executed by the attention structure, are critical. These operations involve shifting
and broadcasting tokens. Our findings also reveal that these attention processes are also
present in large language models (LLMs) such as Llama. We further illustrate that these
operations can be achieved by manipulating the orientation of weight vectors within a
high-dimensional space. We also utilize frequency principle [26}38-40] and condensa-
tion [21,/46] of existing deep learning theory to understand the training of transformer
networks. Building on the anchor functions, we outline a series of intriguing and signifi-
cant issues that can be further explored in transformer networks using the anchor function
framework. This approach opens up new avenues for understanding and enhancing the
capabilities of transformer-based models, especially for theoretical study.

2 Related works

[33] evaluate the contribution of individual attention heads in the encoder to the overall
performance of the model and propose a method to prune the attention heads. [8] analyze
the attention mechanism of the Bert model and find that its attention head shows some
pattern like specific positional offsets or focuses on delimiter tokens. [15] analyze Bert’s en-
coding capabilities and attention matrix, propose the idea that Bert is over-parameterized,
and improve Bert’s performance by disabling certain attention layers.

[14] study the empirical scaling law of language model performance on cross-entropy
loss. [23] prove that self-attention is a natural structure for dealing with sequence-to-
sequence problems. [13] examine the ability of the transformer model to approximate se-
quential relationships, establish a universal approximation theory in the hypothesis space
of the transformer, and provide an explicit approximation rate estimate.

[35] investigate the working mechanism of in-context learning (ICL) through an infor-
mation flow lens. They demonstrate a mechanism by which ICL aggregates label descrip-
tions into label words at shallow layers and uses label words as the reference for the final
output at deeper layers.
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[30] introduce a memory-augmented neural network to solve a meta-learning task.
In such a task, each data episode has the same meta structure, but a different detail
rule. [16] introduce a similar meta-learning for compositionality (MLC) to verify that the
transformer network can achieve the systematic generalization of compositionality. In
MLC, each sequence in the training or test data contains a different grammar generated
by the same meta-grammar. As the training converges, the standard encoder-decoder
transformer can predict the output of test data entirely dependent on the grammar in the
input sequence in the given test data.

[9] notice that in a two-layer transformer neural network, some heads in the second
layer attention matrix can notice the similarity between the current token and the previ-
ous tokens in the input sentence, then, the network would output the next token of the
previous similar token, thereby completing tasks like “...,[A],[B],...,[A] — [B]”. Such
a head that pays attention to previous similar tokens is called an “induction head”. [24]
point out that induction heads may be the primary mechanism for the transformer model
to achieve in-context learning.

[5] utilize the Omniglot dataset [17] to show that the data distribution can affect the
trade-off between in-weight learning and in-context learning. [18] explore the ability of
a single transformer layer to learn nearest-neighbor prediction rules and demonstrated
that a single Softmax attention layer can function as a nearest-neighbor classifier.

[27] reproduce the phenomenon that the emergence of the induction attention heads
associates with the emergence of the in-context learning [24] through designed exper-
iments with input sequence consisting of several “item-label” pairs [5]. [27] construct
a simple model to show the induction head can lead to in-context learning. Note that
this “item-label” sequence task is similar to the anchor function of the classification task
in this paper.

3 Definitions

In this section, we define the anchor function. We also propose a method for partitioning
the dataset and define generalization on data and tasks.

3.1 Anchor function

We will give some examples of anchor functions, followed by a general definition. For
concrete implementations and visual illustrations of these concepts, please refer to Fig. .1l
The analytical formulations in this subsection (Eqgs. 3.3), 3.4), and (.6)) provide differ-
entiable approximations that enable effective neural network learning, especially when
anchor matches are imperfect.

3.1.1 One-anchor function

Consider one anchor function for identity learning f(X) : R"*¢ — RY, where 7 is the
number of tokens, and d is the dimension of each token, X = (x1,x,...,x,) and x; € RY.
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In each X, one and only one of x1, x2, ..., x,_1 has to equal to a designated prompt anchor
a e R and
f(xy,.o,x0) = %111, x = a. (3.1)

For example, when d = 1 and a = 3, f(12,33,14,3,42,22,32,20,28) = 42. This concept
mirrors a task that finds out the name in the input sequence, for example, the output of
“He is from China, his name is Mike, he likes reading.” is “Mike” and the anchor is “name
is”. To use neural network to learn this function, each token is represented by a one-hot
vector, i.e., x € {0, 1}d, where d is the vocabulary size.

The prompt anchor indicates a task or an operation for its next token. We can generalize
the identity function to an arbitrary function, i.e.,

flxr,xn) = g(xiz1), xi=a, (3.2)

where x; is called an anchor item and x;, is called a key item. This function can be further
reformulated as

-1
Yy 8(xj1)/|lxj — all
T/l al
Eq. (33) provides a continuous approximation of the anchor function, converting the dis-
crete “exact match” condition to a weighted sum where tokens near a receive higher

weights (1/||x; — al|), enabling gradient-based optimization in neural networks.
In general, a one-anchor function satisfies the following form:

f(x1,...,x0) = (3.3)

T g({xlk € 1))/l — a
T 1/ 1 al

f(xl,...,xn) = ’ (34)

where g; is a function depending on index j, and [; is a set of indexes depending of j. In
this equation (Eq. (3.4)), the index j ranges from 2 to n in the numerator and 1 to n — 1
in the denominator to consistently cover tokens x; to x,,_1 (as xj_1 for j = 2,...,7n corre-
sponds to x1,...,x,_1). This indexing ensures all anchor-influenced tokens are included,
with ¢; depending on position j and I; defining context-specific subsets. The formula-
tion extends the discrete anchor concept to a general, position-aware approximation for
arbitrary functions g;, clarifying its role in enhancing model flexibility.

3.1.2 Two-anchor composite function

Consider one two-anchor composite function f(X) : R"*? — R?. The anchor set consists
of a list of different tokens, i.e., A = {ay,ay,--- ,a ]}, and each token a; € A corresponds
to function g(x;a). In each input sequence X, one and only one pair of two consecutive
elements belong to A such as x;j,x; ;1 € A. Then,

flxi, . xn) = g(8(xis; %) xi1), X, xiq1 € A. (3.5)
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3.1.3 Forward-backward recitation anchor function

Consider one forward-backward recitation anchor function f(X) : R"*? — R,

xiv1, if xj=a, x,=x;_1 (forward task),
f(xll .7 xi’l) =

xi1, if xj=a, x,=x;1 (backward task).

This task also has an analytical formulation, i.e.,

27;21<xj+1 +xj-1)/[|xj — a
L 21/ al

flxg, ..., xn) = —xy + (3.6)

Eq. (3.6) approximates the recitation anchor function through a weighted average. The
sum runs from j = 2 to n — 1 to focus on interior tokens (avoiding boundary effects),
with —x, handling sequence-end constraints. This differentiable formulation supports
stable learning of recitation tasks, demonstrating how analytical expressions implement
discrete anchor concepts. This anchor function simulates the recitation of a previous sen-
tence or a following sentence with the hint of the current sentence.

3.1.4 General anchor function

A general anchor function with an anchor set A can be formulated in the following form:

flxq, oo xn) =8(x1, ., xm {x1, ..., xnJ NA), (3.7)

where g is a function of a subset of {x1,...,x,}, where ¢ depends on the anchor terms
{x1,...,x,} N A, and the subset items are called key items.
This general formulation encompasses the preceding specific cases:

e For one-anchor functions (SectionB.1.1), A = {a} and g depends solely on the adja-
cent key item g(x;41; a).

e For two-anchor composites (Section38.1.2), A = {a;, a]'} with nested g operations
8(g(xk; ai); aj).
e For forward-backward recitation (SectionB.1.3), A = {a} with conditional g

Cfxivr, i xn =2,
xi—1, it xp = xiyq.

Thus, g(+; {x;} N A) provides a unified framework where the functional dependence is
determined by both key items and the specific anchor combination in the input.
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3.2 Training and test data

We generate synthetic datasets for evaluating anchor functions. Each input sequence con-
sists of n tokens, where each token is represented as a one- or two-digit positive integer
(x; € {1,2,...,99}). The data generation process ensures:

¢ Anchor presence: Each sequence contains exactly one anchor-key pattern satisfying
the task requirements defined in Section 3.l (e.g., for one-anchor functions, exactly
one x; = a appears in positions 1 ton — 1).

¢ Random generation: Non-anchor tokens are randomly sampled from a uniform dis-
tribution over {20,21,...,99}.

¢ Controlled generation: Anchor positions are randomly assigned while maintaining
task constraints (e.g., consecutive anchors for two-anchor functions).

This synthetic approach enables reproducible evaluation of generalization behavior.
For example, a one-anchor identity learning sequence with n = 5,a = 3 might be gener-
ated as [12, 3,42,7,18], where 42 is the key item.

Due to the complexity of natural language, cleanly separating training and test data
is often challenging. The idealized anchor function appears to be capable of accomplish-
ing the aforementioned task. However, a straightforward division based on data ranges
proves to be impractical. To illustrate, consider a scenario where the range of key items in
the training set is denoted as [a, b], while in the test dataset, it is represented as [b + 1, c|.
The encoding of data within the interval [b + 1, c| is not learned during the neural network
training process. As a result, the neural network fails to produce the key item output for
the test dataset.

In this section, we propose three methods to separate training and test data, as shown

in Fig. 3.1

3.2.1 Modular-residue data separation

This separation method addresses a fundamental challenge in evaluating compositional
generalization: preventing models from relying on positional memorization rather than
learning core mapping functions. In identity mapping tasks, where the relative positions
between anchors and key items determine task semantics, conventional data splits risk
containing identical (value, position) pairs in both training and test sets. Such overlap
would make it impossible to distinguish whether a model has genuinely learned the iden-
tity function or simply memorized specific positional mappings.

Consider a task with an input sequence of length n. Define I'; as a set depending on the
position i. For example, I'; = {i — 2} for the case where key items can not be placed in the
tirst position. Modular-residue data separation is as follows.

For an input sequence of the training dataset, if the token of the i-th position is a key
item, then, a number x can be placed in the i-th position of such input sequence only when
mod(x,n—1) ¢ T;.
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Figure 3.1: Schematic diagram of three ways to split the training set and the test set.

For an input sequence of the test dataset, if the token of the i-th position is a key item,
then, a number x can be placed in the i-th position of such input sequence only when

mod(x,n—1) € T;

This formulation guarantees complete separation between training and test distribu-
tions at the (value, position) level. Crucially, it requires models to learn the underlying
identity mapping function rather than memorizing specific token-position combinations,
thereby enabling unambiguous evaluation of true reasoning capabilities. The position-
dependency of I'; reflects the task structure where anchor-key relationships are inherently

position-sensitive.

3.2.2 Anchor-based data separation

Consider a problem with multiple anchors. Denote the anchor set as A = {ai}]]. . Take

an example that in each input sequence, one and only one token belongs to the anchor set.
Anchor-based data separation is as follows.
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In the training data set, key items of anchor a; belong to a set denoted as G;; and its
output token belongs to a set denoted as G . Denote the set of all tokens as I and the set of
all possible output tokens as I°. These sets satlsfy the following requirements: G,, C I and

Gy, C I°) 1 = UG, and I = UGy . The key items for a; in a test sequence should belong to
Gy =1 \Gai.

3.2.3 Composite-anchor separation

Consider an anchor set with multiple anchors. In each input sequence, there exists a com-
position of certain anchors. The compositions of anchors in the training set and in the test
set do not overlap.

3.3 Generalization

The division of the dataset naturally leads to two concepts of generalization: generaliza-
tion on data and generalization on tasks. The first type describes the model’s ability to
generalize to seen tasks and unseen data, while the second type pertains to its ability to
generalize to unseen tasks. This distinction is operationally defined by whether test data
contains anchor combinations identical to training (data generalization) or novel anchor
combinations (task generalization).

Generalization on data. Generalization on data primarily relies on the test set, which
is divided according to key items. In this test data, the anchor function (i.e., the task) has
already been encountered in the training set. This form of generalization is based on data
separation, such as the case generated through modular-residue and anchor-based data
separation.

Generalization on task. Generalization on task primarily depends on the test set, di-
vided based on the anchors. Although some anchor combinations in the test data are new
(not present in the training set), the model can infer unseen composite anchor functions
using the existing composite anchors from the training set.

3.4 Loss function

In this work, we use a transformer architecture, which takes an input sequence of length n,
subsequently yielding an output matrix X(©®) € R"*¢, where d is the size of the dictio-
nary. For the i-th input sequence, the loss function is the cross-entropy only for the output

of the last token after softmax (denoted as x(ou“) € RY). The total loss over the entire
training dataset is computed as

where y?) is a one-hot label for the i-th sequence and N represents the size of the training
dataset.
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4 Tasks and results

In this section, we apply transformer models in various tasks (Fig. A1) to simulate real-
world scenarios and delve into certain mechanisms underlying them. Without specifica-
tion, we employ a 4-layer decoder-only transformer network to learn tasks and we set
the sentence length to 9 and the dictionary size to d = 200 for each task. Each decoder
layer comprises four heads. Please refer to the Appendix[Alfor detailed settings. The loss
and accuracy for each task during the training are summarized in Fig.[D.Il A multi-layer
transformer neural network can learn and generalize all listed examples.

4.1 Identity learning task

We begin by examining the identity learning function, which simulates a task to find out
the name in the input sequence. For example, the output of “He is from China, his name
is Mike, he likes reading.” is “Mike” and the anchor is “name is”.

The identity learning function is defined in Eq. (3.1), where the anchor item serving as
a prompt occurs only once in the input sequence. The function’s output is the digit follow-
ing that specific anchor. In our experiments, we use “3” as the anchor term. Meanwhile,
we study the mechanism by which the transformer model has good generalization ability
on the identity learning task in Section 5

We compared generalization capabilities of fully-connected neural networks (FNNSs),
long short-term memory networks (LSTM; plural LSTMs), and transformers in the identity
learning task. The respective parameter counts for these models are 416 M, 5.3 M, and
5.6 M. Please refer to the appendix for detailed setups for the three models. As shown
in Fig. the transformer demonstrates excellent generalization performance with just
600 training data points, while LSTM requires around 2200 training data points to achieve
a similar level of generalization. FNN, on the other hand, fails at generalization. This
phenomenon, along with some existing works, highlights the significant advantage of
transformer models over FNN models in logical reasoning [37].

Identity learning task Reading comprehension task Classification task
* % k3L k kkk —> T a1T102T203T30; —> T; T1a1T202L3G3C —> a;
T P z i€ l,2,3] i =argmin |z —z;
/ /
Composite task R /Working memory task R Synonym task h
* %k *x xaras * ¥ —> fo,(fa(T)) * Tay * * %% agx —> fo,(fa,(2)) * ok ka1asT %% —> fo,(fo,(2))
a1,as € [1,2,3,4] ai,a € [1,2,3,4] ay,a € [1,2,3(9),4]
. %
itati /M Iti hor task D
Forward-backward recitation task ulti-anchor tas Statistical output task
*xmInkx*xm —> n B > fa(z) 2,
. * %k ¥3T * % * *
KxxmInkkn —> m w €l if a=a o+l
AN J /

Figure 4.1: Task examples of anchor functions.
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Figure 4.2: Performance comparison of FNN, LSTM, and transformer. For each experimental setting, we used
10 random seeds for the experiment. Each experiment was trained for 4000 epochs. The scatter points are the
average of the ten experimental results, and the shaded parts are the maximum and minimum values.

4.2 Reading comprehension task

In daily reading comprehension, one usually identifies the anchors in the question first
and then searches the similar anchors in the given text. The answer can often be found in
the content near the anchor. We set the following task to simulate this reading comprehen-
sion task. We define distinct anchor valuesa; € {1,2,...,8}, and item values x; € [20,100].
The input sequence follows the pattern (a1, x1, a2, X, a3, X3, a4, X4, a), where a; is an anchor,
a; # aj fori # j. The output label is x; where k satisfies a; = a. In this task, the divi-
sion of the training set and test set is done through the “Modular-residue data separation”
method. We use a total of 1000 data points for training, with a batch size of 50, and train
for 1000 epochs.

4.3 Classification task

The classification task is a variation of the reading comprehension task, focusing on con-
tent that is similar rather than identical to the anchors. In this task, we define distinct
anchor values a; € {1,2,...,8}, and item values x; € [20,100]. The input sequence fol-
lows the pattern (xq,ay, xp, 4, X3,a3, X4, 44, X5), where a; is an anchor, a; # aj for i # J.
The output label is a; where k = argmin,_ (1234} |x; — x5|. In this task, the division of the
training set and test set is done through the “Modular-residue data separation” method.
We use a total of 30000 data points for training, with a batch size of 50, and train for 4000
epochs.

As shown in Fig. [4.3] we visualize the token embedding by t-SNE [32] after training.
Obviously, the embedding captures the order of tokens, which is crucial in this classifica-
tion task.
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Figure 4.3: The t-SNE distribution of token embeddings after training for numbers from 20 to 99.

4.4 Composite task

The composite task is a natural extension of one-anchor tasks. In each input sequence,
there are always two anchors to indicate a composite function. A fundamental question
arises: within the composite task, can the model learn the function of each individual
anchor that constitutes the composite function? In this task, we separate the data by both
modular-residue data separation and composite-anchor separation. Therefore, we can
study the generalization of transformer on data and tasks. We also study how model size
affects the performance.

Initially, we define four anchors, each representing a specific operation. These anchors
are then paired up to create 16 distinct composite anchor functions. 15 pairs are selected
to construct the training set. The model’s generalization ability is tested across all 16 op-
erations. Notably, the model’s generalization on the 15 composite operations used for
training reflects its ability to generalize on data, while its generalization on the composite
operations absent from the training set reflects its ability to generalize on tasks.

As shown in the left in Fig.[.4] we denote f, for the function of anchor 2 and combine
each single anchor to obtain the two-anchor composite function f;, 4, of the anchor pair
{ay,a,}. The gray anchor pair in the “Composite output” part does not appear in the
training set. In the right in Fig.4.4] we illustrate the model with 10 layers after training
via three input examples. We found the network learns a specific composite function. For
the first anchor a1, network outputs (fy, fa, ) (x), where x is the key item. For the second
anchor, network outputs (g, fo ') (fa, fa,) (x), which cancels one operation of f, .

We found model size can significantly affect the output pattern after training. In the
case of the model with 10 layers, as shown in the right in Fig. [4.4] after the input of the
second anchor, the network outputs the correct answer and keeps broadcasting the correct
answer for the subsequent input tokens. To characterize the output pattern for a specific
composite of anchors, we define the mapping sequence for an input as follows.

Definition 4.1 (Mapping Sequence). Consider a model fq(-) and an input sequence x = (x1,
X,...,Xy), where i denotes the index of the key item, and i + 1 and i + 2 represent the an-
chor indexes. The model output is fo(x) = (fo(x1),..., fo(xn)). Then, define the sequence
(fo(xiz1)—xi, fo(xiy2)—fo(xiv1),---, fo(xj)—fo(xj_1)) as a mapping sequence of the model
fo, where fo(x)= fo(xx_1) forany k > jand fo(x;) # fo(xj_1).
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As shown in Fig.[d.5|a), for the case of the model of 10 layers, there is only one map-
ping sequence for each composite of anchors. However, when the model size is smaller,
it shows several different mapping sequences for each composite of anchors. This result
depending on the model size is an interesting phenomenon for further study. In addition,
the test accuracy on task is usually smaller than the test accuracy on data (always achieves
100%) after training. This suggests the generalization on task is more difficult. To ver-
ify this, we display a learning process in Fig. £5(b). The training accuracy and the test
accuracy on data achieve 100% much earlier than the test accuracy on task.

Single output Composite output Learned operation: fa,.a,(z) = (fo,fo,") (for fa))(x)
seen - unseen : . : .
[] pair L2 pair Data + Operation : Mapping
a2 1 1
a| fa(x) 1 2 3 4 Input: ~ 64 2 3 : o
Tlz15 N Output: 6663 63 63 63 63 63 | 64+2-3=63 (2.-3)
............................ e
2| z+1 2 |z+6|a+2|a—1|a—4 Input 721 2 E 79410-4=78 E (10, -4
a 1 ' ’
3|2 s [l ol el o Ot 827878787878 | o
4]l xz-5 Input: 43 3 4 E 43.4.3-36 E (4,3)
Sl I e Sl i Output: 39 36 36 36 36 36 36 ! P ’

Figure 4.4: Single output: Function mapping of one anchor. Composite output: The two-anchor composite
function mapping obtained after the composition of two one-anchor functions. Learned operation: The mapping
operation of the composite function actually learned by the model. The examples shown represent the actual
outputs of the model for the given inputs, and the corresponding operations on the examples support the learned
operation of the model.
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=1 z S
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130 & Y] .
f' 8 < @@ train
wn
. g 90% B test on data
= A—A test on task
60 9.8 5o
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Figure 4.5: (a) The relationship between test accuracy (left ordinate, curve) and the number of mapped sequences
(right ordinate, bar) with the model size, where “L" represents the layer. The blue color reflects the generalization
ability on data, while the red color reflects the generalization on task. Each configuration is tested five times
independently, and the mean is taken. The shaded area and error bars respectively represent the variance in test
accuracy and the number of mapped sequences. (b) The training accuracy and test accuracy of the composite
task. The convergence speed of the model’s generalization on the data is much faster than its convergence speed
on the task.
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4.5 Working memory task

The composite task demonstrates the model’s ability to learn a single anchor operation
from composite anchors. The second anchor processes the output from the first anchor
instead of directly processing the key item. This sequential processing necessitates work-
ing memory capabilities in the model if there are some irrelevant items between the two
anchors.

Specifically, we let the first anchor a; € {2,3} and the second anchor a; € {4,5}, with
their corresponding mappings illustrated in Fig. Notably, the model observes only the
final output and not the intermediate computations. Therefore, as long as the final output
of two composite anchors is the same as the given labels, the network can learn a different
function for a single anchor operation, compared with our given operation for the anchor.

As depicted in Fig.[4.6] the first anchor’s output is the intermediate result via the oper-
ation of the first anchor on the key item. The model memorizes this intermediate result by
keeping out this value for the input of irrelevant tokens. Once the model sees the second
anchor, the intermediate result is no longer useful and the model outputs the final correct
answer.

4.6 Synonym task

The synonym task is an extension of the composite task, aimed at studying the capacity
of language models to learn the synonymous relationship between two anchors. The com-
posite anchors in the original dataset are taken from: {(1,9), (2,9),(9,1), (9,2),(1,2),(1,4),
(2,1),(4,1),(2,4), (4,2) }. The number of the training data set for each composite anchor is
the same. However, the transformer network struggles with learning composite anchors
such as (4,9) and (9,4) under the above setup for different total training data sizes, as
shown by the blue curves in Fig.d.7(a).

We set an anchor “3” that performs the same function as anchor “9”. To see whether

Single output Data : Operation
Input: 46 2 4 I
a] fol@) P | 46+1-2=45
— Output: 47 47 47 47 47 47 47 47 47 47 47 45 45 45 |
L e e e e e e e e e e e e e e e e e e mmm e e e mm e e e e e mm e e mm————————— D e e e
2| z+1 Input: S0 1 41 5040-2248
Output: 50 50 50 50 50 48 48
3 e R L e L CEEEEEEEEEEE PR memmm—————-
4| z-2 Input 40 2 3 ! 40+1+0=41
Output: 414141414141 4141414141 414141414141

Figure 4.6: Single output: Mapping function for one anchor, where a; € {1,2},a, € {3,4}. Data: Input sequence
and its corresponding output from the model. The red shadow represents the working memory for a1, and the
blue part corresponds to the working memory for a,. Operation: The learned mapping for the anchors by the
model.
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transformer networks can learn the function of anchors (4,9) and (9, 4) through the com-
posite anchors (4,3) and (3,4), we add the data with synonym anchor “3” to the training
set. Specifically, we integrate composite anchors {(1,3),(3,1),(2,3),(3,2),(4,3),(3,4)}
into the original dataset. In the case with a total number of training data as M, the num-
ber of training data for composite anchors that contain “9” (such as (1,9)) is fixed as 100,
while for other composite anchors is the (M — 400)/12. As shown by the red curves in
Fig. L.7(a), the network can accurately predict the output of (4,9) and (9,4) as long as
the data size is larger than a certain value. In Fig. £.7(b), we display the learning pro-
cess for cases of two data sizes. Obviously, the learning of (4,9) and (9, 4) is slightly later
than (4,3) and (3,4). These results demonstrate that introducing synonyms significantly
impacts the transformer’s task generalization.

4.7 Forward-backward recitation task

Usually, one finds that reciting the next line of a poem (forward task) is much easier
than reciting the previous one (backward task). Empirically, LLM is also found to be
easier for forward tasks than backward tasks. For example, we use GPT4 to test the
forward-backward recitation task with 20 poems. In the task of forward recitation, GPT4’s
accuracy is 95%, while the accuracy of the backward recitation is only 5%. Based on
this observation, we design an idealized forward-backward recitation task to study this
asymmetry of LLMs. An input sequence follows the pattern “(x, *,m,3,n,*,%,%,1)” or
“(%,%,m,3,n,%,%,% m)”, where “3” is the anchor, and others are tokens randomly se-
lected from [20,100], “x” indicates that the token in this position is irrelevant, and “m, 3, n”
can be any position. The output of “(x,%,m,3,n,*,%,%,n1)” is “m”, while the output of
“(%,%,m,3,n,%,%,+,m)” is “n”. As shown in Fig.[d.8] the transformer network’s general-

—4— 94 (Synonym learning) —#%— 94 (More sampling) i data size = 3000
-—¢-- 49 (Synonym learning) --#-- 49 (More sampling) > p—
100% 5 b
I 20%
80% 4 .
- 0 2000 3000
© 60% Epoch
—_
0 data size =
8 40% S ata size = 4000
< >
20% E 60% 4 test 49
o +—% test 94
0% e Lamf] oy
1000 2000 3000 4000 6000 8000 10000 20000 5 T Tag
Data size Epoch
() b)

Figure 4.7: (a) Compare the impact of two types of data enhancement methods on task generalization. These
types of data enhancement methods include adding synonyms (red) and sampling more data with the original
composite anchors (blue). (b) The test accuracy of transformer predictions on data with unseen anchors in the
synonym task. The composite anchors (4,9) and (9,4) are unseen anchors. training data size for the upper and
lower cases are 3000 and 4000, respectively.
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Figure 4.8: Accuracy of forward prediction and backward prediction in forward-backward recitation task changes
with training data size. The figures show the accuracy of the test data when training to 400 epochs and 4000
epochs respectively.

ization ability in forward tasks is consistently superior to that in backward tasks.

4.8 Statistical output task

Statistical output is a common scenario, i.e., the output of a sequence follows a probability
distribution. To simulate this scenario, we design a task based on the identity learning
anchor function.

We examined two types of dataset construction:

* The dataset S is built in the same way as the identity learning task and replicated five
times, modifying the label of the final copy to x + 1. These five datasets constitute
the first type of fairness learning dataset.

® The dataset S is built in the same way as the identity learning task and randomly
changed the labels of 20% of the data to x + 1. The newly obtained dataset is called
the second type of fairness learning dataset.

As shown in Fig. .9 (a), for the first type of data, the training accuracy can only achieve
80%. This is because we only consider the output with the largest probability, while the
output for an input is statistical in the training dataset. For the data with label x, the
network can achieve 100% while 0% for the data with label x 4- 1. For the second type
of data, as shown in Fig. £9(b), the probability of output x achieves 80% while 20% for
output x + 1.

Next, we examine if the network learns the probability distribution of output. For
input, we can record the probability of output x and x + 1, respectively, i.e., softmax of
the output layer. As shown in Fig.[4.9(c), for the first type of data, as the epoch increases,
the probability of output x increases towards 80% while x + 1 towards 20%, both of which
satisfy the experimental setting.
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Figure 4.9: (a, b) The accuracy of transformer predictions in the statistical output task. The transformer is
trained with the first type of dataset (a) and the second type of dataset (b). (c) For the first type of dataset, the

o

probability of token “x" or “x 41" after the projection layer.

4.9 Multi-anchor task

In the case of modular-residue data separation, it only ensures different positions for the
pair of anchor and key items i.e., (g, x), in the training and test sets. One might argue
the network only learns shift invariation but not the operation. To verify the learning of
operation, we design the following multi-anchor task.

We utilize ten distinct anchorsa € {1,2,3,4,5,6,7,8,9,10} and define the anchor func-
tion f,(x) = x + a, where x is the key item next to the anchor. For the test dataset, the
key item for anchor a belongs to G5 = [12 4 84,12 + 8(a + 1) — 1], and for the training set,
the key item for anchor a belongs to G, = [20,100]\ G, i.e., anchor-based data separation.
Our focus is on whether, after training, the transformer’s predictive ability can generalize
to sentences where the pair of anchor and key item is unseen in the training.

As shown in Fig. in most cases, the model exhibits good generalization capabilities
on anchor-based data, i.e., the network learns the operation rather than shift-invariance.
For the cases near the boundary (anchor “1”7, “2”, “10”), due to the construction method,
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Figure 4.10: Accuracy of multi-anchor task after training. We examined the predictive ability of transformer on

data sets constructed with different anchors. The test set is G5 = [12+ 84,12+ 8(a + 1) — 1], and the training
set is G, = [20,100]\ G-
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the frequency of their output tokens is smaller than other anchors, which may be the
reason why the learning boundary anchors are more difficult.

5 Mechanism study of the identity learning task

In this section, we first provide a brief explanation of the mechanism of the identity learn-
ing task by identifying two key operations in a two-layer model, i.e., shift and broadcast.
We then conduct a series of ablation experiments to explore the role of each structure in the
transformer and find a very simplified two-layer model that can accomplish the identity
learning task. The operations of shift and broadcast also play key roles in this simplified
model. Finally, we show these two operations are also common in LLMs and have a short
discussion. A very detailed discussion of the mechanism for the identity learning task can
be found in Appendix

5.1 A brief explanation of a two-layer model

In the task of identity learning, the attention maps of the two-layer model primarily serve
two purposes: shift and broadcast. The first layer’s attention map performs a shift oper-
ation, as illustrated in Fig. 5.la), the sequence (x1, X, X3, X4, X5, X6, X7, Xg, X9) is shifted to
(x1, X1, X2, X3, X4, X5, X6, X7, Xg) through the first layer’s attention map. Based on the resid-
ual connection, the shifted vector and the unshifted one is fused, thereby establishing the
integration of information between the anchor item and the key item. It is noteworthy that
the operation is a one-position shift, due to the fact that the key item is designed to be the
next token of the anchor. We will discuss more on how the data structure affects the shift
operation.

Once the information of the anchor and the key item is fused, the subsequent fully-
connected structure will render the correct label based on this fused information.

The second layer’s attention map executes a broadcast operation. As illustrated in
Fig.BTIb), the sequence (x1, X2, X3, X4, X5, Xg, X7, X8, X9) is transferred to (¥, X, X3, ¥4, X5, X6,
X6, X6, Xg), where X; is the linear combination of {x1, ..., x;} but is irrelevant to obtaining

it 1)
L2] L1
I3 I

T5 -_ (T4

L6 L5
Ty Tg
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(a) First layer, shift operation (b) Second layer, broadcast operation

Figure 5.1: Attention maps of the first and second layer.
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the correct label. This broadcast operation transfers the correct label to the last position,
namely the output position. The first layer’s attention map is mainly based on the posi-
tion embedding and the second layer’s attention map is mainly based on the positions of
anchors in the input sequence.

This example illustrates two important operations that attention structure provides in
language models, i.e., shift and broadcast. We also find that these two operations are
also common in LLMs (see experiments in later sections). Therefore, the anchor function
can serve as a type of benchmark function for understanding transformer-based language
models.

To realize the attention maps with shift and broadcast operations, one possible way
is to tune vector orientations in high-dimensional space. Two random vectors in a high-
dimensional space are orthogonal with high probability. For the shift attention, the train-
ing needs to tune the i-th row of matrix Q to parallel with the (i — 1)-th row of matrix K.
For the broadcast one, the training needs to identify the anchor token. The fully-connected
network non-linearly transforms all tokens to parallel ones (called non-interested tokens
for convenience), except for the interested one that has combined the anchor token “3”
and the key token “x”. Rows of non-interested tokens in the matrix Q (or K) are paral-
lel and the interested one is orthogonal to others. For non-interested token positions, the
direction of each row of Q is parallel but opposite to the corresponding one of K, while
for the interested position, parallel with the same direction. Then, the element in attention
that does not contain the interested position will be very negative, leading to the broadcast
operation. Please refer to the Appendix[Blfor a detailed analysis of the mechanisms of the
two-layer transformer.

The understanding of the mechanism behind identity mapping tasks above is built
upon extensive experiments and visual analysis. The low training cost and clear data
structure of anchor functions greatly facilitated our research into the implementation mech-
anisms behind logical rules.

5.2 Data structure’s impact on the shift attention map

The attention map in the aforementioned model is heavily influenced by structural fea-
tures inherent in the training data, particularly the adjacency of key items with anchors in
the identity learning task. In this section, we investigate the influence of data structures
on the attention map. We generate data for the identity learning task using two anchors,
namely “3” and “4”. For the data corresponding to anchor “3”, the key item is the digit fol-
lowing “3”, and the task is represented as (..., 3,x,...) — x. For the data corresponding
to “4”, the key item is the digit located two positions after “4”, and the task is represented
as (...,4,%,x,...) — x. This investigation is conducted within a transformer model com-
prising two layers, each containing two heads.

Figs.5.2(a) and 5.2(b) illustrates the attention maps of the two heads in the first layer of
the model. Both heads perform shift operations, with the first head, shown in Fig. 5.2(a),
shifting by one position, aligning with the task corresponding to the anchor “3”, while
the other head, shown in Fig. 5.2(b), shifts by two positions, aligning with the anchor “4”.
This phenomenon is caused by the characteristics of the training data and the positional
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(a) First layer, first head (b) First layer, second head ¢) Second layer, anchor “3” d) Second layer, anchor “4”

Figure 5.2: (a, b) Attention maps of the two heads of the first layer. (c, d) Attention maps of two heads of the
second layer for the input sequence with anchor “3" and “4”, respectively.

embedding obtained during training. During the testing phase, regardless of the input
test sequence, these two attention maps will remain stable.

For the attention maps of different heads in the second layer, they perform broadcast
operations. Figs.[5.2(c) and 5.2(d) illustrates the attention map of the second layer head,
taking “3” and “4” as anchors, respectively (only the first head is shown, and the other
head is similar). When the positions of two anchors are the same, the positions of the key
items corresponding to the two anchors are different. Therefore, the positions performing
the broadcast operation for the attention map of anchor “4” are one position later than
anchor “3”.

5.3 Ablation experiment

In the following, we empirically study how much we can simplify the decoder-only net-
work structure, followed by analyzing a simplified model’s mechanism in the identity
learning task, which may be more accessible for future theoretical study.

A common block of a transformer network is shown in Fig.5.3(a). The detailed opera-
tion of each component is illustrated in Appendix[B.1l To find a model that can accomplish
the anchor function but contains as few components as possible, we conduct ablation ex-
periments of different components for the identity learning task with modular-residue
data separation.

Empirically, we find that the one-layer decode-only structure can not generalize at all
for the identity learning task, while the two-layer one generalizes well. The reason why
the one-layer structure fails is that each token is solely processed. Therefore, the fusion of
different tokens cannot be done via the one-layer structure. If we manually shift vector V'
as the shift operation, then the network can easily fit the identity learning task.

We then conduct ablation experiments on various components of a two-layer model:
“res” indicates the residual connection, “linear” indicates the linear transformation after
attention operation, “LN” indicates the layer normalization, “FFN” indicates the feedfor-
ward neural network, “projection” is a linear transformation of the output of the decoder
before the final softmax, “mask” indicates that each token can only see its previous tokens
but not subsequent ones. It is worth mentioning that when we remove certain modules,
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Figure 5.3: (a) Transformer structure used in experiments. (b) Ablation experiments. For the first 3 and last 2
experiments, the row vector dimension of X is 400, and the row vector dimension of Q(l),K(l), v is 64. For
others, all of those dimensions are 201. For each experiment setting, we run the experiment 5 times with different
seeds for 4000 epochs to eliminate the impact of randomness.

the dimensions of some matrices within the network need to be adjusted accordingly to
ensure that the model is well-posed. For example, when we delete the linear operation, we
need the row vector dimension d,, of V(1 to be the same as the row vector dimension d,, of
the hidden state; when we delete the projection layer, the hidden state row vector dimen-
sion d;; needs to be the same as the dictionary size d. Beyond that, we adjust d,,, dy, or d so
that the model used in each experiment has roughly the same amount of hyperparameters.

For each experiment setting, we run the experiment five times with different random
seeds. As shown in Fig.[5.3|b), the first experiment contains all regular components. For all
tive random seeds, the training accuracy and the test accuracy achieve 100%. Therefore,
the five mini-bars together look like a large bar. In the second experiment, the FFN is
removed. The training accuracy can always achieve 100%, but the test accuracy has slight

variation across five trials.

It is interesting to see that the effect of different components is highly nonlinear. For
example, the experiment of “linear+projection+mask” generalizes very badly for all five
trials, but when all examined components are removed, the network can generalize better,
as shown by the experiment of “none”, which can be 100% although with large fluctua-
tion. These experiments suggest there are many different mechanisms to learn an anchor

function.
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5.4 A mechanism of a two-layer simplified model

In this section, we employ a simplified two-layer model, which removes structures includ-
ing masking, layer normalization, residual connection, linear transformation, and fully-
connected networks, i.e., “none” in Fig.[5.3] to investigate the mechanisms of the identity
learning task. We begin by providing the definition of the simplified model.

Let X(1) € R"* represent the input sequence after word embedding and position
embedding, i.e., X(1) = X®™ 4 XP°S. We choose d,, to be equal to the dictionary size d to
simplify the linear operator in the transformer and delete the projection layer. The final
output is calculated as follows:

xOWM)WKL)T x(1)T
Vd
X@OWRWK@Q)T x(2)T
Vid

Attn() = softmax ( ) , X2 = Attn(l)X(l)WV(l),

Attn® — softmax ( )  xou) _ Atn@x@ W@,

It can be expressed simply as
xu) = Attn® Attn M XMWV OWVER),

It is noteworthy that Attn!) incorporates information from X(). Therefore, the afore-
mentioned formula does not represent a straightforward linear transformation. The mech-
anistic explanation of the model is depicted in Fig.[5.4] where the first-layer attention map
shifts the information of the key item “x” to the position of anchor item “3” and broadcasts
the information of the anchor item to other locations beyond it. Consequently, there are
only two types of matrix row vectors input to the second layer: vectors with the anchor
item information and vectors with the key item information. This structure also facilitates
the construction of the second-layer attention map Attn®). The attention map Attn(?) per-
forms a broadcast operation, i.e., broadcast the vector with the key item information to all
locations. The final prediction is obtained through the function argmax(-).

In the above-simplified model, Attn() plays an important role in information transmis-
sion, which can be regarded as the combination of shift attention and broadcast attention.

5.5 Shift and broadcast in Llama2-6B

We find that the operations of shift and broadcast by attention, which are important in
learning anchor functions, are also very common in LLMs. We use Llama2-6B [31] as
an example to demonstrate these two operations. Similar to the identity learning task, we
employ “My name is John. What is my name? Your name is” as the input for Llama2-6B
and observe the attention maps at different layers. Figs.5.5(a) and B.5(b) illustrates two
heads in Llama2-6B. The left one, a head in the second layer, exhibits noticeable shift oper-
ations, and the second one, a head in the twenty-ninth layer, demonstrates clear broadcast
operations. Multiple attention maps for various heads are supplied in the appendix. Both
operations are rather common.
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Figure 5.4: The mechanism of the 2-layer simplified transformer model for the identity learning task. The first
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Figure 5.5: Attention examples of Llama2-6B.

It is noteworthy that shallow-layer attentions tend to favor shift operations, while

deep-layer attentions tend to favor broadcast operations. The full-size attention map can
be found in the Appendix[Cl Additionally, the highly similar broadcast attention patterns
in deep layers explain the phenomenon where performance remains almost unaffected
upon the removal of several consecutive layers that are near the final output.
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5.6 Discussion of shift and broadcast operations

Obviously, the attention structure can perform various operations in various learning
tasks. What kind of operations the attention structure shows depends on the task and
also the input sequence. For the identity learning anchor function, the distance between
the anchor and the key item is fixed. Then, the attention structure learns this position re-
lation and performs a shift operation. Such a shift can always fuse the information of the
anchor and the key item for any input sequence.

The broadcast operation can simplify the network, such as ignoring irrelevant tokens,
providing working memory for intermediate results, making extra deep layers negligi-
ble, etc. From the perspective of complexity, broadcast operations enable neural networks
to accomplish tasks using a function with low complexity.

The shift and broadcast are only two basic operations among many others. For ex-
ample, the induction head correlates the current token with similar ones in the previous
context [9,24]. The future study of various anchor functions will reveal more and more
basic operations of attention structure as well as other components.

6 Existing theoretical understanding for anchor function

In this section, we utilize some existing theoretical understanding for learning anchor
functions, including frequency principle [4}21}26]29]38-40,/43] and condensation [7,22,
46-48]).

6.1 Frequency principle

The frequency principle indicates an implicit spectral bias during the learning process, i.e.,
neural networks often learn from low- to high-frequency.

Frequency is used to indicate how much change of the output is affected by the change
of the input. A larger change in the output corresponds to a higher frequency. We design
two tasks that have different frequencies. In each task, the anchor set A = {3,4}, and
in each input sequence, there exists only one anchor. Denote the key item following the
anchor as x.

For task one, the outputis always the item x. For example, the output of (12,33, 14, 3,42,
22,32,20,28) is 42, and the output of (12,33, 14, 4,42,22,32,20,28) is also 42.

For task two, for anchor “3”, the output is x; for anchor “4”, the output is x + 1. For ex-
ample, the output of (12,33, 14, 3,42,22,32,20,28) is 42, and the output of (12,33, 14,4, 42,
22,32,20,28) is 43.

Obviously, task two has a higher frequency. According to the frequency principle, the
learning of task two should be slower. As shown in Fig. [6.]] for both the training loss
and the test accuracy, the fitting speed of the low-frequency task is faster than that of the
high-frequency task.
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Figure 6.1: Training loss and test accuracy for two frequency tasks.

6.2 Condensation

Previous works have found that, as the initialization of network weights becomes smaller,
the neurons in the same layer would tend to be more condensed during the training, i.e.,
weights of neurons in the same layer tend to be more similar. Condensation implies that
neural networks tend to fit the data with a function with complexity as small as possible.
A key reason underlying the condensation is that the neuron in the same layer has similar
training dynamics.

For a transformer network with multiple heads in the same layer, the heads also have
similar dynamics. We should expect that heads in the same layer can have many similari-
ties during or after the training. As shown in Fig.[6.2] we show the attention map of each
head in the second layer of a 4-layer 12-head model. The attention maps between different

heads are highly similar. They all perform the broadcast operation.
. | “
4 5

| | ||
11

Figure 6.2: The attention map of each head in the second layer of the 4-layer 12-head model.

7 Future problems

The anchor function has opened up a new avenue for studying language models. The
study of the anchor function in the main text, along with the detailed analysis in the ap-
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pendix, has opened up a new avenue for studying language models. There are many more
questions worth further exploration, such as some questions listed in Table[Z.Il An excit-
ing thing is that readers can easily cook up more language tasks with anchor functions
and propose a series of interesting questions for further exploration.

The empirical discoveries enabled by the anchor function have supported a series of
theoretical and mechanistic studies, aiming to explain when and why language models
exhibit reasoning, memorization, and generalization. For instance, using the composite
function problem in Section 4.4} recent work found that parameter initialization signifi-
cantly affects whether a model favors reasoning or memorization during training [44},/45].

Table 7.1: Example questions for further exploration based on anchor function.

Category Question

Why transformer network is better than the fully-connected network on anchor
functions?

Why transformer network can generalize better than LSTM network on anchor

functions with small data size?
Structure

. . i ? . _
characteristic What is the effect of each structure component? such as attention, layer normal

ization, softmax, skip connection, and fully-connected one?

Why the following can happen: When some components are removed, the gen-
eralization degrades, but when some more components are removed, the gen-
eralization improves.

L What is the benefit of multiple heads in approximation?
Approximation

What is the benefit of multiple layers in approximation?

Why transformer networks can generalize over unseen composite tasks?
How does the transformer network learn synonym anchors?

What is the benefit of multiple heads in training?

What is the benefit of multiple layers in training?

How does the landscape differ over the increasing number of heads?
How does the landscape differ over the increasing number of layers?

Generalization Why does the emergence of generalization over unseen composite tasks later
& than that over unseen data of seen tasks?

Optimization Why learning rate is so sensitive?
Why do loss spikes sometimes help but not always?

Why do many heads learn the same attention, is it similar to the condensation
phenomenon?

Why forward recitation task is easier than the backward one?

Is there a learning order for different layers, and why?

How does the hidden space dimension affect learning?

Why the pattern of the output sequence is simpler when the data size is larger?

Explore more basic operations of the attention structure in various tasks.

More Build more benchmark functions.
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Due to the simplicity of this data construction, researchers can conduct rigorous theoreti-
cal analyses [4142], which have already contributed to large-scale model pretraining [11].
At the same time, studies on the Mamba architecture using this dataset have revealed
learning behaviors different from those of the transformer [6]. Furthermore, through the
multi-step reasoning tasks derived from Section [4.1] the generalization limits of trans-
formers have been examined via both experiments and theory [19,25,36]. Finally, studies
based on the identity learning task provide theoretical explanations for training phenom-
ena such as regularization effects and loss spikes [3,20]. Collectively, these applications
demonstrate the potential of the anchor function as a foundational framework to bridge
the gap between theoretical principles and the complex behaviors of modern language
models.

Appendix A Basic settings

Transformer. We use a 4-layer decoder-only transformer network to learn various tasks.
Each decoder layer has 4 heads. The optimizer chosen is AdamW. The batch size is set
to 100. The initial learning rate is 2e-5. In the first 400 epochs, the warmup learning rate
update strategy is used to gradually increase the learning rate to 2e-4, and then the cosine
annealing strategy is used to decay the learning rate back to 2e-5. A total of 4000 epochs
are trained.

LSTM. We use a 4-layer LSTM to learn various tasks. The hidden size of the model is 4.
The optimizer chosen is AdamW. The batch size is set to 10. The initial learning rate is 2e-5.
In the first 400 epochs, the warmup learning rate update strategy is used to gradually
increase the learning rate to 2e-4, and then the cosine annealing strategy is used to decay
the learning rate back to 2e-5. A total of 4000 epochs are trained.

FNN. We use a 4-layer FNN to learn various tasks. The hidden size of the model is 4. The
optimizer chosen is AdamW. The batch size is set to 10. The initial learning rate is 2e-5.
In the first 400 epochs, the warmup learning rate update strategy is used to gradually
increase the learning rate to 2e-4, and then the cosine annealing strategy is used to decay
the learning rate back to 2e-5. A total of 4000 epochs are trained.

Appendix B Two-layer transformer

In this section, we study the mechanism of two-layer transformers to achieve the iden-
tity task. We first give a detailed notation of the transformer structure, and then select
three modules that have a greater contribution to this task, namely the first-layer attention
module, the first-layer feedforward neural network (FFN) module and the second-layer
attention module to analyze its mechanism, shown in Fig.[B.1l

B.1 Transformer architecture details

In this section, we give the notation of the transformer in modules to facilitate subsequent
analysis of its mechanism.
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Figure B.1:

Detailed mechanism of a two-layer transformer.

(a) Flow chart of two-layer transformer.

PC1 (36.1 %)

(b)

The detailed internal mechanism of the first layer FFN. (c) The norm of FEN(X()) and FEN(XP*()) with
respect to different tokens. (d) PCA Analysis of three kinds of FFN outputs, i.e., (Add&Norm)FFN(X(1)),
(Add&Norm)FFN(XP (1)) and (Add&Norm)FFN(X (1) + xP"(1)) “(Add&Norm)" indicates that output undergoes
residual connection and layer normalization.
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B.1.1 Input representation

The input sequence is represented as a one-hot vector X™ € R" *d where n is the sequence
length, d is the dictionary size, and X' is the one-hot vector.
After embedding, the input sequence becomes

xem _— Xinwem e IRnxdm’ wem ¢ IRdde.
The positional vector is denoted as
XPos < ]Rnxdm‘
The input to the first transformer block is

X(l) — Xem 4 XPos,

B.1.2 Attention mechanism

For the I-th layer, the Q, K, V matrices of the attention mechanism are defined as functions
of the input X(1) g R7*dm

Q
B
I
<

(Z)WQ(Z), WQ(Z) c ]Rdedk,

=,
B

I
>

(l)wK(l), WK(l) c ]Rdedk,
V(l)<X(l)) = xOwv®) — wvl) ¢ Rdmxdi

The attention matrix Attn!)(X(!)) for the I-th layer is computed as

O (x)kW(x(HT
Attn) (XD} = softmax Q e R™",
x) Vi

where the function softmax(-) is defined as

evi
SOftmaX(.X')l‘ = =rF
Z]':1 el
The output of the attention mechanism, denoted as X3!, is given by
X0 = At (xD)yy D (x1) e Rk,

Finally, the output after position-wise feedforward processing is obtained using resid-
ual connection and layer normalization

Xpr(l) _ quv(l)wattn,l, wattn// e lekxdm, Xpr(l) e R >dm_
The output of the I-th layer, X2°(), is computed as

x2°() = LayerNorm(X () 4+ xpr(),
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B.1.3 Feedforward neural network

The [-th layer feedforward neural network is expressed as
x40 .= FEN(x*°() = LayerNorm(X*°!!) + g(x*° Wi )w'?),

where ¢(-) = ReLU(-), and W1 € R¥m*3dm W2 ¢ R3dmxdn,

B.1.4 Projection layer

The projection layer is defined as
Y — Xdo(L)Wproj + bproj, Wproj e ]Rded, bproj e ]Rd, Y € ]Rnxd,

where n = 9,d,, = 400, L = 2,d; = 64. The output is obtained by taking the argmax of the
softmax
Output = argmax (softmax(Y)).

",

Here, the anchor “3” is positioned at the 5-th position, and the target position “x” is
at the 6-th position in the sequence. For clarity, vector positions in the sequence may be
referenced in subsequent discussions.

B.2 Analysis of attention matrix At

The structure of the attention matrix Attn(!) is mainly determined by the positional en-
coding vector XP° shown in Figs.[B.2(a), B.2(b) and [B.2c). To gain insights into the struc-
ture of the attention matrix, we examine the cosine similarity between Q(1)(XP°) and
KM (XP9s), as shown in the following Fig.[B2(d), and find that the direction of Q(!) (XP0s);
and KW (XPos), | is almost the same. It is noteworthy that in the first layer’s attention
mechanism, the prediction results remain correct if we artificially replace the attention
matrix with

0
10
010
At (xWy = |
000 ..10
000 ..010 |

This suggests that the fine structure of attention in the first layer does not significantly
affect the outcomes. Additionally, the layer normalization following the attention mech-
anism does not impact the results. Therefore, the main purpose of At is to complete
the shift of the vector and combine it with the subsequent residual connection to fuse the
key item information with the anchor information.
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Figure B.2: (a, b, c) Attention output of the first layer with different input X(1), X¢™ and XP°S. (d) The cosine
similarity between Q(1) (XP0s) and K(1)(XPos).

B.3 Analysis of feedforward neural network

The FEN tends to align the vectors excluding the sixth position, i.e., X ,i # 6, in par-
o(1)

allel while making the vector at the sixth position, X6
other vectors.

This alignment and orthogonality are primarily influenced by the output XP*(1) from
the first layer’s attention mechanism. In other words, the ResNet operation applied to X (1)
in the first layer of FEN alters the direction of the input vector X 1) to some extent, re-
sulting in pairwise parallelism and orthogonality in X9°(1). Tt is worth noting that this
similarity and orthogonality are not immediately apparent in X2°(), even though X2°(!)
already incorporates information from XPr(1), These properties become more pronounced
after passing through the FFN.

The following is the experimentally verification of these observations. Experimental re-
sults suggest that the layer normalization of the first layer’s attention has minimal impact
on the results, thus we assume for convenience that

x2o(1) .= LayerNorm(X(l) + xPr)y = x() 4 xpr(1),

, as orthogonal as possible to the

We examine the cosine similarity between vectors at different positions and stages of the
FEN. The FFN is divided into six stages: Input (the FFN'’s input vector), First linear output,
ReLU output, Second linear output, ResNet output, and Layernorm output.

As shown in Fig.[B.3] the FEN tends to align the vectors (excluding the sixth position)
and orthogonalize the vector at the sixth position. And the parallelism of these vectors
is also reflected in FEN(X() 4 xP'(1)) (see Fig.[B4). This phenomenon can also be fur-
ther characterized using PCA. As shown in Fig.[B.5] asterisks represent quantities corre-
sponding to the sixth position digit, and circles represent quantities at other positions.
The close alignment of the blue asterisk and circles suggests minimal distributional dif-
ferences. Conversely, the orange asterisk, influenced by the addition of XP*(1), causes the
circles to become relatively concentrated (closer to the green circles), while the asterisk
moves farther away (closer to the green asterisk).

The conversion of vector directions through the FEN layer is mainly to facilitate the
construction of the second layer attention matrix. In the next subsection, we delve deeper
into the generation of the second-layer attention matrix.
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First linear output ReLU output

0.63 0.64 0.58 0.68/0.50 0.5

0.64 0.64 0.46 0.67 0.6

Figure B.3: Cosine similarity analysis for the output in different first-layer FFN stages with input xPr() Each
subfigure represents in turn: the input vector, the output of the first linear layer, the output after the activation
function, the output of the second linear layer, the output after residual connection, and the output after layer
normalization.

Input First linear out ReLU out 10

0.00 017 0.12

017 [\]4.023 0.18-0.01

8¢ 0.58 0.66
0,51 0.53 0.57 0.63 0.560.02 0.58 0.45

0,55 0.58 0.55 0.66 069/ -0.42 0,66 0.45

Second linear out ResNet out

Figure B.4: Cosine similarity analysis for the output in different first-layer FFN stages with input XM 4 xpr(1),
Each subfigure represents in turn: the input vector, the output of the first linear layer, the output after the
activation function, the output of the second linear layer, the output after residual connection, and the output
after layer normalization.

B.4 Analysis of attention matrix Attn?

Fig.[B.6lshows the Attn®) matrix before and after mask and softmax operations. We only
need to figure out the cause of the attention matrix before these two operations.
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Figure B.5: PCA analysis of three kinds of FFN outputs, i.e., (Add&Norm)FFN(X(1)), (Add&Norm)FFN(XxP'(1))
and (Add&Norm)FFN (X + xP(1))  “(Add&Norm)" indicates that output undergoes residual connection and
layer normalization. Asterisks represent quantities corresponding to the sixth position digit, while circles represent
quantities at other positions. The blue asterisk and circles are almost coincident, indicating minimal distributional
differences. The orange asterisk, influenced by the addition of XPr(1) | causes the circles to become relatively
concentrated (closer to the green circles), while the asterisk moves farther away (closer to the green asterisk).
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Figure B.6: Analysis of the second-layer attention mechanism before and after masking and softmax. (a) The
mechanism before applying masking and softmax. (b) The mechanism with broadcast functionality after masking
and softmax.

We mentioned earlier that after FEN, the row vector of X () has only 2 directions. We
denote the vector of the position outside the key item as ag, and the vector of the position

of the key item as B¢. Therefore, as shown in Fig. B.7 the row vectors of the matrix Q(Z)
and K@ in the second layer also have approximately only two directions. And the two
directions of matrix Q) and K(?) have a roughly opposite relationship. Therefore, ma-
trix Q(?) and K@) can be approximately expressed as

Q@ = (aT,...,a",p7,al,...,a")T,
K(z) = (_‘XT/ ceey —‘XT/ _‘BT, _‘XTI sy —‘XT)T‘
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Figure B.7: The PCA of the first and sixth row vector of Q and K in the second layer. DLOWQ(Z),,BOWQ(Z),
szWK(2>, and ﬁOWK(Z) represent the first raw vector of Q(z), the sixth raw vector of Q(2>, the first raw vector

of K@), and the sixth raw vector of K(2), respectively.

Therefore, we have

anT anT
a0 T
QWKAT = — | gaT ... paT
anT anT
anT anT

To realize the matrix in Fig.[B.6(a), just need af” > 0 and ||a|[> > ||B]|2-

zx,BT
ap’
ap’
BB"
apT
ap’
ap’

1414

anT
BT
anT

anT

B.5 Interpretation of attention mechanism results

(B.1)

After the second layer of the decoder block, the last row vector of hidden state X (3) is

Xé3) = Layernorm (« + foW" @),

where «g is the vector of positions other than the position of the key item and By is the
vector of the key item position. ag has no information about the coupling of anchor and
key item, so its response to the projection layer should not have an impact on the final
result. As can be seen from Fig. B8, agWP™ + bP™ makes the probability of outputting
20-100 greater than other tokens, but the probability of outputting 20-100 is approximately

the same.
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Figure B.8: Projection output of ag passing through the projection layer. &y makes the model tend to output
numbers in the range 20-100. But it has little impact on the specific output value.

Appendix C Attention maps of Llama2-6B

To better understand how the model implements the proposed computation, we visual-
ize the attention matrices of Llama2-6B on our synthetic tasks. Fig. reports attention
maps across several representative layers and heads (ordered from top to bottom and left
to right). This visualization highlights an intuitive transition of attention patterns: early
layers tend to exhibit a “shift”-like behavior that mainly propagates local positional infor-
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=
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= =
~ ~
L]
w
=4
N
15}

Figure C.1: Attention maps of Llama2-6B. From top to bottom, from left to right are the attention matrices of
different layers and heads. In the first few layers, attention mostly shows the pattern of shift. In the later layers,
attention mostly shows the pattern of the broadcast.
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mation, whereas deeper layers increasingly show a “broadcast”-like behavior that aggre-
gates and distributes information globally. These qualitative patterns are consistent with
our mechanistic interpretation that different layers specialize in different sub-routines of

the overall algorithm.

Appendix D Curve of accuracy and loss

In this section, we report the loss curves (Fig.[D.I(a)) and accuracy curves (Fig.[D.I(b)) of

the transformer model when learning each task.
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Figure D.1: Loss and accuracy of each task.
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