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Abstract. In this paper, we prove the existence of a solution for the exterior Dirichlet
problem for Hessian equations on a non-convex ring. Moreover, the solution we ob-
tained is smooth. This extends the result of [Bao-Li-Li, “On the exterior Dirichlet prob-
lem for Hessian equations” Trans. Amer. Math. Soc. 366(2014)].
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1 Introduction

In this paper, D2u denotes the Hessian of u, and the k-th elementary symmetric function
σk(A) of a symmetric matrix A is defined by

σk(A)=σk(λ(A))= ∑
1≤i1<···<ik≤n

λi1 ···λik ,

where λ(A)=(λ1,··· ,λn) are the eigenvalues of A. Let Γk be the Garding’s cone

Γk ={λ∈Rn : σm(λ)>0, m=1,··· ,k}.

It is well known that Γk is a convex symmetric cone with vertex at the origin.
In this paper, we consider the solvability of the following exterior Dirichlet problem

for Hessian equations {
σk
(
λ
(

D2u
))

=1 in Rn\D̄,
u= φ on Γ :=∂D.

(1.1)

Before stating our main theorems, we will need the following definitions.
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Definition 1.1. A C2 regular hypersurface M⊂Rn is called strictly k-convex (k-convex) if
its principal curvature vector κ(X)∈Γk (κ(X)∈ Γ̄k) for all X∈M. We say that a domain D is
strictly k-convex (k-convex) if ∂D is strictly k-convex (k-convex).

Definition 1.2. For any open set U ⊂Rn, a function v∈C2(U) is called a strictly k-convex
(k-convex) function in U if σj

(
D2v(x)

)
>0,

(
σj
(

D2v(x)
)
≥0
)

for all j=1,··· ,k and x∈U.

Definition 1.3. A function u∈C0(Rn\D̄) is said to be a viscosity subsolution of (1.1) in Rn\D̄,
if for any k-convex function ψ∈C2(Rn\D̄) and x̄∈Rn\D̄ satisfying

ψ(x̄)=u(x̄) and ψ≥u on Rn\D̄,

we have
σk
(
λ
(

D2ψ(x̄)
))

≥1.

Similarly, u ∈ C0(Rn\D̄) is a viscosity supersolution of (1.1) in Rn\D̄, if for any k-convex
function ψ∈C2(Rn\D̄) and x̄∈Rn\D̄ satisfying

ψ(x̄)=u(x̄) and ψ≤u on Rn\D̄,

we have
σk
(
λ
(

D2ψ(x̄)
))

≤1.

We say u is a viscosity solution of (1.1) if u is both a viscosity subsolution and a viscosity super-
solution of (1.1).

Following [1] we denote

Ak ={A : A is a real n×n symmetric positive definite matrix with σk(λ(A))=1}.

Our main results are

Theorem 1.1. Let D be a bounded, smooth, star-shaped, strictly (k−1)-convex domain in Rn,
n≥3, and let φ∈C∞(∂D). Then for any given b∈Rn, A∈Ak with 2≤ k≤n, there exists some
constant c∗= c∗

(
n,k,b,A,D,|φ|C2(∂D)

)
, such that for every c> c∗, there exists a unique strictly

k-convex solution u∈C∞(Rn\D) of (1.1) satisfying

limsup
|x|→∞

|x|n−2
[

u−
(

1
2

xT Ax+b·x+c
)]

<∞. (1.2)

Theorem 1.2. Let u∈C∞(Rn\D) be the solution of (1.1) obtained in Theorem 1.1 and denote

E(x) :=u−
(

1
2

xT Ax+b·x+c
)

.

Then E(x) satisfies
limsup
|x|→∞

|x|n−2+m |DmE(x)|<∞ (1.3)

for any integer m≥1.
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Remark 1.1. For k=n, our result extends [4, Theorem 1.5] by showing that the solution u
belongs to C∞(Rn\D), whereas [4] established u∈C∞(Rn\D̄).

By the discussions on [1, page 4], we know that we can always assume A∈Ak to be
diagonal. Now, let s= 1

2 ∑n
i=1 aix2

i , then for A=diag(a1,··· ,an)∈Ak we denote

Eλ :=

{
x∈Rn : s≡ 1

2

n

∑
i=1

aix2
i <λ,λ>0

}
.

Moreover, in this paper, without loss of generality, we will always assume b= 0⃗, D̄⊂E1,
and D is star-shaped with respect to the origin. When k=n, D is a strictly convex domain,
which is automatically star-shaped with respect to any interior point.

The Dirichlet problem on exterior domains is closely related to the asymptotic behav-
ior of solutions defined on entire Rn. In [4], Caffarelli and the first named author proved
that if u is a convex viscosity solution of

det(D2u)=1 (1.4)

outside a bounded subset of Rn, then

limsup
|x|→∞

|x|n−2
[

u−
(

1
2

xT Ax+b·x+c
)]

<∞, A∈An.

Moreover, with such prescribed asymptotic behavior near infinity, they also established
an existence and uniqueness theorem for solutions of (1.4). Since then, the solvability of
the exterior Dirichlet problem for fully nonlinear equations has been studied intensively,
see for example [6, 8–10] and references therein. We remark that all these earlier works
require that the domain D is strictly convex. Moreover, the solutions found in these
earlier works are viscosity solutions (except for the Monge–Ampère case). While in this
paper, the solutions we obtain are smooth and the domain D is only required to be strictly
(k−1)-convex.

The organization of the paper is as follows. In Section 2, we construct a viscosity
subsolution for (1.1). In Section 3, by solving (1.1) on bounded domains we prove the
existence part of Theorem 1.1. In Section 4, we study the asymptotic behavior of the
solution near infinity. More precisely, we derive inequality (1.2) and prove Theorem 1.2.

2 Construction of the subsolution of (1.1)

In this section, we will combine ideas in [1, 4], and [11] to construct subsolutions for
(1.1). More precisely, we will first apply the techniques developed in [11, Theorem 1.5]
to construct subsolutions of (1.1) in the region E1\D. Then we will use the generalized
symmetric subsolutions, which were studied in [1, Section 2], to construct subsolutions
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of (1.1) in the region Rn\E1. Finally, we use the idea from [4] to glue the two subsolutions
together and obtain a subsolution of (1.1).

We want to note that, in this section, we will only explicitly construct the subsolution
of (1.1) for 2 ≤ k < n. When k = n, the subsolution can be constructed in the same way
but much easier. In particular, when k = n, in the region E1\D, since the domain D is
strictly convex, we can use the distance function, more precisely, dist(x,∂D)+1, instead
of b defined in (2.6); in the region Rn\E1 we can use the symmetric subsolution that was
studied in [4] instead of the generalized symmetric subsolution.

2.1 Subsolutions in E1\D

Recall that Γ := ∂D is star-shaped and strictly (k−1)-convex, we can parametrize Γ as a
graph of the radial function ρ(θ) :Sn−1→R, i.e.,

Γ=
{

ρ(θ)θ : θ∈Sn−1
}

.

Then the second fundamental form of Γ is ([2] for example)

hij =
ρ

w

(
δij+2

ρiρj

ρ2 −
ρi,j

ρ

)
,

where w=
√

1+|∇ρ|2/ρ2, ρi,j =∇ijρ, and ∇ denotes the Levi-Civita connection on Sn−1.
We denote Φ=logρ, it is clear that the second fundamental form of Γ can be expressed

as follows.
hij =

ρ

w
(
δij+ΦiΦj−Φi,j

)
,

where w=
√

1+|∇Φ|2. By a direct calculation, we obtain

gij =ρ2(δij+ΦiΦj), gij =
1
ρ2

(
δij−

ΦiΦj

w2

)
and γij =

1
ρ

(
δij−

ΦiΦj

w(1+w)

)
. (2.1)

Here, (gij) is the metric on Γ, (gij) is the inverse of (gij), and γij is the square root of
gij, i.e., ∑k γikγkj= gij. Let aij=γikhklγ

l j, then the eigenvalues of (aij)1≤i,j≤n−1, denoted by
κ[aij]=(κ1,··· ,κn−1) are the principal curvatures of Γ.

The following calculation can be found in [11, Section 3], for readers convenience, we
include it here.

2.1.1 Hessian in spherical coordinates

Let f : Rn →R be a scalar function, then f can also be expressed as a function of (θ,r)∈
Sn−1×R. Note that the Euclidean metric is gE = r2dz2+dr2, where dz2 is the standard
metric on Sn−1. In the following, we will denote the standard connection in Rn by D.
Now, we choose a local orthonormal frame {e1,··· ,en−1} on the unit sphere Sn−1. Let
τa=ea/r, 1≤a≤n−1, which is the orthonormal frame on the sphere with radius r, and we



20 Li Y and Xiao L / J. Math. Study, 59 (2026), pp. 16-39

also let τr =
∂
∂r . Then a direct calculation yields the Hessian of f in spherical coordinates

is

D2
ab f =D2 f (τa,τb)=

1
r2 fab+

1
r

frδab, (2.2)

D2
ar f =D2 f (τa,τr)=

1
r

far−
1
r2 fa, (2.3)

D2
rr f =D2 f (τr,τr)= frr. (2.4)

Here 1≤ a,b≤n−1, fab = ebea f , far =τrea f and frr =τrτr f .

2.1.2 Construction of subsolutions in E1\D

Now, we fix an arbitrary point p∈Sn−1, let {e1,··· ,en−1} be the normal coordinates at p,
then the Christoffel symbols vanish at p. This implies at this point we get ∇ijρ = eiejρ.
In the following, for any function f defined in a small neighborhood of p, we denote
fij = eiej f , then we have ρi,j =ρij at p. Moreover, we may rotate the coordinates such that
|∇ρ(p)|=ρ1 and ραβ(p)=ρααδαβ for 2≤α,β≤n−1. Then at the point p̂=ρ(p)p∈Γ, in view
of (2.1) we have 

γ11= 1
ρ

(
1− w2−1

w(1+w)

)
= 1

ρw ,

γ1α =0, 2≤α≤n−1,

γαβ = 1
ρ δαβ, 2≤α,β≤n−1,

and 
a11=γ1khklγ

l1=γ11h11γ11= h11
ρ2w2 ,

a1α =γ1khklγ
lα = h1α

ρ2w , 2≤α≤n−1,

aαβ =γααhαβγββ = 1
ρ2 hαβ, 2≤α,β≤n−1.

(2.5)

Now, let us consider the function
b=

r
ρ(θ)

. (2.6)

By a straight forward calculation we obtain that at the point (p,r)∈ (Sn−1×R)\{0} the
Hessian of b is (for details see [11, Subsection 3.2])

Hessian(b)=



w3

r a11
w2

r a12 ··· w2

r a1n−1 0
w2

r a12
w
r a22 ··· 0 0

...
...

. . .
...

...
w2

r a1n−1 0 ··· w
r an−1n−1 0

0 0 ··· 0 0

.
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We want to point out that κ[aij] are the principal curvatures of Γ at p̂=ρ(p)p.
Next, we will consider the function ϕ=ϕ(b), where ϕ is a function defined on R. We

will compute the Hessian of ϕ at (p,r). Denote

ϕ′|(p,r)=
dϕ

db
|(p,r)=M, ϕ′′|(p,r)=

d2ϕ

db2 |(p,r)=B,

we get at this point, for 1≤ i, j≤n,

D2
ijϕ=MD2

ijb+B(τib)(τjb).

Here, τa =
ea
r for 1 ≤ a ≤ n−1, τn := τr =

∂
∂r , {e1,··· ,en−1} be the normal coordinates at

p chosen above, and {τ1,··· ,τn} forms an orthonormal frame of Rn at (p,r). We denote
ρa := eaρ, then at (p,r) we have

Hessian(ϕ)=



Mw3

r a11+Bρ−4ρ2
1

Mw2

r a12 ··· Mw2

r a1n−1 −Bρ−3ρ1
Mw2

r a12
Mw

r a22 ··· 0 0
...

...
. . .

...
Mw2

r a1n−1 0 ··· Mw
r an−1n−1 0

−Bρ−3ρ1 0 ··· 0 Bρ−2

.

Therefore, following the calculation on [11, Subsection 3.2] we get for any 2≤m≤ k

σm(D2ϕ)=
Mmwm+2

rm

[
σm
(
aî ĵ
)
−σm(aαβ)

]
+Bρ−2 Mm−1wm+1

rm−1 σm−1
(
aî ĵ
)
+

(
Mw

r

)m

σm(aαβ),
(2.7)

where 2≤α,β≤n−1 and 1≤ î, ĵ≤n−1. Moreover, we have

σ1(D2ϕ)=
Mw3

r
a11+

Mw
r

σ1(aαβ)+Bρ−2+Bρ−4ρ2
1. (2.8)

This yields for any 1≤m≤ k,

σm
(

D2ϕ
)
>−c0

(
M
r

)m

+c1
B
ρ2

(
M
r

)m−1

=
Mm−1

rm−1

(
c1B
ρ2 −c0

M
r

)
, (2.9)

where

c1=min
q̂∈Γ

σm−1(κ(q̂))>0 and c0= c0(|ρ|C2)>0

are two positive constants that only depend on Γ. We note that in this paper we use the
convention σ0=1, and when m=1 we let c1=1.
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Proposition 2.1. Let D be a smooth, star-shaped, strictly (k−1)-convex domain in Rn for n≥3,
and let φ∈C∞(∂D). Then given any A∈Ak with 2≤k≤n−1, there exists N1=N1(φ,Γ,A)>0
such that when N ≥ N1, ϕ = bN−1+φ is strictly k-convex in E1\D̄. Moreover, ϕ satisfies
σk(λ(D2ϕ))>1 in E1\D̄ and ϕ= φ on Γ.

Proof. Since Γ is star-shaped, it is clear that φ can be viewed as a function defined on
Sn−1. We may extend the domain of definition of φ to Rn\{0} by setting φ(r,θ) := φ(θ).
Without causing any confusions, we will denote the extension of φ by φ.

Claim. Let ϕ=bN and denote λ
(

D2(ϕ)
)
=(λ1,··· ,λn) to be the eigenvalues of Hessian(ϕ),

then λa =O(M) for a≤n−1 and λn =B(ρ−4|∇ρ|2+ρ−2)+O(M). Here, M= NbN−1 and
B=N(N−1)bN−2.

Proof of the claim. Following the proof of [5, Lemma 1.2], let’s consider the eigenvalues of
the following matrix

Q=


d1+aX2 a2 ··· an−1 −aXY

a2 d2 ··· 0 0
...

...
. . .

...
an−1 0 ··· dn−1 0
−aXY 0 ··· 0 aY2


with d1,··· ,dn−1, X,Y, and a2,··· ,an−1 being fixed. Denote

fa(λ) :=det



d1
a +X2− λ

a a2 ··· an−1 −aXY
a2
a d2−λ ··· 0 0
...

...
. . .

...
an−1

a 0 ··· dn−1−λ 0
−XY 0 ··· 0 aY2−λ

,

the eigenvalues of Q satisfies fa(λ)=0. A direct calculation yields

fa(λ)=

[(
X2+

d1

a
− λ

a

)
(aY2−λ)−aX2Y2

]n−1

∏
α=2

(dα−λ)

−
n−1

∑
β=2

a2
β

dβ−λ

n−1

∏
α=2

(dα−λ)·
(

Y2− λ

a

)
.

For a = ∞, f∞(λ) is a polynomial of degree n−1 with coefficients only depending on
d1,··· ,dn−1, X,Y, and a2,··· ,an−1. Therefore, it has n−1 roots d̃1,··· ,d̃n−1 that are depend-
ing on d1,··· ,dn−1, X,Y, and a2,··· ,an−1. By continuity of the roods it follows that λa =
d̃a+o(1) for a≤n−1.
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To find the last eigenvalue set λ= aµ. Then µ satisfies

det



d1
a +X2−µ a2

a ··· an−1
a −XY

a2
a

d2
a −µ ··· 0 0

...
...

. . .
...

an−1
a 0 ··· dn−1

a −µ 0
−XY 0 ··· 0 Y2−µ

=0.

For a=∞, we see that µ=X2+Y2 is a simple root. By the implicity function theorem it
follows that for a>0 large there is a root µ=X2+Y2+O( 1

a ), i.e., λn = a
(
X2+Y2+O( 1

a )
)

.

Now, recall that b is uniformly bounded in E1\D̄, we have B/M = (N−1)/b→ ∞
as N→∞. Therefore, we can apply the conclusion from above discussions to the matrix
1
M Hessian(ϕ). In this case, correspondingly we have

d1=
w3

r
a11, di =

w
r

aii, ai =
w2

r
a1i for 2≤ i≤n−1,

and
a=

B
M

, X=ρ−2ρ1, Y=ρ−1.

Note that, if λ is an eigenvalue of 1
M Hessian(ϕ), then Mλ is an eigenvalue of Hessian(ϕ).

Moreover, by our choice of coordinates we have |∇ρ(p)|=ρ1. The claim follows immedi-
ately. By the Claim we can see that for all 1≤m≤ k

σm
(
λ
(

D2ϕ
))

≥σm
(
λ
(

D2ϕ
))
−CMm−2B in E1\D̄,

where C = C(Γ,A,φ)> 0. In view of inequality (2.9) and equality (2.8) we obtain there
exists N1=N1(φ,Γ,A)>0 such that when N≥N1, ϕ satisfies

λ(D2ϕ)∈Γk and σk
(
λ
(

D2ϕ
))

>1 on E1\D̄.

This completes the proof of the proposition.

2.2 Subsolutions in Rn\E1

In the following, we will assume N ≥ N1 to be a fixed constant, we will also denote
φ̃ :=ϕ|∂E1 . Here, N1 and ϕ are the same as the ones in Proposition 2.1.

First, recall that s= 1
2 ∑aix2

i , let

ωα,β(s)=
∫ s

1

(
1+αt−β

) 1
k dt, where α>0 and β>1 to be determined.
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In the following, when there is no confusion, we will drop the subscript α,β and write ω
instead of ωα,β. A direct calculation yields

ω′(s)=
(
1+αs−β

) 1
k , ω′′(s)=

1
k
(
1+αs−β

) 1
k−1
(
−αβs−β−1)=− αβω′(s)

k(sβ+1+αs)
.

By [1, page 5] we have

Diω(x)=ω′(s)aixi =
(
1+αs−β

) 1
k aixi

Dijω(x)=ω′(s)aiδij+ω′′(s)(aixi)(ajxj)=ω′(s)
[

aiδij−
αβ

ks(sβ+α)
(aixi)(ajxj)

]
. (2.10)

In view of [1, Proposition 1.2] we obtain

σm(λ(Dijω))= [ω′(s)]m
{

σm(a)− αβ

ks(sβ+α)

n

∑
i=1

(aixi)
2σm−1(a|i)

}
, (2.11)

where a=(a1,··· ,an) and σm−1(a|i)=σm−1(a)|ai=0. Assume ai0=maxi{a1,··· ,an}, following
[1], let

hm := max
1≤i≤n

Ai
m(a)= max

1≤i≤n
σm−1(a|i)ai

= max
1≤i≤n

{σm(a)−σm(a|i)}=σm(a)−σm(a|i0).

Then we have

σm(λ(Dijω))≥ [ω′(s)]m
{

σm(a)− 2αβ

k(sβ+α)
hm

}
. (2.12)

In particular, when m= k we get

σk(λ(Dijω))≥
(

1+
α

sβ

)[
1− 2αβhk

k(sβ+α)

]
.

According to equation (2.15) of [1], we know that for n≥3 and 2≤ k≤n−1, we have

k
2
<

k
2hk(a)

≤ n
2

. (2.13)

In the following, we will set β = k
2hk

−η, where η > 0 is an arbitrary constant such that
β> k/2. In this case we have

σk(λ(Dijω))≥
(

1+
α

sβ

)[
1− 2αhk

k(sβ+α)

(
k

2hk
−η

)]
=
(

1+
α

sβ

)[
1− α

sβ+α
+

2αhkη

k(sβ+α)

]
=

α+sβ

sβ

[
sβ

sβ+α
+

2αhkη

k(sβ+α)

]
=1+

2αhkη

ksβ
. (2.14)
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Next, we will show that the wα,β(s) constructed above is a strictly k-convex function in
Rn\E1. In view of (2.14), we can see that we only need to show λ

(
D2

ijω
)
∈ Γm in Rn\E1

for 1≤m< k. Note that

σm(a)− αβ

ks(sβ+α)

n

∑
i=1

σm−1(a|i)(aixi)
2

=σm(a)− α

ks(sβ+α)

n

∑
i=1

σm−1(a|i)(aixi)
2
(

k
2hk

−η

)
=σm(a)− α

2hks(sβ+α)

n

∑
i=1

σm−1(a|i)(aixi)
2+ I I I

≥σm(a)− α

2s(sβ+α)

n

∑
i=1

σm−1(a|i)(aix2
i )

aiσk−1(a|i) + I I I,

where I I I := αη

ks(sβ+α)

n
∑

i=1
σm−1(a|i)(aixi)

2. By virtue of (2.22) of [1] we know

σm−1(a|i)
σk−1(a|i) ≤σm(a) for 1≤ i≤n and 1≤m≤ k−1.

Therefore, we obtain

σm(a)− αβ

ks(sβ+α)

n

∑
i=1

σm−1(a|i)(aixi)
2

≥σm(a)− α

2s(sβ+α)

n

∑
i=1

σm(a)aix2
i + I I I

=σm(a)
(

1− α

sβ+α

)
+ I I I. (2.15)

Denote hm =min1≤i≤n σm−1(a|i)ai =σm(a)−σm(a|i1), where ai1 =min{a1,··· ,an}. Then

I I I=
αη

ks(sβ+α)

n

∑
i=1

σm−1(a|i)(aixi)
2≥ 2αηhm

k(sβ+α)
.

Combining with (2.15) we have

σm(a)− αβ

ks(sβ+α)

n

∑
i=1

σm−1(a|i)(aixi)
2≥σm(a)

sβ

sβ+α
+

2αηhm

k(sβ+α)
. (2.16)

Thus, from (2.11) we get λ(Dijω)∈Γk. We conclude
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Proposition 2.2. For n ≥ 3, 2 ≤ k ≤ n−1, and A ∈Ak, let ωα,β(x) =
∫ s

1 (1+αt−β)1/kdt for
s = 1

2 xT Ax. Then when α > 0, k
2 < β < k

2hk
, ωα,β is a smooth strictly k-convex subsolution of

σk(λ(D2u))=1 in Rn\{0}. Moreover, ωα,β satisfies

ωα,β =
1
2

xT Ax+µ(α,β)+O(s1−β), as s→∞. (2.17)

Here,

µ(α,β)=
∫ ∞

1

[
(1+αt−β)

1
k −1

]
dt−1.

Proof. From (2.14) and (2.16) we know that ωα,β is a smooth strictly k-convex subsolution
of σk(λ(D2u))=1 in Rn\{0}. To prove this proposition, we only need to prove (2.17). A
straightforward calculation yields

ωα,β =
∫ s

1
(1+αt−β)

1
k dt

=
∫ s

1

[
(1+αt−β)

1
k −1

]
dt+s−1

=
∫ ∞

1

[
(1+αt−β)

1
k −1

]
dt−

∫ ∞

s

[
(1+αt−β)

1
k −1

]
dt+s−1

= s+µ(α,β)+O(s1−β).

Here, β= k
2hk

−η> k
2 and

µ(α,β)=
∫ ∞

1

[
(1+αt−β)

1
k −1

]
−1<∞.

Remark 2.1. We want to point out that for any fixed k
2 <β< k

2hk
, there exists α∗=α∗(β,A,

φ,D)>0 such that when α≥α∗, we have 1
2 xT Ax+µ(α,β)≥ φ on Γ.

Finally, we will use ωα,β to construct a subsolution of σk(λ(D2u))=1 in Rn\ Ē1.
Recall that we have set φ̃ = ϕ|∂E1 . We may express φ̃ as a function of Sn−1, i.e., φ̃ is

independent of r. Then set Ψ= s−Λ φ̃, where Λ>0 is a constant to be determined. Same
as before, we choose a local orthonormal frame {e1,··· ,en−1} on the unit sphere Sn−1 and
let τr =

∂
∂r . It is easy to see that for 1≤ a,b≤n−1

sa =O(s), sab =O(s), sar =O(s
1
2 ), sr =O(s

1
2 ), and srr =O(1).
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This implies

Ψa =−Λs−Λ−1 φ̃sa+s−Λ φ̃a =O(s−Λ),

Ψab =Λ(Λ+1)s−Λ−2 φ̃sasb−Λs−Λ−1 φ̃bsa

−Λs−Λ−1 φ̃sab−Λs−Λ−1 φ̃asb+s−Λ φ̃ab =O(s−Λ),

Ψar =−Λs−Λ−1 φ̃sar+Λ(Λ+1)s−Λ−2 φ̃sasr−Λs−Λ−1 φ̃asr =O
(

s−Λ− 1
2

)
,

Ψr =−Λs−Λ−1sr φ̃=O
(

s−Λ− 1
2

)
,

Ψrr =Λ(Λ+1)s−Λ−2(sr)
2 φ̃−Λs−Λ−1srr φ̃=O(s−Λ−1).

Consider
ϕ1=

∫ s

1
(1+αt−β)

1
k dt+Ψ=ωα,β+Ψ,

then by (2.2)-(2.4) and (2.10) we obtain

Dijϕ
1=w′(s)

[
aiδij−

αβ

ks(sβ+α)
(aixi)(ajxj)

]
+

bij

SΛ+1 ,

where |bij|1≤i,j≤n are uniformly bounded by some constant C =C(|φ̃|C2 ,A,Λ)> 0. Now
let’s fix some Λ such that Λ+1≥β> k/2, by virtue of (2.11) we can see that

σm
(
λ
(

D2ϕ1))=σm
(
λ
(

D2ωα,β+D2Ψ
))

≥σm
(
λ
(

D2ωα,β
))
−

m

∑
i=1

Ci

s(Λ+1)i
(ω′(s))m−i

=σm
(
λ
(

D2ωα,β
))
−

m

∑
i=1

(
1+

α

sβ

) m−i
k Ci

s(Λ+1)i
, (2.18)

where Ci=Ci(A,Λ,|φ̃|C2)>0. Denote y := α
sβ and Λ+1

β :=1+γ, when m=k plugging (2.14)
into (2.18) gives

σk
(
λ
(

D2ϕ1))≥1+
2hkη

k
y−

k

∑
i=1

(1+y)
k−i

k Ci

(y
α

)(1+γ)i

≥1+y

[
2hkη

k
−

k

∑
i=1

(1+y)
k−i

k Ci

(y
α

)(1+γ)i−1 1
α

]

≥1+y

[
2hkη

k
−

k

∑
i=1

(1+α)
k−i

k Ci
1
α

]
.

Here, we have used the fact that in Rn\ Ē1 we have 0 < y < α. Therefore, there exists
α0=α0(A,Λ,|φ̃|C2 ,β,k)>0 such that for any α>α0

σk
(
λ
(

D2ϕ1))>1 in Rn\ Ē1.
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When 1≤m≤ k−1, since we have shown λ(D2ωα,β)∈ Γk, by Maclaurin’s inequality
we have

σm
(
λ
(

D2ωα,β
))

Cm
n

≥
(

σk
(
λ
(

D2ωα,β
))

Ck
n

) m
k

.

Combining with (2.14) we obtain

σm
(
λ
(

D2ωα,β
))

≥ Cm
n

(Ck
n)

m
k

(
1+

2hkη

k
y
) m

k

.

It follows that

σm
(
λ
(

D2ϕ1))≥y
m
k

[
Cm

n

(Ck
n)

m
k

(
1
y
+

2hkη

k

) m
k

−
m

∑
i=1

(1+y)
m−i

k Ci

(y
α

)(1+γ)i−m
k 1

α
m
k

]

≥y
m
k

[
Cm

n

(Ck
n)

m
k

(
1
y
+

2hkη

k

) m
k

−
m

∑
i=1

(1+α)
m−i

k Ci
1

α
m
k

]
.

Therefore, there exists α0=α0(A,Λ,|φ̃|C2 ,β,k)>0 such that for any α>α0

σm
(
λ
(

D2ϕ1))>0 in Rn\ Ē1.

We conclude this subsection with the following proposition.

Proposition 2.3. For n≥3, 2≤ k≤n−1, and A∈Ak, denote

ωα,β(x)=
∫ s

1
(1+αt−β)

1
k dt

where s= 1
2 xT Ax. Then given any k

2 < β< k
2hk

, Λ≥ β−1, and φ̃∈C∞(Sn−1), there exists α0 =

α0(A,Λ,|φ̃|C2 ,β,k)>0 such that when α>α0

ϕ1=ωα,β+s−Λ φ̃ (2.19)

is a smooth strictly k-convex subsolution of σk
(
λ
(

D2u
))

=1 in Rn\E1 satisfying ϕ1= φ̃ on ∂E1.

2.3 Subsolutions of (1.1) in Rn\D

In this subsection, we will follow the idea of [4] to glue ϕ and ϕ1 together to obtain a
subsolution of (1.1) in Rn\D.

Recall that ϕ=bN−1+φ, following earlier notations, a direct calculation gives

eaϕ=NbN−1ba+φa, τrϕ=NbN−1br,
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this implies
|Dϕ|≤C0=C0(N,|φ|C1 ,Γ,A) on ∂E1.

Next, we compute |Dϕ1| on ∂E1

eaϕ1=
∂ϕ1

∂s
sa+s−Λ φ̃a =

[
(1+α)

1
k −Λφ̃

]
sa+ φ̃a,

and
τrϕ1=

[
(1+α)

1
k −Λφ̃

]
sr,

where φ̃=ϕ|∂E1 . Hence, when α>α1=α1(C0,Λ,|φ̃|C1 ,A)>0 we have

|Dϕ1|> |Dϕ| on ∂E1.

Let ν be the outward unit normal of ∂E1, i.e., pointing into Rn\Ē1, since ϕ1=ϕ on ∂E1, we
have

Dνϕ1>Dνϕ (2.20)

on ∂E1. We will denote

u :=

{
ϕ x∈ Ē1\D,
ϕ1 x∈Rn\E1

. (2.21)

It is clear that u is continuous on Rn\D. In next section we will show that u is a viscosity
subsolution of (1.1).

3 Proof of the existence part of Theorem 1.1

In this section we will prove the existence part of Theorem 1.1. We will assume N,α, k
2 <

β< k
2hk

, and Λ>β−1 are fixed constants such that the following conditions are satisfied:

(a) ϕ=bN−1+φ is strictly k-convex and satisfies σk(λ(D2ϕ))>1 in E1\D̄;

(b) 1
2 xT Ax+µ(α,β)≥ φ on Γ;

(c) ϕ1=ωα,β+s−Λ φ̃ satisfies Proposition 2.3 and equation (2.20).

Here φ̃=ϕ|∂E1 is a fixed smooth function determined by N,φ,A and Γ.
Let u be the function defined by (2.21), then in view of of Proposition 2.2 we get

u=ϕ1= s+µ(α,β)+O
(
s1−β

)
as s→∞.

Now, let ūR = 1
2 xT Ax+µ(α,β)+C̄R1−β, where C̄= C̄(α,β)> 0 is chosen such that ūR > u

on ∂ER. Here and in the following, without loss of generality, we will always assume
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R≥R0 ≫1 is an arbitrarily large constant. We will also assume C̄>0 is a fixed constant.
Moreover, in view of condition (b) we have ūR >u= φ on Γ.

Now, let us consider the following Dirichlet problem
σk
(
λ
(

D2u
))

=1 in ΩR :=ER\D̄;
u= φ on Γ :=∂D;
u= ūR on ∂ER.

(3.1)

We will show that for any R ≥ R0 ≫ 1 there exists a smooth, strictly k-convex solution
uR ∈C∞(ER\D̄) of (3.1).

3.1 C0 estimates

Lemma 3.1. Let uR be the strictly k-convex solution of (3.1), then uR satisfies

u<uR < ūR in ER\D̄.

Proof. Since uR≤ūR on ∂ΩR and σk(λ(D2uR))=σk(λ(D2ūR))=1. By the strong maximum
principle we obtain the second inequality.

Now, we consider the first inequality. We know that for some δ<0 small, we have

uR ≥u+δ, x∈ Ω̄R. (3.2)

Suppose δ̄ is the largest number for which inequality (3.2) holds, we will show δ̄= 0. If
not, then δ̄<0 and there exists x̄∈ΩR such that

uR(x̄)=u(x̄)+ δ̄.

Since on (ER\ Ē1)∪(E1\D̄) we get

σk
(
λ
(

D2u
))

>σk
(
λ
(

D2uR
))

.

By the standard maximum principle we know x̄ /∈ (ER\ Ē1)∪(E1\D̄). We conclude that
x̄∈∂E1. However, this is impossible. Since by (2.20) and (2.21) we have,

lim
x→∂E−

1

Dνu< lim
x→∂E+

1

Dνu

while uR is smooth. This implies δ̄=0 and the lemma follows from the strong maximum
principle.

Remark 3.1. With a small modification of the proof of Lemma 3.1, one can show that u is
a viscosity subsolution of (1.1).
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3.2 C1 estimates

In order to prove the C1 estimate of uR on Γ we need to construct an upper barrier on Γ
first.

3.2.1 Construction of the upper barrier on Γ

Recall that Γ is a smooth (n−1)-dimensional manifold, we know that there exists η0 >0
such that for any p̂∈Γ and η≤η0 there exists z p̂,η ∈D satisfying B̄η(z p̂,η)∩Γ= p̂. Now, fix
an arbitrary p̂∈ Γ, we may choose a new coordinate {x̂1,··· , x̂n} of Rn such that p̂ is the
origin. We also let x̂n axis be the unit normal of Γ at p̂ pointing into D. We will first restrict
ourselves to a small neighborhood of p̂. Denote Uδ ={x̂′=(x̂1,··· , x̂n−1)∈Rn−1 : |x̂′|< δ}
for some fixed small constant δ>0, then near p̂ the boundary Γ can be written as a graph
over Uδ

γ(x̂′)=
1
2

n−1

∑
β=1

κβ x̂2
β+O

(
|x̂′|3

)
,

where (κ1,··· ,κn−1) are the principle curvature vector of Γ at p̂. Furthermore, the function
φ can be written as a function over Uδ :

φ(x̂′,γ(x̂′))= φ(0)+
n−1

∑
α=1

φα(0)x̂α+O(|x̂′|2). (3.3)

Let

û=−C|x̂−z p̂,η |−(n−2)+Cη−(n−2)+φ(0)+
n−1

∑
α=1

φα(0)x̂α, (3.4)

where C > 0 will be determined later. We note that û is a smooth function defined on
Rn\{z p̂,η}.

Lemma 3.2. If C=C(φ,Γ)> 0 is chosen to be large enough and η = η(Γ)≤ η0 is chosen to be
small enough, then û> φ on Γ\{0} and û(0)= φ(0).

Proof. It is clear that û(0) = φ(0), we only need to show that for properly chosen con-
stants C> 0 large and η > 0 small, we have û> φ on Γ\{0}. Note that, by our choice of
coordinates, z p̂,η =(0,··· ,0,η). In this proof, we will always assume δ≤ η

10 is a fixed small
number. Then on Γ when |x̂′|<δ,

û=−C
(
|x̂′|2+

(
γ(x̂′)−η

)2)− n−2
2 +Cη−(n−2)+φ(0)+

n−1

∑
α=1

φα(0)x̂α

=Cη−(n−2)

[
1− ηn−2

(|x̂′|2+γ2−2ηγ+η2)
n−2

2

]
+φ(0)+

n−1

∑
α=1

φα(0)x̂α.
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Since

γ(x̂′)=
1
2

n−1

∑
β=1

κβ x̂2
β+O(|x̂′|3),

we can see that when η=η(Γ)>0 small, we have

|x̂′|2+γ2−2ηγ>λ|x̂′|2 for some 1
2 <λ<1.

This gives

û>Cη−(n−2)

[
1− ηn−2

(λ|x̂′|2+η2)
n−2

2

]
+φ(0)+

n−1

∑
α=1

φα(0)x̂α

=Cη−(n−2)

1− 1(
1+ λ|x̂′|2

η2

) n−2
2

+φ(0)+
n−1

∑
α=1

φα(0)x̂α

>
C

(η2+λ|x̂′|2) n−2
2
· n−2

4
· λ|x̂′|2

η2 +φ(0)+
n−1

∑
α=1

φα(0)x̂α.

By virtue of (3.3), it is clear that when C =C(φ,Γ)> 0 large and η = η(Γ)> 0 small, we
have û≥ φ on |x̂′|<δ.

Now, we consider the set Γc
δ :=

{
x∈Rn : x∈Γ\{(x̂′,γ(x̂′)) : |x̂′|< δ}

}
. It is easy to see

that when x∈Γc
δ, we have |x−z p̂,η |≥η+δ1 for some small constant δ1=δ1(η,Γ)>0. Then

û≥Cη−(n−2)−C(η+δ1)
−(n−2)+φ(0)+

n−1

∑
α=1

φα(0)x̂α

>
C(n−2)δ1

2ηn−1 +φ(0)+
n−1

∑
α=1

φα(0)x̂α.

Therefore, when C=C(φ,Γ)>0 large and η=η(Γ)>0 small the claim holds.

Lemma 3.3. Let uR be the strictly k-convex solution of (3.1), then uR satisfies

|DuR|<CΓ on Γ, (3.5)
|DuR|<CR on ∂ER, (3.6)

where CΓ =CΓ(Γ,φ) is independent of R and CR =O(R1/2).

Proof. By Lemma 3.1 we have u<uR in ΩR and uR=u on Γ. Therefore, we get DνuR>Dνu
on Γ, where ν is the inward normal of Γ, that is, pointing into ΩR. Now, for any p̂∈Γ, we
consider û that is given in (3.4). It is easy to verify that

σ1
(
λ
(

D2û
))

=0<σ1
(
λ
(

D2uR
))

.
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Futhermore, we can always choose C =C(φ,Γ,A)> 0 large and η = η(Γ,φ,A)> 0 small
such that

û> ūR >uR on ∂E1.

In view of Lemma 3.2 and the maximum principle we obtain û≥uR in E1\D. Moreover,
at p̂ we have û=uR. Thus Dνû>DνuR at p̂. Since p̂∈Γ is arbitrary we conclude (3.5). On
ER, let

uR =λxT Ax−(2λR−R−µ(α,β)−C̄R1−β),

where λ = λ(µ(α,β),R0,φ)> 1/2 such that for any R > R0, uR < φ on Γ. Applying the
maximum principle we get

uR <uR < ūR in ER\D̄.

Moreover, on ∂ER it is clear that uR =uR = ūR. Therefore, we have

DνuR <DνuR <DνūR,

where ν is the inward unit normal to ∂ER, that is, pointing into ΩR. This proves (3.6).

Lemma 3.4. Let uR be the strictly k-convex solution of (3.1), then uR satisfies

max
x∈Ω̄R

|DuR|= max
x∈∂ΩR

|DuR|. (3.7)

Proof. Differentiating (3.1) with respect to xl gives

σ
ij
k uijl =0.

Therefore, we have

σ
ij
k

(
|DuR|2

)
ij =2σ

ij
k ululij+2σ

ij
k uliul j =2σ

ij
k uliul j ≥0.

By virtue of the maximum principle this lemma is proved.

3.3 C2 estimates

In this subsection, we will establish the C2 estimates of uR. The techniques are used here
are the same as [5]. For readers’ convenience, we include the argument here.

3.3.1 C2 boundary estimates on Γ

Let x0 ∈Γ be an arbitrary point. Without loss of generality, we may choose local coordi-
nates {x̃1,··· , x̃n} in the neighborhood of x0 such that x0 is the origin and x̃n axis is the
inward normal of Γ (pointing into ΩR) at x0. Then the boundary near x0 can be expressed
as

x̃n =γ(x̃′)=−1
2

n−1

∑
α=1

κα x̃2
α+O

(
|x̃′|3

)
,



34 Li Y and Xiao L / J. Math. Study, 59 (2026), pp. 16-39

where κ1,··· ,κn−1 are the principal curvatures of Γ at x0 and x̃′=(x̃1,··· , x̃n−1). Following
[5], we may assume φ has been extended smoothly to Ω̄R with φ(0)=0. Then we get

uα̃β̃(0)= φα̃β̃(0)−uñ(0)καδα̃β̃ for α,β<n.

This gives
|uα̃β̃(0)|≤C, α,β<n (3.8)

for some C=C
(

φ,Γ,|Du|C0(Γ)
)
>0 that is independent of R. Next, we estimate |uα̃ñ(0)| for

α<n.

Lemma 3.5. Let uR be the strictly k-convex solution of (3.1), then uR satisfies

|(uR)τν|<C on Γ, (3.9)

where τ is an arbitrary unit tangent vector of Γ, ν is the inward unit normal of Γ, and C =
C(Γ,φ,|Du|C0(Γ))>0 is independent of R.

Proof. Notice that the boundary Γ near x0 can be expressed as

x̃n =γ(x̃′)=−1
2

n−1

∑
α=1

κα x̃2
α+O

(
|x̃′|3

)
.

Denote WR =uR−φ and let
T :=∂α̃−κα(x̃α∂ñ− x̃n∂α̃),

it is clear that on Γ near x0 we have

TWR =(∂α̃+γα̃∂ñ)WR+O
(
|x̃′|2

)
=O

(
|x̃′|2

)
. (3.10)

Set L :=
∂σk

(
λ
(

D2u
))

∂uij
∂i∂j, then we get

|L(TWR)|≤C0∑σii
k (3.11)

for some C0=C0(φ,Γ,|Du|C0(Γ))>0. In view of Proposition 2.1, we know that λ(D2ϕ)∈Γk

in E1\D̄. Moreover, we also have

σk
(
λ
(

D2ϕ
))

>1+δ0 in Bϵ(x0)∩ΩR,

where ϵ>0 is a fixed small number and δ0= δ0(N)>0 for some N chosen in Proposition
2.1. Therefore, there exists δ1=δ1(ϕ,δ0)>0 satisfying

σk
(
λ
(

D2ϕ−δ1|x̃|2
))

>1 in Bϵ(x0)∩ΩR.

By the concavity of σ1/k
k we know

L
(
ϕ−δ1|x̃|2

)
> k in Bϵ(x0)∩ΩR,
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which implies
L
(
uR−ϕ+δ1|x̃|2

)
<0 in Bϵ(x0)∩ΩR.

We will denote h=uR−ϕ+ δ1
2 |x̃|2, then we have Lh<−δ1 ∑i σ

ii
k . Set W̃=Bh±TWR, we may

choose B>0 large such that W̃≥0 on ∂(Bϵ∩ΩR) and LW̃<0 in Bϵ∩ΩR. By the maximum
principle we conclude W̃>0 in Bϵ∩ΩR. Thus, at x0 we have W̃ñ >0, which gives

|(uR)α̃ñ|<C

for some C=C
(
Γ,φ,|Du|C0(Γ)

)
>0 that is independent of R.

Finally, following the well-known argument of [5] on page 284 and 285 we obtain

Lemma 3.6. Let uR be the strictly k-convex solution of (3.1), then uR satisfies

|(uR)νν|<C on Γ, (3.12)

where ν is the inward unit normal of Γ, and C = C
(
Γ,φ,|Du|C0(Γ)

)
> 0 is a constant that is

independent of R.

3.3.2 C2 boundary estimates on ∂ER

Now, we let ũR =
1
R uR

(√
Rx
)
, then ũR satisfies

σk
(
λ
(

D2ũ
))

=1 in 1√
R

ΩR,

ũ= φ
R on ∂ D√

R
,

ũ=1+ µ(α,β)
R +C̄R−β on ∂E1.

(3.13)

By Section 5 of [5] we have on ∂E1

|D2ũR|≤C

for some constant C=C(A)>0 that is independent of R. This in turn implies that∣∣D2uR
∣∣≤C on ∂ER.

We conclude

Lemma 3.7. Let uR be the strictly k-convex solution of (3.1), then uR satisfies∣∣D2uR
∣∣<C on ∂ΩR, (3.14)

for some constant C=C
(
Γ,φ,|Du|C0(Γ),A

)
>0 that is independent of R.
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3.3.3 C2 global estimates

Finally we prove.

Lemma 3.8. Let uR be the strictly k-convex solution of (3.1), then uR satisfies

|D2uR|<C in Ω̄R, (3.15)

for some constant C=C
(

A,φ,Γ,|Du|C0(Γ)
)
>0 that is independent of R.

Proof. We denote F(D2u)=σ1/k
k (λ(D2u)), then (3.1) can be written as

F(D2u)=1 in ΩR. (3.16)

Now differentiating (3.16) twice we get

Fijuijkk+Fpq,rsupqkursk =0.

It is well known that F is a concave function. Therefore, we get

Fijuijkk =Fij(∆u)ij ≥0.

By the maximum principle we obtain

max
x∈Ω̄R

∆uR = max
x∈∂ΩR

∆u. (3.17)

Since
(∆u)2−∑

i,j
|uij|2=2σ2(λ(D2u))>0,

(3.15) follows from (3.17) and Lemma 3.7.

3.4 Proof of the existence part of Theorem 1.1

In this subsection, we will complete the proof of the existence part of Theorem 1.1. First,
by virtue of equation (3.5) and Lemma 3.8 it is easy to see that there exist some constants
C0,C1>0 that are independent of R such that |DuR|≤C0+C1dist(x,∂D). Moreover, apply-
ing Evans-Krylov theorem and Schauder estimates, we can obtain higher order estimates
of uR that are independent of R. By the standard maximum principle we know that when
R1 <R2, for any compact set K⊂ΩR1 ⊂ΩR2 , we have uR2 <uR1 on K. Therefore, {uR} is
decreasing in R. We conclude

uR(x)→u(x) in C∞
loc topology.

Moreover, u(x)∈C∞(Rn\D) satisfies{
σk
(
λ
(

D2u
))

=1 in Rn\D̄;
u= φ on ∂D.

(3.18)

This completes the proof of the existence part of Theorem 1.1.
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4 Asymptotic behavior near infinity

In this section, we will prove the second part of Theorem 1.1, that is, inequality (1.2) and
Theorem 1.2. Recall Lemma 3.1 we have

u<uR < ūR in ER\D̄.

By virtue of equations (2.19), (2.21), and Proposition 2.2 we obtain that in ER\ER0

s+µ(α,β)+C1s1−β <uR < s+µ(α,β)+C̄R1−β ≤ s+µ(α,β)+C̄s1−β.

Here C1 =C1(α,β)< 0 and R0 ≫ 1 is a large constant. Therefore, when |x|>R1/2
0 is very

large we have
|x|2β−2|u−s−µ(α,β)|≤C (4.1)

for some C=C(α,β,A)>0.
Without loss of generality, in the following, we may assume µ(α,β)=0. Now for any

x∈Rn\D̄ and |x|=L>2R1/2
0 , let

uL(y) :=
(

4
L

)2

u
(

x+
L
4

y
)

, |y|≤2.

Then by Lemma 3.8 uL(y) satisfies

σk(λ(D2uL(y)))=1 and |D2uL|≤C in B2(0).

Applying Evans-Krylov theorem and Schauder estimates we immediately obtain for any
m≥3

|DmuL|≤C in B1(0) (4.2)

for some C=C
(
m,n,k,|uL|C2(B2(0))

)
>0. Now, denote

EL(y) :=uL(y)−8
( x

L
+

y
4

)T
A
( x

L
+

y
4

)
.

By (4.1) we get, on B2(0)

|EL(y)|≤
(

4
L

)2 C∣∣x+ L
4 y
∣∣2(β−1)

≤ C
L2β

.

Moreover, since D2EL(y)=D2uL(y)−A, we have F(A+D2EL)=F(A)=1. Let

F(ξ) :=σ
1
k

k (λ(ξij)), Fξij :=
∂F
∂ξij

,
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and âij(y) :=
∫ 1

0 Fξij(A+τD2EL(y))dτ. Then we can see that EL satisfies

âij(y)DijEL(y)=0 on B1(0).

Note that by Lemma 3.8 and the estimate (4.2) we have on B1(0),

1
Λ

I< âij(y)<ΛI and |Dm âij(y)|<C for m≥1,

where Λ = Λ
(
n,k,A,|uL|C2(B1(0))

)
> 0 and C = C

(
m,n,k,A,|uL|C2(B2(0))

)
> 0. By Schauder

estimates ([7]) we get for any m≥1

∣∣DmEL(0)
∣∣≤C

∣∣EL(y)
∣∣
C0(B1(0))

≤ C
L2β

,

where C=C
(
m,n,k,A,|uL|C2(B2(0))

)
>0. This yields for any x∈Rn\D̄ and |x|>2R1/2

0 , we
have

|DmE(x)|≤ C
|x|2β−2+m (4.3)

for E(x)=u(x)− 1
2 xT Ax and C=C(m,n,k,A,|u|C2)>0.

Now, we can follow the proof of [4, Lemma 3.6] (which is an estimate for linear el-
liptic equation) and obtain (1.2). This completes the proof of Theorem 1.1. Repeating the
argument above by replacing β with n

2 gives Theorem 1.2.
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