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Abstract. In this paper, we prove the existence of a solution for the exterior Dirichlet
problem for Hessian equations on a non-convex ring. Moreover, the solution we ob-
tained is smooth. This extends the result of [Bao-Li-Li, “On the exterior Dirichlet prob-
lem for Hessian equations” Trans. Amer. Math. Soc. 366(2014)].
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1 Introduction

In this paper, D?u denotes the Hessian of 1, and the k-th elementary symmetric function
0 (A) of a symmetric matrix A is defined by

or(A)=cr(A(A)) =} AiAi,

1<ip <<t <n
where A(A)=(Ay,---,A,) are the eigenvalues of A. Let I'y be the Garding’s cone
I[i={AeR":0,4(A)>0,m=1,--- k}.

It is well known that I'; is a convex symmetric cone with vertex at the origin.
In this paper, we consider the solvability of the following exterior Dirichlet problem
for Hessian equations

{ak(A(D2u)):1 in R"\ D, 11

U=¢q onI:=dD.

Before stating our main theorems, we will need the following definitions.
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Definition 1.1. A C? reqular hypersurface M C R" is called strictly k-convex (k-convex) if
its principal curvature vector k(X) €Ty (x(X) €Ty) for all X € M. We say that a domain D is
strictly k-convex (k-convex) if dD is strictly k-convex (k-convex).

Definition 1.2. For any open set U CR", a function v € C*>(U) is called a strictly k-convex
(k-convex) function in U if 0j(D?v(x)) >0, (¢j(D?v(x)) >0) forall j=1,--- ,k and x € U.

Definition 1.3. A function u€C°(IR"\ D) is said to be a viscosity subsolution of (1.1) in R*\ D,
if for any k-convex function p € C2(R"\ D) and x € R"\ D satisfying
Y(x)=u(x) and Yy>uonR"\D,
we have
ox (A (D*p(%))) 1.
Similarly, u € CO(R"\ D) is a viscosity supersolution of (1.1) in R™\D, if for any k-convex
function Y € C3(R"\ D) and x € R"\ D satisfying
P(x)=u(x) and P<uonR"\D,
we have
or (A (D*p(2))) <1.

We say u is a viscosity solution of (1.1) if u is both a viscosity subsolution and a viscosity super-
solution of (1.1).

Following [1] we denote
A ={A:Ais areal n xn symmetric positive definite matrix with o3 (A(A))=1}.
Our main results are

Theorem 1.1. Let D be a bounded, smooth, star-shaped, strictly (k—1)-convex domain in R",
n >3, and let ¢ € C®°(dD). Then for any given b € R", A € Ay with 2 <k <n, there exists some
constant c, = Cy (n,k,b,A,D, |<p|cz(aD)), such that for every c > c., there exists a unique strictly
k-convex solution u € C*(IR"\ D) of (1.1) satisfying

limsup |x|" 2 [u— (;xTAx+b-x+c>] < 0. (1.2)
|x|—o00

Theorem 1.2. Let u € C*°(IR"\ D) be the solution of (1.1) obtained in Theorem 1.1 and denote
1
E(x):=u— (ZxTAx+b-x+c> .

Then E(x) satisfies
limsup |x|" 2" |D"E(x)| < co (1.3)

|x|—00

for any integer m > 1.
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Remark 1.1. For k=n, our result extends [4, Theorem 1.5] by showing that the solution u
belongs to C*(IR"\ D), whereas [4] established u € C*(IR"\ D).

By the discussions on [1, page 4], we know that we can always assume A € A to be
diagonal. Now, let s = %2?:1 az-xiz, then for A=diag(ay,---,a,) € Ay we denote

1 n
E,:= {xe]RH:SEZZaixiZ<)\,/\>O}.
i=1

Moreover, in this paper, without loss of generality, we will always assume b=0, D C E;,
and D is star-shaped with respect to the origin. When k=n, D is a strictly convex domain,
which is automatically star-shaped with respect to any interior point.

The Dirichlet problem on exterior domains is closely related to the asymptotic behav-
ior of solutions defined on entire R". In [4], Caffarelli and the first named author proved
that if u is a convex viscosity solution of

det(D*u) =1 (1.4)

outside a bounded subset of IR”, then

1
limsup|x\”’2 [u— (2xTAx+b-x+C>} <oo, AcA,.

|x|—0c0

Moreover, with such prescribed asymptotic behavior near infinity, they also established
an existence and uniqueness theorem for solutions of (1.4). Since then, the solvability of
the exterior Dirichlet problem for fully nonlinear equations has been studied intensively,
see for example [6,8-10] and references therein. We remark that all these earlier works
require that the domain D is strictly convex. Moreover, the solutions found in these
earlier works are viscosity solutions (except for the Monge-Ampere case). While in this
paper, the solutions we obtain are smooth and the domain D is only required to be strictly
(k—1)-convex.

The organization of the paper is as follows. In Section 2, we construct a viscosity
subsolution for (1.1). In Section 3, by solving (1.1) on bounded domains we prove the
existence part of Theorem 1.1. In Section 4, we study the asymptotic behavior of the
solution near infinity. More precisely, we derive inequality (1.2) and prove Theorem 1.2.

2 Construction of the subsolution of (1.1)

In this section, we will combine ideas in [1,4], and [11] to construct subsolutions for
(1.1). More precisely, we will first apply the techniques developed in [11, Theorem 1.5]
to construct subsolutions of (1.1) in the region E;\ D. Then we will use the generalized
symmetric subsolutions, which were studied in [1, Section 2], to construct subsolutions
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of (1.1) in the region R\ E;. Finally, we use the idea from [4] to glue the two subsolutions
together and obtain a subsolution of (1.1).

We want to note that, in this section, we will only explicitly construct the subsolution
of (1.1) for 2 <k <n. When k =n, the subsolution can be constructed in the same way
but much easier. In particular, when k = #, in the region E;\ D, since the domain D is
strictly convex, we can use the distance function, more precisely, dist(x,0D)+1, instead
of b defined in (2.6); in the region R\ E; we can use the symmetric subsolution that was
studied in [4] instead of the generalized symmetric subsolution.

2.1 Subsolutions in E;\ D

Recall that I':= 9D is star-shaped and strictly (k—1)-convex, we can parametrize I' as a
graph of the radial function p(0):S" ! - R, i.e.,

r:{p(e)e:ees"—l}.

Then the second fundamental form of I' is ([2] for example)

P PiPj  Pij
b=t (4252 -5,

where w=/14[Vp[?/p?, p;j=Vjp, and V denotes the Levi-Civita connection on "~
We denote ®=logp, it is clear that the second fundamental form of I can be expressed
as follows.

hy =L (0+0,0-y),

where w= /14| V®|2. By a direct calculation, we obtain

L1 (OO | D,
= 2(5.: P = __ Lt L — Uk et
8ii=p (0ij+P;P;), ¢ P (51] 2 ) and 7 ; (51] w(l+w)>' (2.1)

Here, (g;j) is the metric on T, (g) is the inverse of (g;;), and 7" is the square root of
gif, ie., Zk'yik'ykf :gif. Leta;j= Y* 1y, then the eigenvalues of (aij)1gi,j§n_1, denoted by
k[a;j] = (x1,--,k,_1) are the principal curvatures of T.

The following calculation can be found in [11, Section 3], for readers convenience, we
include it here.

2.1.1 Hessian in spherical coordinates

Let f:R" — R be a scalar function, then f can also be expressed as a function of (6,r) €
g"-1 «R. Note that the Euclidean metric is SE= r2dz% +dr?, where dz? is the standard
metric on §"1. In the following, we will denote the standard connection in R” by D.
Now, we choose a local orthonormal frame {eq,---,e,_1} on the unit sphere g1 Let
T,=e,/1,1<a<n—1, which is the orthonormal frame on the sphere with radius r, and we
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also let 7, = %. Then a direct calculation yields the Hessian of f in spherical coordinates
is

Dy f=D*f(ta,w) = %fab + % frOab, (2.2)
Dgr :sz(TaITr):%far_rlzfaz (2.3)
D2.f=D*f(%,7) = fur- (2.4)

Here1<a,b<n-1, fyy=epesf, for=Tresf and fr, =TT f.

2.1.2 Construction of subsolutions in E;\ D

Now, we fix an arbitrary point p € g1 et {e1,-++,en—1} be the normal coordinates at p,
then the Christoffel symbols vanish at p. This implies at this point we get V;jpo =e;e;p.
In the following, for any function f defined in a small neighborhood of p, we denote
fij=eiejf, then we have p; ;=p;; at p. Moreover, we may rotate the coordinates such that
IVo(p)|=p1and pa(p) =pandap for 2<a,f<n—1. Then at the point p=p(p)p €T, in view
of (2.1) we have

11 _1 21 \_ 1
v _E(l_wzflw))_ﬁﬂ

Y =0, 2<au<n-—1,
,-),N,B:%(Socﬁl Z_KI,BS”_]‘/
and
a1 =¥yt =9yt = pél;z ,
are =7 gy = e, 2<a<n-1, (2.5)
ﬂaﬁ:’)’““haﬁ'yﬁﬁ:%h“ﬁ’ thx,ﬁgn—l.
Now, let us consider the function
.
b=——. (2.6)
p(0)

By a straight forward calculation we obtain that at the point (p,r) € (S" ! x R)\ {0} the
Hessian of b is (for details see [11, Subsection 3.2])

r 3 2 2 -
w wr w
725111 Tap - a0
Tan  Tap - 0 0
Hessian(b) =
2
w w
a1 0 - Tap1p1 0
i 0 0 0 0 ]
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We want to point out that «[a;;] are the principal curvatures of I at p=p(p)p.
Next, we will consider the function ¢ =¢(b), where ¢ is a function defined on R. We
will compute the Hessian of ¢ at (p,r). Denote

d¢ d*¢
Oln=25lon =M ¢"lpn="Z5zlpn =B

we get at this point, for 1 <i,j <n,
Dj¢p=MD;b+B(1b)(1;b).

Here, i, =% for 1<a<n—1, 1,:=7 = %, {e1,--+,e,_1} be the normal coordinates at
p chosen above, and {1, --,7,} forms an orthonormal frame of R" at (p,r). We denote
pa:=eqp, then at (p,r) we have

[ Mf03ﬂ11+BP_4P% MTWZHU Mrwzﬂm—l —Bp~3p1 |
MTWZHH M ay 0 0
Hessian(¢) = : :
Mrwzalnfl 0 e Mg 1ua 0
| —Bp3m 0 0 Bo~2 |

Therefore, following the calculation on [11, Subsection 3.2] we get for any 2 <m <k

mem+2
om(D?¢) = — [Um (a;]e) —am(aa;;)}
72Mm—1wm+1 Muw m (2‘7)
+B‘O To'm_l (ﬂ{]A) —+ T (Tm(a“‘g),
where2<a,f<n—1and 1< f,fg n—1. Moreover, we have
Muw? Muw _ _
01 (D) ==~ an+——01(axp) + Bo >+ Bp~*p7. (2.8)
This yields for any 1 <m <k,
M\"™ B /M\™' M"1l/oB M
2 . 1
U'm(D (P)>—C() <1’) +C]p2<r> —rml<p2—C0r>, (29)

where

1 :rpilp(fm,l(x(c?)) >0 and co=co(|p|c2)>0
qe

are two positive constants that only depend on I'. We note that in this paper we use the
convention oy =1, and when m=1 we let c; =1.
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Proposition 2.1. Let D be a smooth, star-shaped, strictly (k—1)-convex domain in R" for n>3,
and let p € C®°(dD). Then given any A € Ay with 2 <k <n—1, there exists Ny=Nj(¢,I,A) >0
such that when N > Ny, ¢ = bN—1+¢ is strictly k-convex in E;\D. Moreover, ¢ satisfies

0x(A(D?*¢)) >1in Ey\D and p=¢ onT.

Proof. Since T’ is star-shaped, it is clear that ¢ can be viewed as a function defined on
§"~1. We may extend the domain of definition of ¢ to R"\ {0} by setting ¢(r,0) := ¢(6).
Without causing any confusions, we will denote the extension of ¢ by ¢.

Claim. Let g=b" and denote A (D?(¢))= (A1, --,A,) to be the eigenvalues of Hessian(¢),

then A, =O(M) fora<n—1and A, =B(p *|Vp|>*+p2)+O(M). Here, M= NbN~! and
B=N(N—-1)bN-2.

Proof of the claim. Following the proof of [5, Lemma 1.2], let’s consider the eigenvalues of
the following matrix

[ di4+aX? a, - a,_q —aXY |
an dz 0 0
Q= : : .o
Ay_1 0 - dy 0
| —aXYy 0 - 0 ay? |

with dy,---,d,—1, X,Y, and ay,---,a,_1 being fixed. Denote

[ %—l—Xz—% ay -+ Ap—q —aXY ]
2 dy—A - 0 0
fa(A):=det : : : ,
it 0 - dy1—A 0
| XY 0o - 0 ay?—A |

the eigenvalues of Q satisfies f,(A) =0. A direct calculation yields

n—1
2‘) (aY? =) —axzyz] }:[Z(d,x—)\)

n—1 az n—1 A
- G i —A)-(YZ— )

a=2

fa(A):[<X2+—

For a =0, fo(A) is a polynomial of degree n—1 with coefficients only depending on
di,---,d,_1, X,Y,and ay,---,a,,_1. Therefore, it has n—1 roots dq,---,d,_1 that are depend-
ing ondy, -, d,—1, X,Y, and ap,---,a,_1. By continuity of the roods it follows that A, =
d;+o(1) fora<n—1.



LiY and Xiao L / J. Math. Study, 59 (2026), pp. 16-39 23

To find the last eigenvalue set A =au. Then yu satisfies

-4 - -
GHX—p d‘% e XY
a
Bo%ew e 00
det : : : =0.
R e A
- XY o - 0 Y2—u |

For a = oo, we see that = X2+Y? is a simple root. By the implicity function theorem it
follows that for a >0 large there is a root p=X>+Y24+0(1),ie, Ay =a(X2+Y2+0(1)).
O

Now, recall that b is uniformly bounded in E;\D, we have B/M = (N—1)/b — o0
as N — co. Therefore, we can apply the conclusion from above discussions to the matrix
L Hessian(¢). In this case, correspondingly we have

3 2
d="ayn, di="ay, a="Ca; for2<i<n-—1,
r r r
and B
a=—, X=p"2p, Y=p L
v X=07p, Y=p

Note that, if A is an eigenvalue of 4;Hessian(¢), then MA is an eigenvalue of Hessian(¢).
Moreover, by our choice of coordinates we have |Vp(p)|=p1. The claim follows immedi-
ately. By the Claim we can see that for all 1 <m <k

om(A(D?*¢)) >0 (A(D*p)) —CM™ 2B in E;\D,

where C=C(T,A,¢) > 0. In view of inequality (2.9) and equality (2.8) we obtain there
exists Ny = Nj(¢,I',A) >0 such that when N > Nj, ¢ satisfies

A(D*¢p) €Ty and i (A(D?%p))>1 onE;\D.

This completes the proof of the proposition.

2.2 Subsolutions in R"\ E;

In the following, we will assume N > N; to be a fixed constant, we will also denote
@:=@|sE,- Here, N7 and ¢ are the same as the ones in Proposition 2.1.

First, recall that s = %):aixiz, let

S 1
Wy, 8(s) :/1 (1+at P)*¥dt, wherea>0and f>1 to be determined.
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In the following, when there is no confusion, we will drop the subscript «, and write w
instead of w, g. A direct calculation yields

>-\>—'

(1+asF) 1 (—apsp-1) = - 2B )

w'(s)=(1+as F)F, R T as)

»\~

w/l( )

By [1, page 5] we have
Diw(x)=w'(s)ajx;= (1+as™ ﬁ) a;x;

Djjw(x) =w'(s)a;d;+w" (s)(aixi) (ajx;) = ' (s) |:ai5ij_ks(a18)(aixi)(ajxj)} . (210)

sP+w

In view of [1, Proposition 1.2] we obtain

1:

Um()‘(Dijw)):[w/(sﬂm{gm(ﬂ P 55—|—oc nl a;x;) 01 ( )}/ (2.11)

where a=(ay,---,a,) and 0,1 (ali)=0y,—1(a)|s,=0. Assume a;,=max;{ay,--,a, }, following
[1], let

Ny = max Al (a) = max 0;,_1 (ali)a;
1<i<n 1<i<n

= max {0y, (a) —0ow(ali) } = om(a) —om(alio)-

1<i<n

Then we have

on(MDy0)) = e (6" { e (0) = L . 212)

In particular, when m =k we get

(M D)) > (1+5) [1—1{(2:;%]

According to equation (2.15) of [1], we know that for n >3 and 2<k<n—1, we have
k k

n
= <_. .
2 20 (a) "2 (2.13)
In the following, we will set § = 5=~ —#, where 1 > 0 is an arbitrary constant such that
B>k/2.In this case we have
x 20chy k
W) > (14— ) [1— [ o —
O—k()\(Dl]w))—< +Sﬁ> |: k(Sﬁ—f—Dé) (th >:|
o 2ahyy
1 1-
( +sﬁ) [ sﬁ+a+k(sﬁ+a)]
BT P
_ats s 20y _ 2ahk17. (2.14)
sP|sP+a  k(sP+a) ksP
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Next, we will show that the w, g(s) constructed above is a strictly k-convex function in
R"\ E;. In view of (2.14), we can see that we only need to show A(D?jw) €T, in R"\ E;
for 1 <m < k. Note that

O ks<:ﬁﬁ+a> Y -a(al) o

—o(a) - ks(sg“ﬂzoml ><axl>2<2’;k—)

n

_ 11
om(a) — 2y Sﬂ-l-lx) Zzzlam 1 axz) +
n
> ot @)0r) |y
=om(a) zs#+w 23 s 1(al)

l

where [11:= (sﬁ+a Z Om—1(ali)(a;x;)?. By virtue of (2.22) of [1] we know

Om—1(ali)

<op(a) forl<i<mand 1<m<k-1.
or—1(ali)

Therefore, we obtain
o 1 )
o(e) et ) 2o el @)

a 2
Z(Tm(a) —m;(frn(ﬂ)aixi +111

=07 (a) <1— ) +111. (2.15)

sP+a
Denote h,, =min; <j<,0y,—1(ali)a; =0y (a) — o (alir), where a;, =min{a;,---,a, }. Then

oy v 2 2anh,

Combining with (2.15) we have

sP N 2anh,
sP+a  k(sP+a)

om(a)— o sﬁ—f—a Z‘Tm 1(ali)(a;x;)? > o (a) (2.16)

Thus, from (2.11) we get A(D;jw) €I'y. We conclude
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Proposition 2.2. For n>3,2<k<n-— 1 and A € Ay, let wyp(x) = [ (1+at=F)Vkdt for
s = 2xTAx Then when « >0, & s <B< 2h , Wy,p i a smooth strzctly k-convex subsolution of
o (A(D?u)) =1 in R"\ {0}. Moreover Wy, p satisfies

1
Wy p= 5T Ax+p(a,B)+0(s'F), ass—oo. (2.17)

Here,
y(a,ﬁ):/loo [ +ar?)i—1)de—1,

Proof. From (2.14) and (2.16) we know that w, g is a smooth strictly k-convex subsolution
of 0x(A(D?u))=11in R"\ {0}. To prove this proposition, we only need to prove (2.17). A
straightforward calculation yields

wa,ﬁ:/ls(l—f—oéfﬁ)’lfdt
:/S [Pyt —1]dr+s—1
_/ 1+0ct Pyk— 1}dt—/ [(1+at*5)%—1]dt+s—1
=s+u(a,p)+O0(s'F).

Here, f=5-—1>35 kand

y((x,ﬁ):/loo [(tar#)i-1]~1<eo. 0

Remark 2.1. We want to point out that for any fixed % <B< ﬁ, there exists a* =a*(B, A,
@,D) >0 such that when a >a*, we have JxT Ax+pu(a,B) > ¢ onT. O

Finally, we will use w, g to construct a subsolution of ox(A(D?*u)) =1 in R"\ E;.
Recall that we have set ¢ = ¢[3¢,- We may express ¢ as a function of g1 ie., ¢is

independent of r. Then set ¥ =s~*@, where A >0 is a constant to be determined. Same
as before, we choose a local orthonormal frame {ej,---,e,_1} on the unit sphere sl and
let T, = %. It is easy to see that for 1 <a,b<n—1

), sr:O(s%), and s, =0(1).

N\»—l

sa=0(s), sup=0(s), su=0(s
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This implies
Yo=—As A1 @s,+s5 P =0(s),
Yo =A(A+1)s" 22 P58, — As A1 @ys,
A e s M0
Yor=—As 2 @syr+ A(A+1)s A2 Psps, — As ™ 1ps, =0 (s—/\—%> ,
¥, =—As 15,p=0 (S*A*%) ,
Y, =AA+1)s272(5,) 29— As A5, p=0(s7A 7).

Consider

S
91:/1 (1+at PYkdt+¥ =w, s +Y,

then by (2.2)-(2.4) and (2.10) we obtain

1_ ap bij
Dl]? _'w/(s> |:Lll'(51'j—ks(sﬁm(ﬂixl‘)(ajx]') +W,

where |bjj|1<;j<n are uniformly bounded by some constant C = C(|¢|c2,A,A) > 0. Now
let’s fix some A such that A+1> >k/2, by virtue of (2.11) we can see that

0 (A(D*¢')) =0 (A (D*we 3+ DY)

m G

> 0 (A(D? w,xﬁ)) AT (' (s))"™

N
I
—_

“ )T : Ci (2.18)

sP g(A+1)i’

’MS

Il
—_

— 0 (A (D2wp)) — (1+

where C;=C;(A,A,|p|c2) >0. Denote y:= 5 and
into (2.18) gives

‘ >
=

=1+, when m=k plugging (2.14)

k (1+
Uk(/\(D4>))>1+ y—Y (14y)'FC (%) "
i=1
L z (14+7y)i— 11
S 2;+y o)
k
>1+y Z @)%t
=1

Here, we have used the fact that in R"\ E; we have 0 < y < a. Therefore, there exists
ag=wo(A,N,|P|c2,B,k) >0 such that for any a >

o(A(D*¢'))>1 inR"\E;.
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When 1 <m <k—1, since we have shown A(D?w, ) € Iy, by Maclaurin’s inequality

we have B
O (MD?wap)) _ [ox(A(D2wap)) |
Cr - Ck '

Combining with (2.14) we obtain

2 Cu 2k \*
(M D) 2 S (14 7y

It follows that

=3

NgE

cr (1 2my\E wi oy (Ei-E 1
Ik <y+ k > LAty &(3) ot

1

Ci (1+2Mn>?_
(Ck)k \y k i

Therefore, there exists ag =wo(A,A,|@|c2,B,k) >0 such that for any a >

NgE

ok

m—i 1
(1 —|—DC)TC,‘ m] .

Il
—_

om(A(D?*¢")) >0 inR"\E;.

We conclude this subsection with the following proposition.

Proposition 2.3. Forn>3,2<k<n—1, and A € Ay, denote
5 1
Wy p(¥) = / (1+at—P)ldr
1

where s = 1xT Ax. Then given any % <B< T];zk’ A>B—1,and §€C®(S"1), there exists ag =
ao(A,N,|@|c2,B,k) >0 such that when > g

Pl =wupts (2.19)
is a smooth strictly k-convex subsolution of oy (A(D?u)) =1 in R"\ E; satisfying ¢' = @ on 9E;.

2.3 Subsolutions of (1.1) in R"\ D

In this subsection, we will follow the idea of [4] to glue ¢ and Ql together to obtain a
subsolution of (1.1) in R"\ D.
Recall that ¢ = 6N —1+ ¢, following earlier notations, a direct calculation gives

eap=NbN""b,+9,, TP=Nb"""b,,
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this implies
|Dg| < Co=Co(N,|¢|c1,T,A) onodE;.

Next, we compute |D¢'| on 9E;

o'

and
T@l = [(1—}—04)% —Aq”)] Sy,

where ¢ =¢|5¢,. Hence, when a > a1 =a1(Co, A, |§[c1,A) >0 we have
|D¢'|>|D¢| on dE;.

Let v be the outward unit normal of 9E;, i.e., pointing into R"\ E;, since 471 =¢ ondE;, we
have -

Dy¢' > Dy¢p (2.20)
on dE1. We will denote
€E\D,
T D, (2.21)
? x€eR" \El

It is clear that u is continuous on R"\ D. In next section we will show that u is a viscosity
subsolution of (1.1).

3 Proof of the existence part of Theorem 1.1

In this section we will prove the existence part of Theorem 1.1. We will assume N ,a,% <
B< ﬁ, and A > B—1 are fixed constants such that the following conditions are satisfied:

(a) ¢="0bN—1+¢ is strictly k-convex and satisfies oy (A(D?¢)) >1in E1\ D;
(b) ixTAx+u(a,B)>¢onT;
(c) 91 =w,p+s~ " satisfies Proposition 2.3 and equation (2.20).

Here ¢ =¢|5, is a fixed smooth function determined by N, ¢, A and T.
Let u be the function defined by (2.21), then in view of of Proposition 2.2 we get

u=¢'=s+p(a,p)+0(s" F)ass—oo.

Now, let iig = %xTAx-l-y((x,ﬁ) +CR#, where C= C(a,B) >0 is chosen such that iig > u
on JEg. Here and in the following, without loss of generality, we will always assume
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R>Rp>>1is an arbitrarily large constant. We will also assume C >0 is a fixed constant.
Moreover, in view of condition (b) we have iig >u=¢ onTI.
Now, let us consider the following Dirichlet problem

ok (A(D?u))=1  in Qr:=Eg\D;
=@ onI':=dD; (3.1)
Ur on JEg.

= =

We will show that for any R > Rp > 1 there exists a smooth, strictly k-convex solution
ug € C*(Eg\D) of (3.1).

3.1 (0 estimates
Lemma 3.1. Let ug be the strictly k-convex solution of (3.1), then ur satisfies
U<ugr<ig in ER\D.
Proof. Since ug <iig on Qg and 0y (A(D?ug))=0%(A(D?%ig))=1. By the strong maximum
principle we obtain the second inequality.
Now, we consider the first inequality. We know that for some 6 <0 small, we have

Ug >u+9, XEQR. (32)

Suppose 0 is the largest number for which inequality (3.2) holds, we will show § =0. If
not, then 6 <0 and there exists ¥ € Qg such that

ug (%) =u(%)+0.
Since on (Eg\ E1)U(E;1\D) we get
Uk(A(DZE)) >0’k(/\(D2uR)).

By the standard maximum principle we know ¥ ¢ (Eg\ E1)U(E;\ D). We conclude that
¥ € dE;. However, this is impossible. Since by (2.20) and (2.21) we have,

Iim Dyu< lim D,u
x—0E; x—>8Efr

while up is smooth. This implies =0 and the lemma follows from the strong maximum
principle. ]

Remark 3.1. With a small modification of the proof of Lemma 3.1, one can show that u is
a viscosity subsolution of (1.1).
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3.2 C! estimates

In order to prove the C! estimate of ug on I we need to construct an upper barrier on I
first.

3.2.1 Construction of the upper barrier on I’

Recall that T is a smooth (n—1)-dimensional manifold, we know that there exists 779 >0
such that for any p €T and <1 there exists z;, € D satisfying B, (zp,,) \T = p. Now, fix
an arbitrary p €T, we may choose a new coordinate {%1,---,£,} of R" such that p is the
origin. We also let £, axis be the unit normal of I at p pointing into D. We will first restrict
ourselves to a small neighborhood of p. Denote U; = {#' = (£1,-++,%,_1) € R"1: || <6}
for some fixed small constant § >0, then near p the boundary I' can be written as a graph
over Uy

= .
y(&') = 5 ZKﬁxﬁ—f—Oﬂx’\?’),
p=1

where (x1,---,k,_1) are the principle curvature vector of I at p. Furthermore, the function
@ can be written as a function over Us:

@ (%, (& +Z(pa )2 +O(|2]?). (3.3)

Let

~(1=2) L cy=(1=2) 1 p(0) +Z% Ra, (3.4)

where C > 0 will be determined later. We note that i is a smooth function defined on
R™\ {zﬁ,,] }.

Lemma 3.2. If C=C(¢,I') >0 is chosen to be large enough and n =n(I') < is chosen to be
small enough, then 1> ¢ on T\ {0} and 1(0) = ¢(0).

Proof. Tt is clear that 2(0) = ¢(0), we only need to show that for properly chosen con-
stants C >0 large and # >0 small, we have 7 > ¢ on I'\ {0}. Note that, by our choice of
coordinates, zj ,; = (0,--+,0,77). In this proof, we will always assume J < 1% is a fixed small
number. Then on T when |#'| <,

_n=2
i=—C(|#' |+ (v(&)—1)) " % +Cy~ "2 4¢(0) +Z§0a

n—2
—Ccy~ 2 |1 U

(12242 =2y +y2) "7

0)+ 2 90 (0)2
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Since

N = .
v(x’):zﬁzlxﬁx§+o<rx'\3>

we can see that when 7 =7(I') >0 small, we have

#2492 —259 > A|#']> for some } <A <1.

This gives
[ -2
a>Cy~ =2 11— n" ! +Z(P“
e
R ) P S N o (0)2
=Crg 1 — | T90)+ ) ¢ (0)24
(1_’_)\‘3?,'2 2 a=1
L n?
C n—2 /\]J?’|2
> 71 : ' +
(AT E + 50
By virtue of (3.3), it is clear that when C=C(¢,I') >0 large and # =#(T') > 0 small, we

have i1 > ¢ on |%'| <§.
Now, we consider the set I'§:= {x e R":x e '\ {(£/,7(£')) : |#'| <6} }. It is easy to see
that when x €I'§, we have |x—zp ,| >1+6; for some small constant §; =d1(17,I') >0. Then

1>Cn~ "2 —C(y+6,)" "2+ 9(0) -1-2%

C(n—2)6
> (;7”_1)14—4)(0)%— Z ¢a(0)%y
a=1

Therefore, when C=C(¢,I') >0 large and # =#(I") >0 small the claim holds. O

Lemma 3.3. Let ug be the strictly k-convex solution of (3.1), then ur satisfies

|Dug|<Cr onT, (3.5)
’DMR|<CR on dEg,
where Cr = Cr (T, @) is independent of R and Cr =O(R'/?).

Proof. By Lemma 3.1 we have u <ug in Qg and ug=u on I'. Therefore, we get D, ug >D,u
on I', where v is the inward normal of T, that is, pointing into Qg. Now, for any p€T’, we
consider 7 that is given in (3.4). It is easy to verify that

o1(A(D?*)) =0< 0y (A(D%ug)).
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Futhermore, we can always choose C=C(¢,I',A) >0 large and 7 =#(I',p,A) >0 small
such that
0>1g>ur onodkEj.

In view of Lemma 3.2 and the maximum principle we obtain @ > ug in E; \ D. Moreover,
at p we have i =ug. Thus D, il > D,ug at p. Since p €I is arbitrary we conclude (3.5). On
E R, let

ug=AxTAx—(2AR—R —pu(a,B) —CR'P),

where A = A(u(a,8),Ro,9) >1/2 such that for any R > Ry, ug < ¢ on I'. Applying the
maximum principle we get
ur <ugr <#r in ER\D

Moreover, on 0Ey it is clear that uy =ug =1ig. Therefore, we have

Dyug <Dyug <Dyiig,
where v is the inward unit normal to dEg, that is, pointing into Q. This proves (3.6). O
Lemma 3.4. Let ug be the strictly k-convex solution of (3.1), then ug satisfies

max |Dug|= max |Dug]|. (3.7)
xeQpr x€dOR

Proof. Differentiating (3.1) with respect to x; gives
0’;(]1/{1‘]‘1 =0.
Therefore, we have
(7;(] (]DuR |2) ij = 20’12]1111411']‘ +2(7;(]uliul]- = 20’;{]1/[11'1/[[]' >0.

By virtue of the maximum principle this lemma is proved. ]

3.3 (2 estimates

In this subsection, we will establish the C? estimates of ug. The techniques are used here
are the same as [5]. For readers’ convenience, we include the argument here.

3.3.1 C? boundary estimates on T

Let xo € I' be an arbitrary point. Without loss of generality, we may choose local coordi-
nates {%1,---,%, } in the neighborhood of xy such that x( is the origin and %, axis is the
inward normal of I (pointing into (2g) at xo. Then the boundary near x( can be expressed
as

171—1
£ =7(¥) = ¥ a2 +0(12]),
a=1
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where xq,-++,k,_1 are the principal curvatures of I at xg and ¥’ = (%1,---,%,—1). Following
[5], we may assume ¢ has been extended smoothly to Qg with ¢(0) =0. Then we get

uz5(0) = 953(0) —ua(0)kadyz  fora,p<n.

This gives
50| <C, ap<n (3.8)

for some C=C(¢,T,|Du|co(ry) >0 that is independent of R. Next, we estimate |uz;(0)] for
a<n.

Lemma 3.5. Let ug be the strictly k-convex solution of (3.1), then ug satisfies
|(uRr)w|<ConT, (3.9)

where T is an arbitrary unit tangent vector of I', v is the inward unit normal of I', and C =
C(T,¢,|Dulco(ry) >0 is independent of R.

Proof. Notice that the boundary I near x( can be expressed as
1 n—1

By =7(¥)=—5 i +O(|F'F).
a=1

Denote Wg =ur — ¢ and let
T:= 8& —K,x(f,xaﬁ —fnaﬁl),

it is clear that on I" near xy we have

TWg = (0z+7205) Wr+O(|¥'|*) =O(|Z'?). (3.10)
Set L:= W?)ﬁj, then we get
[L(TWR)| <Co) o} (3.11)

for some Co=Co(¢,T,| Dut|co(ry) >0. In view of Proposition 2.1, we know that A(D?*¢) €T
in E;\ D. Moreover, we also have
O (A(DZCI))) >1+0p in BG(XQ) NQOg,

where € >0 is a fixed small number and dy=Jy(N) >0 for some N chosen in Proposition
2.1. Therefore, there exists 6; =d; (@50) > 0 satisfying

Uk()&(sz—gﬂ.ﬂz)) >1 in Be(xo)ﬂQR.
By the concavity of 0,}/ ¥ we know

L(¢—61|%) >k in Be(x0)NQ2g,



LiY and Xiao L / J. Math. Study, 59 (2026), pp. 16-39 35
which implies
L(ur—¢+51|%*) <O in Be(x0) N

We will denote h=ug —f—k% |%|?, then we have Lh < —81 Y ;01". Set W=Bh+TWpg, we may
choose B >0 large such that W >0 on d(B:NQg) and LW <0 in B.Ng. By the maximum
principle we conclude W >0 in B.NQg. Thus, at xy we have Wj;; >0, which gives

|(ur)an| <C
for some C=C(T,¢,|Du ]CO(F)) >0 that is independent of R. O
Finally, following the well-known argument of [5] on page 284 and 285 we obtain
Lemma 3.6. Let ug be the strictly k-convex solution of (3.1), then ur satisfies
|(ug)w|<C onT, (3.12)

where v is the inward unit normal of I', and C = C(T,q),\Du]CO(r)) >0 is a constant that is
independent of R.

3.3.2 C? boundary estimates on dEg

Now, we let iig = ug (\/Ex) , then i satisfies

ox(A(D?1)) =1 in = O,
= % on d DR, (3.13)
i=1+"%8) L CR  ondE,.
By Section 5 of [5] we have on dE;
|D?iig| < C
for some constant C=C(A) >0 that is independent of R. This in turn implies that
|D2uR} <C onoJdEg.
We conclude
Lemma 3.7. Let ug be the strictly k-convex solution of (3.1), then ur satisfies
|D*ug|<C  on ok, (3.14)

or some constant C=C (T, p,|Du|co,A) > 0 that is independent of R.
% co(T) P
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3.3.3 (C? global estimates
Finally we prove.
Lemma 3.8. Let ug be the strictly k-convex solution of (3.1), then ur satisfies

|D*ug|<C in Qg, (3.15)
for some constant C=C (A, ¢,T,| Du|C0(r)) >0 that is independent of R.
Proof. We denote F(D?*u) = a,}/k(A(Dzu)), then (3.1) can be written as

F(D*u)=1 in Qg. (3.16)
Now differentiating (3.16) twice we get

Fijuijkk +FPI it =0,
It is well known that F is a concave function. Therefore, we get
Flujj=F7 (Au);; > 0.

By the maximum principle we obtain

maxAug = max Au. (3.17)
xeQp x€d0r
Since
(Au)>=Y " u[* =202(A(D*u)) >0,
i
(3.15) follows from (3.17) and Lemma 3.7. O

3.4 Proof of the existence part of Theorem 1.1

In this subsection, we will complete the proof of the existence part of Theorem 1.1. First,
by virtue of equation (3.5) and Lemma 3.8 it is easy to see that there exist some constants
Co,C1>0 that are independent of R such that | Dug| <Cy+C;dist(x,0D). Moreover, apply-
ing Evans-Krylov theorem and Schauder estimates, we can obtain higher order estimates
of up that are independent of R. By the standard maximum principle we know that when
R; < Ry, for any compact set K C Qg, C Qg,, we have ug, < ug, on K. Therefore, {ur} is
decreasing in R. We conclude
ur(x)—u(x) in Cpo. topology.
Moreover, u(x) € C*(IR"\ D) satisfies
A(D?u)) =1 in R"\ D;
(D) =1  inR"\ 619
u=q on dD.

This completes the proof of the existence part of Theorem 1.1.
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4 Asymptotic behavior near infinity

In this section, we will prove the second part of Theorem 1.1, that is, inequality (1.2) and
Theorem 1.2. Recall Lemma 3.1 we have

u<ur<ir in ER\D.
By virtue of equations (2.19), (2.21), and Proposition 2.2 we obtain that in Eg \ Eg,
s+pu(a,B)+Cis' P <ugr <s+pu(a,p)+CR™P <s+pu(a,p)+Cs'P.

Here C; = Cy(w,8) <0 and Ro>> 1 is a large constant. Therefore, when |x| > R}/? is very
large we have
2 u—s—p(a p)| < C (4.1)

for some C=C(a,B,A) >0.
Without loss of generality, in the following, we may assume p(«,) =0. Now for any
x€R"\D and |x|=L >2Ré/2, let

ul(y):= (i)zu (X+iy>, yl<2.

Then by Lemma 3.8 u*(y) satisfies
or(A(D*ut(y)))=1 and |D?*u!|<C in By(0).
Applying Evans-Krylov theorem and Schauder estimates we immediately obtain for any

m>3
|D™u*| < Cin By(0) (4.2)

for some C=C (m,n,k,|ut |Cz(32(0))) >0. Now, denote

X

L) =yt (1) — INTA(X LY
Ey)=urly) 8(L+4) A(L+4>'
By (4.1) we get, on B»(0)
4\? C C
Ewi<(}) — S <
L |x+%y‘2(ﬁ 1) — 28

Moreover, since D?EL(y) = D*ut(y) — A, we have F(A+D?EL)=F(A)=1. Let
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and 4;;(y) := fol Fe, (A+TD?EL(y))dt. Then we can see that EL satisfies
2;i(y) DyiE"(y) =0 on By(0).

Note that by Lemma 3.8 and the estimate (4.2) we have on B;(0),

1
KI <a;;(y)<AI and |D™a;(y)|<C form>1,
where A = A(n,k, A, [u"|c2(, (0))) >0 and C = C(m,nk,A,|[u"|c2(g,0))) > 0. By Schauder
estimates ([7]) we get for any m>1

C

L L
|D"E(0)| <C|E 75

Wleos 0 =
where C=C (m,n,k,A,|u"|c2(g,(0))) > 0. This yields for any x € R"\ D and |x| >2R}?, we

have
C

(4.3)
for E(x) =u(x)— 3xT Ax and C=C(m,n,k,A, |u|c) >0.

Now, we can follow the proof of [4, Lemma 3.6] (which is an estimate for linear el-
liptic equation) and obtain (1.2). This completes the proof of Theorem 1.1. Repeating the
argument above by replacing g with 7 gives Theorem 1.2.
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