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Abstract. We prove that the tangent cone at the first blow-up time of the mean curva-
ture flow of a closed symplectic surface in a compact Kéhler-Einstein surface consists
of a finite union of planes in R*. Furthermore, when the flow develops a Type I* sin-
gularity at (X, T), then the tangent cone is a holomorphic cone.
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1 Introduction

One possible way of constructing minimal surfaces is to deform a given surface by its
mean curvature vector. So the surface evolves in the gradient flow of the area func-
tional by the first variational formula of area, and such a flow is the so-called mean cur-
vature flow. In general a mean curvature flow develops singularity after finite time.
It is therefore desirable to understand behavior of the flow near the singular points
([3,5,14-20,23-25] and so on). In this paper, we consider compact symplectic surfaces
moving by a mean curvature flow in a Kdhler-Einstein surface. Since a symplectic surface
remains symplectic along the flow ([5,8,24]), one hopes to produce holomorphic curves,
possibly with singularities, by deforming symplectic surfaces via the mean curvature
flow. There are positive evidences for this approach when C; >0 ([7, 10, 12] and [24]),
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where C; is the first Chern class of the ambient K-E surface. In the case that C; <0,
Arezzo ([2]) pointed out that a symplectic minimal surface may not be holomorphic even
it represents a (1,1)-type class, by constructing examples of symplectic minimal surfaces
which are not holomorphic.

Suppose that M is a compact Kéhler surface. Let w be the Kdhler form on M and let
] be a complex structure compatible with w. The Riemannian metric (,) on M is defined
by

(U, V)=w(U,JV).

For a compact oriented real surface ¥ which is smoothly immersed in M, one defines,
following [9], the K&hler angle « of ¥ in M by

w|x =cosadysy, (1.1)

where dyiy is the area element of X of the induced metric from (,). As a function on X, «
is continuous everywhere and is smooth possibly except at the complex or anti-complex
points of ¥, i.e., where « =0 or 7t. We say that X is a holomorphic curve if cosa =1, X is a
Lagrangian surface if cosa =0 and X is a symplectic surface if cosa > 0.

Given an immersion F:% — M, we consider a one-parameter family of immersions
Fi=F(-,t):X— M, and denote the image surfaces by £; = F;(X). The immersed surfaces
Y satisfy a mean curvature flow if

d

EF(x,t) =H(x,t);

F(x,0)=Fy(x),

(1.2)

where H(x,t) is the mean curvature vector of X; at F(x,t) in M.

The standard parabolic theory implies that the mean curvature flow (1.2) has a smooth
solution for short time. More precisely, there exists T > 0 such that (1.2) has a smooth
solution in the time interval [0,T). Huisken proved that if the second fundamental form
|A|? on ¥ is bounded uniformly in ¢ near T, then the solution can be extended smoothly
to [0,T+e€) for some € >0 ([14]). However, in general maxsy, |A|?> becomes unbounded as
t —T. In this case we say that the mean curvature flow blows up at T; moreover, one
([15]) can classify the singularities of mean curvature flows, according to the blowing up
rate of |A|: Assume that

lim max|A|*=co.
t=T— %
Then it can be shown that ([5,15]) there is a constant ¢ > 0 such that

limsup ((T—t)max]A|2> >c.
t—=T~ i
If there exists a positive constant C such that

limsup <(T—t)mzax]A|2> <C,
t

t—T-



