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Abstract. We prove that the tangent cone at the first blow-up time of the mean curva-
ture flow of a closed symplectic surface in a compact Kéhler-Einstein surface consists
of a finite union of planes in R*. Furthermore, when the flow develops a Type I* sin-
gularity at (X, T), then the tangent cone is a holomorphic cone.
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1 Introduction

One possible way of constructing minimal surfaces is to deform a given surface by its
mean curvature vector. So the surface evolves in the gradient flow of the area func-
tional by the first variational formula of area, and such a flow is the so-called mean cur-
vature flow. In general a mean curvature flow develops singularity after finite time.
It is therefore desirable to understand behavior of the flow near the singular points
([3,5,14-20,23-25] and so on). In this paper, we consider compact symplectic surfaces
moving by a mean curvature flow in a Kdhler-Einstein surface. Since a symplectic surface
remains symplectic along the flow ([5,8,24]), one hopes to produce holomorphic curves,
possibly with singularities, by deforming symplectic surfaces via the mean curvature
flow. There are positive evidences for this approach when C; >0 ([7, 10, 12] and [24]),
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where C; is the first Chern class of the ambient K-E surface. In the case that C; <0,
Arezzo ([2]) pointed out that a symplectic minimal surface may not be holomorphic even
it represents a (1,1)-type class, by constructing examples of symplectic minimal surfaces
which are not holomorphic.

Suppose that M is a compact Kéhler surface. Let w be the Kdhler form on M and let
] be a complex structure compatible with w. The Riemannian metric (,) on M is defined
by

(U, V)=w(U,JV).

For a compact oriented real surface ¥ which is smoothly immersed in M, one defines,
following [9], the K&hler angle « of ¥ in M by

w|x =cosadysy, (1.1)

where dyiy is the area element of X of the induced metric from (,). As a function on X, «
is continuous everywhere and is smooth possibly except at the complex or anti-complex
points of ¥, i.e., where « =0 or 7t. We say that X is a holomorphic curve if cosa =1, X is a
Lagrangian surface if cosa =0 and X is a symplectic surface if cosa > 0.

Given an immersion F:% — M, we consider a one-parameter family of immersions
Fi=F(-,t):X— M, and denote the image surfaces by £; = F;(X). The immersed surfaces
Y satisfy a mean curvature flow if

d

EF(x,t) =H(x,t);

F(x,0)=Fy(x),

(1.2)

where H(x,t) is the mean curvature vector of X; at F(x,t) in M.

The standard parabolic theory implies that the mean curvature flow (1.2) has a smooth
solution for short time. More precisely, there exists T > 0 such that (1.2) has a smooth
solution in the time interval [0,T). Huisken proved that if the second fundamental form
|A|? on ¥ is bounded uniformly in ¢ near T, then the solution can be extended smoothly
to [0,T+e€) for some € >0 ([14]). However, in general maxsy, |A|?> becomes unbounded as
t —T. In this case we say that the mean curvature flow blows up at T; moreover, one
([15]) can classify the singularities of mean curvature flows, according to the blowing up
rate of |A|: Assume that

lim max|A|*=co.
t=T— %
Then it can be shown that ([5,15]) there is a constant ¢ > 0 such that

limsup ((T—t)max]A|2> >c.
t—=T~ i
If there exists a positive constant C such that

limsup <(T—t)mzax]A|2> <C,
t

t—T-
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then the mean curvature flow F has a Type I singularity at T; otherwise it has a Type II
singularity at T.

In the codimension one case, singularities of mean curvature flows have been studied
in depth ([14-20] and so on). For higher co-dimensions, if the initial compact surface is
symplectic in a compact Kdhler-Einstein surface, the motion of the mean curvature flow
preserves symplecticity of ¥; as long as the smooth solution exists; and furthermore the
flow does not develop any Type I singularities ([5, 8, 24]).

In this paper, we shall study the Type II singularities of the mean curvature flow of
a compact symplectic surface in a compact Kdhler-Einstein surface. Especially, we shall
focus on the structure of tangent cones of the mean curvature flow where a singularity
occurs at the first singular time T < co.

To describe the tangent cones, suppose (Xo, T) is a singular point of the flow (1.2), i.e.,
|A(x,t)| becomes unbounded when (x,t) — (X, T). For an arbitrary sequence of numbers
A— oo and any t <0, if T+A~2¢>0 we set

Fr(x,t) =A(F(x, T+A7%t) — Xo).

We denote the scaled surface by (£,du}'). If the initial surface is symplectic, it is proved

in Lemma 2.2 that there is a subsequence A; — co such that for any t <0, (Zf"',dyf"') con-
verges to (X%°,du*) in the sense of measures; the limit ©* which is the support of du®, is
called a tangent cone at (Xo,T). This tangent cone is independent of t as shown in Lemma
2.2. The first result of this paper is

Theorem 1.1. Let M be a compact Kihler-Einstein surface. If the initial compact surface is
symplectic and T >0 is the first blow-up time of the mean curvature flow, then the tangent cone
2% of the mean curvature flow at (Xo,T) is a finite union of planes.

A priori, the Kdhler angles on different planes may be different. We would like to
know when the finite planes has the same constant Kdhler angle so that the tangent flow
is a holomorphic flat cone. For this purpose, we introduce the definition of Type I* sin-
gularity at finite time.

Definition 1.1. Let T be the first singular time of the symplectic mean curvature flow. We say
that the flow develops Type I* singularity at T if

limsup <(T— t)mzax|Vcosoc|2) <A
t

t—T

for some constant A.

Remark 1.1. From (2.3), we see that a Type I* singularity does not need to be a Type I
singularity in general.

The next result is as follows:
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Theorem 1.2. Let M be a compact Kihler-Einstein surface. If the initial compact surface is sym-
plectic and T >0 is the first blow-up time of the mean curvature flow such that the flow develops
a Type I* singularity at (Xo,T), then the tangent cone X arising from connected components of
the rescaling of the mean curvature flow at (Xo,T) is a cone consisting of finitely many planes
which is holomorphic with respect to some complex structure on C2.

The subsequent sections of this paper are organized as follows: in Section 2, we pro-
vide necessary estimates followed from the monotonicity formula; in Section 3, we prove
the first result that the tangent cone consists of finite union of planes; in Section 4, we
prove the second theorem that the limiting planes have the same Kéahler angle so that the
tangent cone is holomorphic with respect to some complex structure if the singularity is
of Type I* and the tangent cone arises from connected components of the rescaling of the
mean curvature flow.

2 Monotonicity formula and integral estimates

Let ;= F(%,t) be the family of immersed surfaces, which are determined by the mean
curvature flow F, in the 4-dimensional manifold M. Denote the Riemannian metric on M
by (-,-). In a normal coordinate chart around a point in X, the induced metric on X; from
(-,) is given by g;;=(9;F,0;F), where 9; (i=1,2) are the partial derivatives with respect to
the local coordinates on X. In the sequel, we denote by A and V the Laplace operator and
covariant derivative for the induced metric on X; respectively. We choose a local field of
orthonormal frames ey,e;, v1,v2 of M along X; such that eq,e; are tangent vectors of >; and
01,0, are in the normal bundle over X;. The second fundamental form A and the mean
curvature vector H of X; can be expressed, in the local frame, as

A=A%,, H=-H"%,

where and throughout this paper all repeated indices are summed over suitable range.
For each «, the coefficient A* is a 2 x 2 matrix (hf;) By Weingarten’s equation, we have

hf; = <aiva,a]‘1:> = <a]'?},x,ai1:> :h}xl
The trace and the norm of the second fundamental form of ¥; in M are:

i’

H* =g hji=hj;, |AP =) | A" =g"g" i = hihi.
o

The area element of the induced metric g;; on X is /det(g;;)dxdy. Along the mean cur-
vature flow, it is well known that

&\ Jdet(sy) =~ [P, fdet(g;).
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Logarithmic integration implies that F remains immersed as long as the smooth solution
of (1.2) exists.
Let ]z, be an almost complex structure in a tubular neighborhood of ¥; on M with

Jze1=e2

Jze0=—e€1 2.1)
Jzo1=12

Jz,v2=—71.

It is not difficult to verify ([8], [5]), with v being the covariant derivative of the metric
(-,-) on M, that

Vs, |* =|h3y + 1y >+ |y +hibo |*+ |h3y — b1y [+ | oy — iy |2

1 1
= [P (k4 ) + 2003, — k)P (1 1+ 20, — 20, )2

>l 22)
We also have ([11])
|Va|?> = k3, +h1y [P+ B3, +h, (2.3)
so that o
V]e>>|Val? (2.4)
Let H(X,Xo,t) be the backward heat kernel on R*. Define
- _ 1 |X—X0‘2
p(X,Xo,t,to) —4:7T(t() - t)H(X,XO,t) — mexp <_4(t0—t)

for t<t;. Let iy be the injective radius of M*. We choose a cut off function € C§* (B, (X))
with ¢ =1 in B,(Xp), where Xg € M, 0 < 2r <ip. Choose a normal coordinate in By, (Xp)
and express F, by the coordinates (F 1,F2,F3,F4), as a surface in R*. We define

S(Xo to,t) = [ 9(F)p(F Xort to)dps. (2.5)

Huisken derived the following monotonicity formula in [15]: there are positive con-
stants ¢; and ¢, depending only on M*, Fy and r where 7 is the constant in the definition

J civ/to—t
a(el 0 (I)(Xo,to,t))
2

v\ L
L Xo) dptt—kczecl‘/toj. (2.6)

H
2=t

S_eC1 to—t/z (PP(F/XOIt/tO)
t

Note that, ¢; and c; are zero when M is a Euclidean space.
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When M is a Kihler-Einstein surface with scalar curvature R and X; evolves under
the mean curvature flow, the Kidhler angle « of 3; in M satisfies the parabolic equation

0 = R
<8t_A> cosq = |V]zt|2cosuc—|—zsin2acosoc, (2.7)

Suppose that the initial surface is symplectic, i.e., cosa(-,0) has a positive lower bound.
Then by applying the parabolic maximum principle to the evolution equation (2.7), one
concludes that cosa remains positive as long as the mean curvature flow has a smooth
solution ([5, 8,24]).

Let Rg=max{0,— £} and set

v(x,t) =eflcosa(x,t).

By (2.7), we have
0 1 — 1 2
ZoA)-<— 22 _ 2 Vol :
(5-2) 3=Vl 5~ 5 Ivel @8)
Along the flow, we introduce a function
1
¥ (X, bo,t) = /Z —pp(F Xo b to)dp. 2.9)
t

The following weighted monotonicity formula in [5] (also see [6]) will play a crucial
role in this paper.

Proposition 2.1 (Weighted Monotonicity Formula). If the initial compact surface ¥ is sym-
plectic in a Kihler-Einstein surface M and ¥ evolves under the mean curvature flow (1.2) , then

2

F—Xp)t
(F—Xo) i

H S~ 7
ATy

% <€C1\/t0—t‘I’(X0,t0,t)> S_ecu/to—t (/Z %4)p(F,X0,t,t0)

1 )
—¢p(F,Xo,t,t d
+/2f 204’(’( o.tt0) | Vs, | dus
2
+ / Z;,IVUIZW(F,Xo,t,to)dm) +eeViTE(2.10)
Xt
Here the positive constants c¢i and cy depend on M, Fy and r where r is the constant in the
definition of ¢.

Suppose that (Xo,T) is a singular point of the mean curvature flow (1.2). We now
describe the rescaling process around (Xo,T). We choose normal coordinates centered at
Xo with radius r (0<r<iy1/2), using the exponential map. We express F in its coordinates
functions. For any t <0, we set

Fr(x,t) =A(F(x, T+A7%t) — Xo),
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where A are positive constants which go to infinity. The scaled surface is denoted by
Y} =F,(Z,t) on which du} is the area element obtained from dy;. For any R >0, let Bg(0)
be a ball in R* with radius R in the Euclidean metric and center 0. Then

YA NBR(0)={|Fi(x,t)| <R}.

It is clear that for A ™1 R <r the surface ¥} is defined on Bg(0) because

expy, (A~{IFA(x,H)| <R} ) C By1g(Xo) € B, (Xa),

where B, (Xj) is a metric ball in M with 0 <r <ip;/2. Moreover, for any fixed R>0 and
any A~1R <r, we pull back the metric on B, 1z(Xo) C M via expy, so that we get a metric

% on the Euclidean ball B, 1z(0). Then
h g (x) =hg (A "x)

is a metric on Br(0) and with respect to which Z? evolves along MCF, which will be
derived as follows.
If ¢" is the metric on X7, it is clear that

sh=A%g;, (g")T=A"%g.
It is easy to check that

oF,  40F -1 2_ y=2|A 2
ot ot’ N o 1A A

It follows that the scaled surface also evolves by a mean curvature flow

OF,
=, =Hu. (2.11)

For each fixed R>0, 1, g converges uniformly in Bg(0) to the Euclidean metric as A —

oo, and the Christoffel symbols (TA) of 11y r converges uniformly in Bg(0) to 0 as A — co.
Let A and HY be the second fundamental form and the mean curvature vector of 7 in
the Euclidean metric on Bg(0) respectively. Let I'} and I''* be the Christoffel symbols of
¥} for the metric /) r and the Euclidean metric on Bg(0) respectively. Let {v}\ :a=1,2}
and {v)}:a=1,2} be bases of the normal space of &} with respect to the metric /1) g and
the Euclidean metric on Bg(0) respectively. It is clear that F) is an isometric immersion
in (Br(0),h, g) with respect to the induced metric, hence by the Gauss equation we have

4

—A

(A= Y (m)ivh=—3F+ Y (5B — Y (T)4,0iF0iFex  (212)
a=1,2 k=1,2 a,B,y=1
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where ¢, are the local coordinate frames in B,(0) extended to Bg(0) with
<e""eﬁ>h/\/1¢ (x)= <€a/€ﬁ>hl)§ (A_lx)

for all x€ Bg(0) and A 1R <r; and similarly, considering F) as an isometric immersion in
Bg(0) with Euclidean metric, we have

(AY);;= le(ho);?;(u?A)a = —aijﬁkle(r?A)fjakFA. (2.13)
a=1, =1,

Note that the induced metric on X} from h, r is given by (9F,,0F));, .z SO it holds

|aF)\‘%/\’R :2’

which in turn implies that for A sufficiently large and R fixed |0F f | and |e,| are uniformly
bounded in Bg(0) with the Euclidean metric.

Using the Euclidean metric on Bg(0), we decompose the tangent bundle of Bg(0)
along T} into the tangential component T} and the normal component T+X. Let

AL T TR} - TR

be the normal component of A,. Notice that Ai —A(A’ lies in TLZtA and d,F, is in TZ{\, it
follows from (2.12) and (2.13) that

sup |Ay —Aj|<Csup ‘fﬂ —0
Br(0) Br(0)

as A—oo for any R>0. From the uniform convergence of the metrics /1, r to the Euclidean
metric,
|A/J\_‘ < ‘A/\| §2|A)\’hA,R

for any fixed R > 0 and sufficiently large A. Hence, there exist positive constants &, r
which tend to 0 as A — oo such that

|AS| = |Ax[+01,r <2|Adl,  +O0r (2.14)

for all A and any fixed R > 0; and similarly there exist constants &) , >0 with , . —0as
A — o0 such that
|Hg | < 2|H/\ |h/\,R +(5ﬁ\,R (2.15)

for all sufficiently large A and any given R >0. We may therefore assume that the metric
in Bg(0) is Euclidean. In fact, this assumption (more precisely, the estimation (2.14) and
(2.15)) is not needed in this section, it is only needed when we use Allard’s compactness
theorem (for the Euclidean ambient space) in next section.

The weighted monotonicity formula leads to the following integral estimates.
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Proposition 2.2. Let M be a Kithler-Einstein surface. If the initial compact surface is symplectic,
then for any R >0 and any —oo <s1 <s <0, we have

S p—
[ [ VigPdudt—0 as A—e (2.16)
s1 JE}NBR(0)

S
/2/ |Vcosay |2dutdt —0 as A— oo, (2.17)
S1 Z?HBR(O)

S
/2/ ], [*dptdt—0 as A—oco, (2.18)
s1 JZPNBR(0)

S
/ ’ / B Pdpuldt =0 as A —co. (2.19)

~ANBR(0)

Proof. For any R >0, we choose a cut-off function ¢r € C{°(B2r(0)) with ¢g =1 in Br(0),
where B,(0) is the metric ball centered at 0 with radius p in R*. For any fixed t <0, the
mean curvature flow (1.2) has a smooth solution near T+ A2t < T for sufficiently large
A, because T >0 is the first blow-up time of the flow. It is clear that

1 |F xT+A 2t) — Xo|? p
—(T+A2t)) v

where ¢ is the function defined in the definition of ®. Note that T+A~2t—T for any fixed
t as A —o0. By (2.10),

0
g (eCl\/to—f\Y) S Czeclx/fo—t’

and it then follows that lim¢_; e“ V'Y exists. This implies, by taking tp =T and t =
T+ A~2s, that for any fixed s; and s, with —co <51 <35, <0,

\/Tzsz/ 1 exp _ﬂ dyft
ZA v/\ _52 4(0—52) 52
2
_ \/Tzsl/ R N
¢ % UA O s1 0—s P 4(0—s1) dug, —0 as A—oo. (2.20)
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Integrating
2
eC1V —AT 252/ _ ‘P/\| A
) v;\ 0 2 P 4(0—sp) s,
2
c1n/ —A™ 251/ o |F)\| A
e Z?‘ UA 1eXp 4(0—51) d'usl
>/ Cl\/f/\ 2t (F ) H,+ (Fk)J_ ? A
= . 2)"0 (P P\LA, k 2(t0—t) t
= 1 —
o V—A"2t 24 A
eI [ et Vg Py
So — 2
 [Ce VI [ Vo0 Poro(Er ]
51 I} Uy
—cz/\’z(sz—sl)ecl)‘fl\/:l.
Putting (2.20) and (2.21) together, we have
52 — 2
/\h_r){}o/sl /Z?‘PRP(Fkrt)‘szf duy =0,
and o
lim/ / |V0A]2¢Rp(FA,t)dy;\:0,
A—oo)sy Jx}
which yield (2.16) and (2.17) respectively, and
2
N (Fa)* A
)}5120\/51 /Z?“PRP(PA,t)'HA_FZ(tO_t) t_o'

Finally, (2.2) and (2.16) imply (2.18), and (2.18) and (2.22) imply (2.19).
Lemma 2.1. For any R>0 and any t <0, for sufficiently large A,

ui (2N Br(0)) <CR?,
where Bg(0) is a metric ball in R* and C >0 is independent of A.

49

(2.21)

(2.22)

(2.23)

Proof. We shall use C below for uniform positive constants which are independent of R

and A. Straightforward computation shows

(P NBR(0) =2 [ dp

ZT+/\*2th)\*1R (Xo)

—R2(A71R) 2 / dpy
X

T+/\*2tﬂB/\*]R(XO)

) 1 _[x=xgf?
<CR /Z Ry,

NB, -15(Xo) 47T (A~1R)?
— CR2®(Xo, T+ (A'R)*+A 72, T+A72).

T+A—2¢
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By the monotonicity inequality (2.6), we have

1t (24 NBg(0)) <CR? (cp <X0,T+ (AlR)2+A2t,§> +c>

SCRTZ (1 (zg) +€).

Since

we can now conclude (2.23)
ui (£ NBr(0)) <CR?, O

Fixed tp<0. By (2.23), for any R >0, we see that the total measure of (ng NBr(0), ;4?0 ) is
bounded from above by C R?, the compactness theorem of the measures ([22], 4.4) implies
that there is a subsequence A;(R) — oo of A such that,

(zh ™ nBr(0) ™) = (TN Br(0),p5)

in the sense of measure. Using a diagonal subsequence argument, we conclude that, there

is a subsequence Ay — oo such that (Zf:)", yf:)k) — (X2, p50) in the sense of measures.
We now show that, for any t <0, the subsequence A; which we have chosen above

satisfies (Zf"‘, y?k) — (X§,p5;) in the sense of measure. And consequently the limiting
surface (2§, p;’) is independent of to.

Lemma 2.2. For any t <0, the sequence Ay — co we chosen above satisfies that (Zf"‘,y?" ) —
(X°,u>) in the sense of measure, where (X°,u*) is independent of t. The multiplicity of £ is
finite.

Proof. Recall that the following standard formula for mean curvature flows

d
dt/zﬂdﬂ?:—/z? (¢|HA[>+V¢-Hy)dp} (2.24)

is valid for any test function ¢ € C°(M) (cf. (1) in [3,20, Section 6] in the varifold setting).
Then for any given t < 0 integrating (2.24) yields

fo
2"k(’bdy?k_ sk (])d‘u%k:/t /ZA/C (¢|HAk|2+V¢'HAk)dV?kdt
t to t
—0 as k—oo by (2.18). (2.25)

So, for any fixed ¢ <0, (Z?k , yf‘k ) — (Zf2,p50) in the sense of measures as k— co. We denote
(Zf, yfg’) by (X%,u%), which is independent of .

The inequality (2.23) yields a uniform upper bound on R_2yf‘k (Zf"‘ NBg(0)), which
yields finiteness of the multiplicity of ¥%. O
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Definition 2.1. Let (X, T) be a singular point of the mean curvature flow of a closed sym-
plectic surface ¥ in a compact K&hler-Einstein surface M. We call (£%,du*) obtained in
Lemma 2.2 a tangent cone of the mean curvature flow % at (Xo,T).

3 Flatness of the tangent cones

In this section, we prove that the tangent cones are flat. And for simplicity in notation,
we write Z;\" as Xk,

A k-varifold is a Radon measure on G¥(M), where G¥(M) is the Grassmann bundle
of all k-planes tangent to M. Allard’s compactness theorem for rectifiable varifolds (6.4
in [1], also see 1.9 in [20] and [22, Theorem 42.7]) can be stated as follows.

Theorem 3.1 (Allard’s compactness theorem). Let (V;,u;) be a sequence of rectifiable k-
varifolds in M with

sup(u;(U)+|6V;|(U)) <oo foreach UCC M.

i>1

Then there is a rectifiable varifold (V,u) of locally bounded first variation and a subsequence,
which we also denote by (V;,u;), such that

(i) Convergence of measures: y; — u as Radon measures on M,

(ii) Convergence of tangent planes: V;— V as Radon measures on G¥(M),

(iii) Convergence of first variations: 0V; — 6V as T M-valued Radon measures,

(iv) Lower semi-continuity of total first variations: |6V | <liminf; .« |6V;| as Radon mea-
sures.

We first show that the tangent cone is rectifiable and stationary.

Proposition 3.1. Let M be a compact Kiihler-Einstein surface. If the initial compact surface is
symplectic, then the tangent cone X* is rectifiable and stationary.

Proof. We set

Ar={t€(—00,0)|lim inf H >+ |V 24|V deo},
A { (7o) e Z’fﬁBR(O)(| i Veosn | ]ZH) s
and
A= Ag.
R>0

Denote the measures of Ag and A by |Ag| and | A| respectively. It is clear from (2.16)-
(2.18) that |Ar| =0 for any R>0. So |A|=0.

Choose t ¢ A. Let Vtk be the varifold defined by Z't‘. It is explained in the previous
section, that VF is well defined in Bg(0) C R* for any R >0 when k sufficiently large. To
apply the Allard’s compactness theorem, we should use the Euclidean metric in B r(0).
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However, it does not make difference between using the Euclidean metric and using the
Riemannian metric i) g by (2.14) and (2.15). For simplicity in notation, we still use the
Riemannian metric /1, g in Br(0) in this section. By the definition of varifolds, we have

VE@)= [ (e TRyt
t
for any ¢ € CJ(G*(R*),R), where G*(R*) is the Grassmannian bundle of all 2-planes tan-
gent to £° in R*. For each smooth surface X¥, the first variation 6V} of V¥ ([1], (39.4)
in [22] and (1.7) in [20]) is that, for any smooth vector field X with support in Bg(0),

SVE(X)=— / X-Hydylh,
FNBR(0)
SO
1
SVE(X)| < CR|IX | / H, 2duk) 3.1
BV COI < CRIX sy (- o [FePl) (3.1)
We therefore have that, for any R >0,
1§ (Br(0))+]0V{| (Br(0)) <C(R). (32)

By Allard’s compactness theorem, there exists a subsequence which we also denote by
(VF,uF) such that (VF,uk) — (V°,u$°) satisfying the four facts in Theorem 3.1 in Bg(0).
By a diagonal subsequence argument, there exists a subsequence which we also denote
by (VF,uk) such that (VF, k) — (V®, 1) satisfying the four facts in Theorem 3.1 in R%.

Because t ¢ A, by (3.1), we see that (5Vtk — 0 at t as k — oo and X% is rectifiable by
applying Theorem 3.1. Furthermore by (iii) in Theorem 3.1, we have that

— U™ |[Heo =0V™ = lim 6V} =0.
k—o0
Therefore ~* is stationary. O

Now we can prove the Theorem 1.1. For the reader’s convenience, we restate the
theorem here.

Theorem 3.2. Let M be a compact Kihler-Einstein surface. If the initial compact surface is
symplectic and T >0 is the first blow-up time of the mean curvature flow, then the tangent cone
X% of the mean curvature flow at (Xo,T) is a finite union of planes.

Proof. Without loss of any generality, we may assume 0 € £* where 0 is the origin of R*.
In fact, if not, 2* would move to infinity, then we would have

O(F,Xo, T, T—A*r*) =®(F,0,0,0—7%) =0 ask—o.
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But White’s regularity theorem ([25]) then implies that (Xp,T) is a regular point. This is
impossible.

There is a sequence of points X; € 2 satisfying X — 0 as k — 0. By Proposition 2.2,
for any s1 and s, with —oo <s; <sp <0 and any R >0, we have

52 2
/ / ’F,f‘ dufdt—0 as k—co.
S1 ZlfﬂBR(O)

Thus, by (2.23)

I /SZ/ |(F—x )i‘zd Kdp
m —
k—ooJs; JZkNBR(0) ook Kt

. 52 L%k 2y 2
Sth/ / ‘Fk ‘ duydt+C(s2—s1)R” lim | X¢|“=0.
s1 JEkNBR(0) k—rco

k—c0

Let us denote the tangent spaces of I at the point F;(x,t) and of £ at the point F*®(x,t)
by TZF and TZ* respectively. It is clear that

|(Fe—Xi)* | =dist (X, TZ),

and
|(Feo)t | =dist (0,TZ%).

By Allard’s compactness theorem, i.e., Theorem 3.1 (ii), we have

L faumar= [ [ jdist (0,75%) P
s JE®NBR(0) * ¥ B s1 J/X®NBg(0) ' :

[ , N
zhm/ / ‘dlst (Xk,TZt)‘ duydt
$1 ZIEQBR(O)

k—o0

[ 1?50k
:11m/ /k |(Fe— 0| dpibae=o.
s1 JEBR(0)

k—ro00

By [19, Theorem 1], we know that X* is smooth outside a discrete set of points S. So
outside S, we have
(Foo,0q) =0.

Note that the above inner product is taken in R?*, and differentiating in R* then yields
0=(0iFs,Va) + (F0,0i0s) = (Fo0,0,0V4).
Because 0, Fx is tangential to 2%, by Weingarten’s equation we observe
(heo)ij{Foosej) =0 for all @, i=1,2.

So for «=1,2, we have

det((7e0)) =0.
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Since H=0, for « =1,2 we also have
tr((hoo)i;) =0.
It then follows immediately that the symmetric matrix ((he)%) is in fact the zero matrix,

ij
for all i,j,a =1,2, which obviously yields |Ac|=0. ]

4 Uniqueness of the Kdhler angle of the tangent flow

In the last section, we proved that the tangent cone of the symplectic mean curvature
flow at the first singular time consists of a finite union of holomorphic planes in C2. A
priori, the Kihler angles on different planes may be different. We would like to examine
when the finite planes have the same constant Kadhler angle so that the tangent flow is a
single holomorphic flat cone. Some ideas in [21] for Lagrangian MCF can be applied to
the symplectic MCF with Type I* singularity. Now we can prove the Theorem 1.3. For
the reader’s convenience, we restate the theorem here.

Theorem 4.1. Let M be a compact Kihler-Einstein surface. If the initial compact surface is sym-
plectic and T > 0 is the first blow-up time of the mean curvature flow such that the flow develops
a Type I* singularity at (Xo,T), then the tangent cone X arising from connected components of
the rescaling of the mean curvature flow at (Xo,T) is a cone consisiting of finite planes which is
holomorphic with respect some complex structure on C2.

Proof. By Theorem 3.2, it suffices to show that there exists a rescaled flow (2! )., each of
which is connected, such that the Kdhler angles on each plane of the limit are the same.
Suppose the flow develops Type I* singularity at T. We define a sequence A; — oo as
follows: (i) If
limsupmax|V cosa|? < oo,

t—T Z

then we choose A; to be any sequence converging to infinity. (ii) if

limsupmax|V cosa|? = oo,
t—=T Xt
then we choose
Ai:=|Vcosa|(x;,t;) :rtr1<%xmax|Vcosoc| — 00.

=k Zi

for some (x;,t;). It is clear that t; — T in this second case. We consider the recaled flow
defined by '
SL=AiSr, a2 —ATT<s<O0.

By Theorem 3.2, after passing to a subsequence, Zé converges weakly to a finite union of
flat planes so that each of which is holomorphic with respect to some orthogonal complex
struture in C2.
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On the other hand, the choice of A; implies that
|Vcosa; 5> <1
for s€ [—A?T,A?(t;—T)]. The assumption that the singularity is of Type I* implies that

A (t—T)= —(T—t‘i)n%ax|Vcosuc|2 >—A.

ti

Combining with Proposition 2.2, we may choose 2 < —A —1 such that

lim (\Fﬂz—i—\Hi\z—i—\Vcoszxilu\z) dyi =0. (4.1)

=00/ NBR(0)

and
|Vcosa; ;> <1. (4.2)

Notice that the condition that cosa >¢ for some J >0 holds on each slice of the rescaled
flow, which implies the isoperimetric inequality holds on the sequence of surfaces.

Lemma 4.1. Suppose X. is a sympletic surface in a Kihler-Einstein surface M with cosa > >0,
then there is a constant D1 depending only on & such that

1
(H*(A))? <D1H'(dA) (4.3)
where A is any open subset of X with rectifiable boundary.

Proof. The Isoperimetric Theorem ( [22]) guarantees the existence of an integral current B
with compact support such that 9B =0A and for which

(H2(B))* <CH!(9)

for some absolute constant C. If T denotes the cone over the current A—B, then 0T=A—B.
Since the Kéahler form w is closed, by the definition of Kidhler angle and the assumption,
we have

H2(A) = /Acow /w—</3w+/wa>:(ls/ng;H2( )< %(C’H (94))%.

This finishes the proof of the lemma. O

We will denote by X/ connected components of Byg (0) "X intersecting Bg(0). By the
assumption, we may assume that £’ converges weakly to an integer rectifiable stationary
varifold . To finish the proof of the theorem, it suffices to show that there is a real
number & such that, after passing to a subsequence, we have

lim f(cosucl)4>dy =mf(cosk)u(¢),

i—00
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for every f in C(R) and every smooth ¢ compactly supported in Bz (0), where u and m
denote the Radon measure of the support of X and its multiplicity, respectively.

For this purpose, we will find « € (0,75] and a sequence (g;) converging to zero such
that, for some appropriate subsequence, we have for all j € IN

lim H2({|cosa; —cosa| <ej}NBRr(0)) =H%(ZNBg(0)). (4.4)

1—00
Choose any sequence (x;) in Z'NBg(0). After passing to a subsequence, we have that

limx;=xp, and limcosa;(x;)=cosw,
i—o0 i—00

for some xo € Br(0) and cos® € [J,1]. Notice that on X/, we have by Lemma 2.1 that
H?(Z'NB,(0)) <Dgr?, Vrel0,4R), (4.5)
and by the scaling-invariance of the Kidhler angle that

infcosa; > 6> 0.
ZZ

In particular, the above isoperimetric inequality applies to each ¥/, and (4.1)-(4.2) also
hold with X! replaced by X'. Coarea formula implies that

1
lim Hl({COStXZ‘:S}ﬂBg'R(O))dS

i—00.J0
1
. N\ 2
=lim [ ]Vcosai\dylglimJW(/. ]Vcosrxi|2dyl> =0,
i—00/¥INB3r (0) i—oo %iNBsg (0)

which implies that we can choose a sequence (¢;) converging to zero such that, for all
JEN
lim H' ({cosa; =cosa+¢;}NB3r(0)) =0,
1—00
Define o
Y = {|cosw; —cosi| <ej}.

The first variation formula yields for any vector field Y supported in Byg(0)

SEImI(Y) = — /

Z"WOBZR (0)

(H,Y)du' + f N (Y,v)dH,

0¥ NByg (0)
where v denotes the exterior unit normal. Hence, whenever the sup norm of Y satisfies
Y]eo <1, we get

1

| |H|2dyi> ’ +H! ({cosa; =cost+¢;} NByg(0)) —0.

6T (Y)| < \/9DoR? ( /
hX

i%jNBog (0
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Applying Allard compactness theorem and the standard diagonalization argument, we
can find a subsequence which converges to an integer rectifiable stationary varifold =%/
for every positive integer j.

The next lemma will be used in order to proceed further.

Lemma 4.2. Forall j€IN, and R> ¢;, we have

H?(Z% NBr(xo)) R?,

>
~16D?
where Dy is the constant in the isoperimetric inequality in Lemma 4.1.

Proof. Set
¥i(s) =H?({|cosa; —cosa;(x;)| <s}NBs(x;)).

Applying Sard’s theorem to cosa; and |x—x;| and using the coarea formula, we have

—x; 1
(s :j{ |X xz’ 1 ?{ A1
hils) 9B, (x;)"{ |cosa;—cosa; (x;) | <s} | (Xx—x;) | B (x))Nd{ | cosa; —cosa; (x;)|<s} |V cosa]

for almost all s. By (4.2), we compute

P!(s) >H(9Bs(x;) N {|cosa; —cosa;(x;)| <s})
+H (Bs(x;)Na{|cosa; —cosa;(x;)| <s})
>H(9(Bs(x;) N{|cosa; —cosa;(x;)| <s})).

The isoperimetric inequality (Lemma 4.1) implies that
(i(s))? < Dy ((Bs(x;) N {|cosa; —cos;(x;)| <s})) < Dapi(s),

for almost all s <R. Solving this differential ienquality yields

2

2 fcosas—cosay ()| <sHB (1)) = ils) = 175

for all s <R. Here we used the fact that ¢;(s) >0 for s > 0. On the other hand, we have
8.
{ |cosa; —coswi(x;)| < 2]} OB; (x;) C {|cosa; —cosw| <e;} N Be;(x0)

for all i sufficiently large. Hence we have

S;ZHZ(ZZMQBS],(XO)) > 8]727-[2 ({ |cosa; —cosa;(x;)| < Zj}ﬂsz (Xz‘)) 2 TD%'
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for all i sufficiently large. Taking the limit when i goes to infinity and recalling that =%/ is
a stationary varifold we get, by the monotonicity formula, that for R>¢;

—29/2(y&j] 292 (i 1212
R™H (XY NBr(x0)) > ¢, " H (X “BSJ‘("O))ZMD%'

This proves the lemma. O

Now, we can finish the proof of (4.4). We prove it by contradiction. Assume that the
conclusion is false, then for some integer j we have

lim 72 ({|cosa; —cosa| <&;} NBg(0)) < H*(ZNBg(0)).
1—00

Repeating the same arguments, we can find yp in Bg(0) and a closed interval I disjoint
from [cos& —e;j,cosa+¢;] so that, after passing to a subsequence,

1
li 2 -1 > 2
li)r?o?-l (cosa; " (I)NBr(yo)) > 16D%R ’

Given any positive integer p, pick disjoint closed intervals
L, -1,
lying between I and [cosi —¢;,cos& —¢;]. The connectedness of
Bor(0)NXf

implies that all cosa; ' (I;)NByg(0) are nonempty for i sufficiently large. Hence, arguing
as before, we find yy, - -- yp in B,z (0) such that, after passing to a subsequence,

1
. 2 -1 2
zlg?oH (cosa; ' (I)NBr(y1)) > 16D%R ’

foralllin {1,---,p}. This implies that

P
o . 2 -1 P_R2
lim 7 (zlmBzR(O))Z}gnglH (cosa;™ (1) NBr(y1)) 2 1607

Choosing p large enough, we obtain the desired contradiction with (4.5). Thus (4.4) holds
and the proof of the theorem is completed. ]
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