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Abstract. We establish global existence of the pluriclosed flow with arbitrary initial
data on Oeljeklaus-Toma manifolds, and Gromov-Hausdorff convergence of blow-
down limits to a torus under natural conjectural bounds on the flow at infinity. In the
case of generalized Kähler-Ricci flow we prove refined a priori estimates in support of
these conjectural bounds.
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1 Introduction

In recent years the pluriclosed flow [27, 29] and generalized Kähler-Ricci flow [3, 25, 28]
have been developed as a tool for understanding the geometry of complex, especially
non-Kähler, manifolds [5–7, 10–12, 32]. A natural class of non-Kähler manifolds are the
Oeljeklaus-Toma (OT) manifolds [22], whose geometry is linked to the structure of num-
ber fields, and which are natural higher dimensional generalizations of Inoue surfaces
[18]. In [11] a complete description of the pluriclosed flow with left-invariant initial data
on OT manifolds was obtained, in particular showing that the solution exists for all time
and collapses after blowdown to a torus in the Gromov-Hausdorff sense. Moreover the
blowdown on the universal cover converges in the Cheeger-Gromov sense to a soliton.
It is natural to conjecture that these statements hold for arbitrary initial data (Conjecture
3.1). In this work we confirm some aspects of this conjecture.

The first main result is to establish the global existence of the flow:

Theorem 1.1. Fix (M2n, J) an Oeljeklaus-Toma manifold and g0 a pluriclosed metric on M. The
solution to pluriclosed flow with initial data g0 exists on [0,∞).
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The proof exploits natural class of background metrics arising from the homogeneous
structure on OT-manifolds. In the case of Inoue surfaces these are known as Tricerri
metrics [30]. In the next theorem we give some refined estimates in the special case of
generalized Kähler-Ricci flow (GKRF) [28]. Oeljeklaus-Toma manifolds admit natural
classes of generalized Kähler structures with split tangent bundle, and for such metrics
the GKRF reduces to a scalar parabolic flow of Monge-Ampère type [25].

Theorem 1.2. For generalized Kähler-Ricci flow on an Oeljeklaus-Toma manifold

1. The scalar potential ϕ satisfies

−C≤ϕ≤Ce−t(1+t).

2. Assuming there exists a Tricerri-type metric in [ω0], we have

−Ce−t(1+t)≤ϕ≤Ce−t(1+t).

3. On Inoue surfaces of type SM, the estimate of item (2) holds. In addition:

−C≤ ϕ̇≤C.

4. On Inoue surfaces of type SM, we have:

ω(t)≥Cωh(t),

where ωh(t) is the model flow with initial data the Tricerri metric h.

2 Geometry of Oeljeklaus-Toma manifolds

2.1 Definition

In this section, we recall the family of compact non-Kähler complex manifolds constructed
by Oeljeklaus-Toma [22]. First, we need some facts from algebraic number theory. Let K
be an algebraic number field, i.e., K ≃ Q[x]/( f ), where f ∈ Q[x] is a monic irreducible
polynomial of degree s+2t=[K :Q], where

s=# real roots , 2t=# complex roots,

which for arbitrary given s and t exists by ([22] Remark 1.1).
Now, consider the embedding, K ↪→Q, given by the roots of f : let a1,··· ,as ∈R be the

real roots of f , and let as+t+1 = ¯as+1,··· ,as+2t = ¯as+t ∈C be the complex roots of f . Define
the embedding:

σi : K→C, x 7→ ai.
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Thus, σ1,··· ,σs :K→R, and σs+1,··· ,σs+2t :K→C, where σs+i= ¯σs+t+i. There exist n :=s+2t
different embeddings.

Let OK ⊂ K be the ring of algebraic integers. Note OK is a finitely generated free
abelian group of rank n = s+2t, i.e., Ok ≃ Zn. (The rank of Ok as a free Z-module is
[K : Q]= s+2t). Moreover, let O∗

K ⊆OK be the multiplicative group of units of OK. By the
Dirichlet unit theorem, for s≥1 we have O∗

K
∼={±1}×Zt+s−1. We define

O∗,+
K :={a∈O∗

K | σi(a)>0, 1≤ i≤ s}.

By definition, O∗,+
K is a finite index subgroup of O∗

K. Now, let H={z∈C : Imz>0}}. We
define two kinds of actions on Hs×Ct:

T :OK →Aut(Hs×Ct)

T(a)= [(w1,··· ,ws,zs+1,··· ,zs+t) 7→ (w1+σ1(a),··· ,zs+t+σs+t(a))],

and

R :O∗,+
K →Aut(Hs×Ct)

R(u)= [(w1,··· ,ws,zs+1,··· ,zs+t) 7→ (w1 ·σ1(u),··· ,zs+t ·σs+t(u))].

Let

σ : K→Cs+t, a 7→ (σ1(a),··· ,σs+t(a)).

Note σ(OK) is a lattice of rank s+2t in Cs+t. Thus, we have rank(T(OK))= s+2t. Note
R(u)σ(OK)=σ(OK), by the property of the algebraic integer ring structure. Then:

O∗,+
K ⋉OK

acts on Hs×Ct. By [22] there exists a subgroup U≤O∗,+
K , rank(U)= s, such that U⋉OK

is cocompact and acts properly discontinuously on Hs×Ct. The compact quotient:

X(K,U)=Hs× Ct

U⋉OK

is called an Oeljeklaus-Toma manifold of type (s,t). Note:

Hs× Ct

σ(OK)
∼=(R>0)

s×(S1)2t+s

and U acts on (R>0)s preserves the fiber by the property of the algebraic integer structure.
Thus, we may regard X(K,U) as a torus Tt bundle over Ts.

When s= t=1, it is the famous Inoue surface of type SM [18]. The original SM is con-
structed in a more direct way: consider M∈SL(3,Z), M=(mik). Denote the eigenvalues:
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λ,µ,µ̄ with the relation: λ·|µ|2 = 1. In addition, we require µ ̸= µ̄ and λ> 1. The corre-
sponding unit eigenvectors: (a1,a2,a3), (b1,b2,b3) and (b̄1,b̄2,b̄3). Define the actions:

g0 : (z,w) 7→ (µz,λw)

gi : (z,w) 7→ (z+bi,w+ai)

for i=1,2,3. Note that {(
ai

bi

)}

are linearly independent and satisfy:(
λai

µbi

)
=

3

∑
k=1

mik

(
ak

bk

)
.

Then, the quotient M :=C×H/⟨g0,g1,g2,g3⟩ is a compact complex surface, which is the
desired Inoue surface SM. The relation between two constructions can be seen in this
way: choose f as the characteristic polynomial of SL(3,Z). Note that when s= t=1, then
O∗,+

K ≃Z. Choose a generator u∈O∗,+
K , by Dirichlet unit theorem, σ1(u)·|σ2(u)|2=1. Then,

any choice of the basis of OK ≃Z3⊂R×C will correspond to an element of SL(3,Z).

2.2 Pluriclosed and generalized Kähler structures on Oeljeklaus-Toma
manifolds

Consider the pluriclosed metrics on OT manifolds. Note that not all OT manifolds admit
pluriclosed metrics. In fact:

Theorem 2.1 ([2,23]). Let X(K,U) be an OT manifold of type (s,t). It admits pluriclosed metrics
if and only if s= t and, for any u∈U,

σj(u)|σs+j(u)|2=1, for any i∈{1,··· ,s}.

Note that for Inoue surfaces SM, this is automatically true. From now on, we restrict
ourselves to the case where s= t, i.e. the universal cover of the OT manifolds is Hs×Cs.
Some pluriclosed metrics can be constructed explicitly on OT manifolds of type (s,s):

ωh =
s

∑
i=1

√
−1

dwi∧dw̄i

(Imwi)2 +
√
−1Imwidzi∧dz̄i. (2.1)

It is easy to verify ∂∂̄ωh = 0, hence it is pluriclosed. Moreover, this metric is invariant
under the group action U⋉OK, and therefore descends to the quotient. When s= 1, the
metric ωh is the pluriclosed metric discovered by Tricerri [30] on the Inoue Surface.



64 Streets J, et al. / J. Math. Study, 59 (2026), pp. 60-79

More generally, for any given sequence a={a1,··· ,as}, and b={b1,··· ,bs}, where each
ai, bi ∈R+. We can define the following metric:

ωa,b
h =

s

∑
i=1

√
−1ai

dwi∧dw̄i

(Imwi)2 +
√
−1bi Imwidzi∧dz̄i. (2.2)

Note, the family of metrics ωa,b
h are pluriclosed as well. Thus, we have a family of pluri-

closed metrics on X(K,U). We shall write ωh for short if ai, bi = 1. We record some
curvature facts of these model metrics, the proof of which is a standard computation.

Proposition 2.1. The metric ωa,b
h satisfies:

1. The only nonvanishing components of the Chern curvature are

ΩCh
wiw̄iwiw̄i

=− ai

2(Imwi)4 , ΩCh
wiw̄izi z̄i

=
bi

4(Imwi)
.

2. The Bismut Ricci form satisfies

ρB(ωh)=− 3
4(Imwi)2 dwi∧dw̄i.

2.3 Generalized Kähler structures on Oeljeklaus-Toma manifolds

A generalized Kähler structure (GK structure) [14, 15] on a manifold M is a triple (g, I, J),
where g is a Riemannian metric compatible with two integrable complex structures I and
J, furthermore satisfying

dc
IωI =−dc

JωJ , ddc
IωI =−ddc

JωJ =0.

Hitchin [17] shows that a GK structure has an associated Poisson tensor

σ= 1
2 g−1[I, J].

We are interested here in the simplest case of GK manifolds, namely when σ vanishes.
This is equivalent to

[I, J]=0,

and then we refer to the GK structure as commuting type. See [4] for further background
on such structures. We define

Π := I J∈End(TM)

where Π2= Id. Then, we can decompose TM with respect to the eigenvalue ±1:

TM=T+M⊕T−M.
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Now, we introduce the GK-structure of commuting type on OT manifolds. On the uni-
versal cover, Hs×Cs. Consider the invariant complex structures on Hs and Ct, JHs and
JCs . Let:

I=

(
JHs

JCs

)
, J=

(
JHs

− JCs

)
.

These are invariant complex structures on Hs×Cs, hence pass to the quotient. Moreover,
[I, J]=0. Defining

Π= I J=−IdH⊕IdC, EC=TCs, EH=THs.

With the associated splitting as above, we see:

TM=EH⊕EC, T−M=EH, T+M=EC.

In our case, since we have a specific split of tangent bundle, we will use the precise
component notation (C or H) instead of the standard notation (+/−). Throughout this
paper, we use coordinates (w,z) := (w1,··· ,ws,z1,··· ,zs) on Hs×Cs, with respect to the
complex structure I. Note that we obtain differential operators

d= dC+dH, dC= πC◦d=∂z+∂z̄, dH= πH◦d=∂w+∂w̄,

where πC and πH are the projections of E∗
C and E∗

H, respectively.

Proposition 2.2. The triple (ha,b, I, J) where ha,b is the metric determined by (2.2), is generalized
Kähler of commuting type.

Proof. We will give the proof for the standard metric h in (2.1), with the general case being
analogous. First, note the pluriclosed metric h is compatible with both complex structures
I and J, and EC and EH are h-orthogonal. Second, we let ωI=h(·, I·), and ωJ=h(·, J·). Let
(w,z) be the complex coordinate with respect to I. Then:

ωI =ωh =
s

∑
i=1

√
−1

dwi∧dw̄i

(Imwi)2 +
√
−1Imwidzi∧dz̄i,

ωJ =
s

∑
i=1

√
−1

dwi∧dw̄i

(Imwi)2 −
√
−1Imwidzi∧dz̄i,

and

dc
IωI =

√
−1(∂w̄+∂z̄−∂w−∂z)ωI =−(∂w̄−∂w)(Imwidzi∧dz̄i),

dc
JωJ =

√
−1(∂w̄+∂z−∂w−∂z̄)ωJ =(∂w̄−∂w)(Imwidzi∧dz̄i).

Thus, dc
IωI =−dc

JωJ . By direct computation, ddc
IωI =−ddc

JωJ =0. Hence, (h, I, J) is a GK
structure.

We observe that the metric satisfies the leafwise Kähler conditions dC

(
ωI |EC

)
=0 and

dH

(
ωI |EH

)
=0, in line with the general theory of commuting-type GK structures devel-

oped by Apostolov-Gualtieri [4].
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3 Pluriclosed flow on Oeljeklaus-Toma manifolds

3.1 Pluriclosed flow and its normalized flow

The pluriclosed flow is the evolution equation [27]:

∂

∂t
ω̂(t)=−ρ1,1

B (ω̂(t)), (3.1)

where ρB is the Bismut-Ricci form. Motivated by the Type III behavior of the Ricci flow,
we let the time parameter s = et−1 and consider the following blow-down family of
metrics:

ω(t)=
ω̂(s)
s+1

,

where ω(s) satisfies the pluriclosed flow (3.1). It follows that ω̃(t) satisfies

∂

∂t
ω(t)=−ρ1,1

B (ω(t))−ω(t), (3.2)

which we call the normalized pluriclosed flow.

3.2 Model solutions

The expected qualitative behavior of the normalized pluriclosed flow on OT manifolds is
captured by solutions with initial data the model metrics ωa,b

h . Straightforward compu-
tations show that the normalized pluriclosed flow with this initial data is

ωa,b
h (t)=

s

∑
i=1

√
−1
(
(1−e−t) 3

4 +e−tai
) 1
(Imwi)2 dwi∧dw̄i+

√
−1e−tbi Imwidzi∧dz̄i. (3.3)

Later, we shall denote the time-dependent normalized model metric starting with ωa,b
h

as ωa,b
h (t). We shall write ωh(t) for short if ai, bi = 1, for all 1≤ i ≤ s. Observe that for

these model solutions the Chern torsion T is uniformly bounded in time, i.e., |T(t)|≤C.
Moreover, it follows that

ωa,b
h (t)→

s

∑
i=1

3
4(Imwi)2 dwi∧dw̄i,

which can be considered as a degenerate metric on X(K,U). As explained in [11], the
blowdown manifolds converge in Gromov-Hausdorff sense to a torus Ts with a canonical
flat metric d(K,U) depending only on the algebraic field K and the rank s subgroup U.
We recall the result here, noting that OT manifolds are compact solvmanifolds and the
model metrics are left-invariant:
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Theorem 3.1 ([11]). Let ω0 be a left-invariant pluriclosed metric on an OT manifold M, then the
normalized pluriclosed flow starting with ω0 converges to (Ts,d(K,U)) in the Gromov-Hausdorff
sense as t→∞.

It is reasonable to conjecture that this behavior holds in the general case:

Conjecture 3.1. Let M=X(K,U) be an OT manifold of type (s,s), then for any pluriclosed met-
ric ω0, the normalized pluriclosed flow (3.2) with initial metric ω0 exists on [0,∞), and converges
to (Ts,d(K,U)) in the Gromov-Hausdorff sense.

We shall prove the first part of the conjecture in Section 3.3. For the second half of the
conjecture, we have the following sufficiency condition.

Proposition 3.1. Let ω(t) be the normalized pluriclosed flow solution on the OT manifold
X(K,U). Suppose that, for all t≥0, there exists a constant C>0 such that

C−1≤ trω(t)ωh(t)≤C, lim
t→∞

trω(t)ωh(t)=1 for all x∈X(K,U).

Then, we have

(X(K,U),ω(t))→ (Ts,d(K,U)),

to the flat metric d(K,U) in the Gromov-Hausdorff sense.

Proof. We give a brief sketch as the result is already essentially contained in e.g., [11, 33].
Note that for OT manifolds, there is a canonical fibration map:

F : X(K,U)→Ts

where the fiber is diffeomorphic to T3s. In particular, EC will be in the kernel of dF. Since
the quotient of {z}×Cs is dense in the T3s fiber ([31, Section 2]), the degenerate metric
∑s

i=1
3

4(Imwi)2 dwi∧dw̄i will induce a metric on the base Ts. Let d(K,U) be the metric on Ts

induced from ∑s
i=1

3
4(Imwi)2 dwi∧dw̄i, which is flat.

Now we choose G : Ts →X(K,U) to be any map so that F◦G= Id, and show that for
T large, F and G are ϵ(T)-Gromov-Hausdorff approximations. By our assumption, the
limit of ω(t) exists and is equal to ∑s

i=1
3

4(Imwi)2 dwi∧dw̄i. Since the quotient of {z}×Cs is

dense in the T3s fiber, the distance between two points in F−1(x) will converge to 0 and
the distance of any two representatives of two fibers will approximate to the distance
d(K,U), from which the Gromov-Hausdorff convergence follows.

Thus, to prove the second half of the conjecture, it is enough to prove that trω(t)ωh(t)
is uniformly bounded from above and below and converges to 1. In geometric flow
theory, to obtain the long-time behavior, a Type III curvature estimate of the Rieman-
nian curvature is usually needed. Then the collapsing behavior can be shown using the
monotonicity formula and the Cheeger-Fukaya-Gromov collapsing theory (e.g., [20, 21]).
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In our case, using the complex structure, trω(t)ωh(t) will satisfy a strictly parabolic equa-
tion (Section 3.3), and thus it is possible to estimate it directly. The Type III estimate for
(3.1) starting with an arbitrary initial pluriclosed metric on the OT manifolds remains an
interesting open question, even in the Inoue surface case (s=1). See a recent study of the
long-time behavior of the a related curvature flow following this route in [16].

3.3 Long-time existence of pluriclosed flow

Proof of Theorem 1.1. Let

M=X(K,U)=Hs× Cs

U⋉OK

be an OT manifold of type (s,s). Since the universal cover M̃ ∼= Hs×Cs is a product
manifold, and the action U⋉OK acts on M̃ diagonally, the tangent bundle TM=EH⊕EC,
splits as a direct sum of two subbundles assocaited with two projection maps, prH :TM→
EH and prC : TM→EC. Now, given any Riemannian metric g on M, denote gH= g◦prH,
the induced metric on EH. Similarly, gC = g◦prC. Note that the model metric (2.1) splits
with respect to the splitting of TM, i.e., h = hH⊕hC. Thus, the trace trh g = trhC⊕hH

g =
trhC

gC+trhH
gH. We can decompose trg h in a similar way. We let Υ(g,h)=∇g−∇h, the

difference of the Chern connection; Ωg is the Chern curvature of metric g and ∆ is the
Chern Laplacian. Denote {w,z} as the standard coordinate on Hs×Cs. All other letters
in the formulas represent general coordinates. Denote:

Qi j̄ = gl̄kgn̄mTikn̄Tj̄lm.

Lemma 3.1. Let ∆=
√
−1trω(t)∂∂̄ to be the Chern Laplacian. Given the setup above,(

∂

∂t
−∆

)
trgH

hH=−grs̄guq̄hwiw̄j Υ
wi
ruΥ

w̄j
s̄q̄ +grs̄gwiw̄j Ωh

rs̄wiw̄j
−gwi q̄gpw̄j hwiw̄j Qpq̄, (3.4)(

∂

∂t
−∆

)
trhH

gH=−grs̄hwiw̄j Υp
rwi Υ

q̄
s̄w̄j

gpq̄+hwiw̄j Qwiw̄j −grs̄gwiw̄j h
wi q̄hpw̄j Ωh

rs̄pq̄, (3.5)(
∂

∂t
−∆

)
trgC

hC=−grs̄guq̄hzi z̄j Υ
zi
ruΥ

z̄j
s̄q̄+grs̄gzi z̄j Ωh

rs̄zi z̄j
−gzi q̄gpz̄j hzi z̄j Qpq̄, (3.6)(

∂

∂t
−∆

)
trhC

gC=−grs̄hzi z̄j Υp
rzi Υ

q̄
s̄z̄j

gpq̄+hzi z̄j Qzi z̄j −grs̄gzi z̄j h
zi q̄hpz̄j Ωh

rs̄pq̄. (3.7)

Proof of Lemma 3.1. The proof is almost identical to [25, Lemma 4.3], except that the met-
ric g does not necessarily split with respect to EH. Here we sketch the computation of
trgH

hH. Note, ρ1,1
B =S−Q, where S= trω Ωω. Thus, using the local formula of the Chern

curvature:

∂

∂t
trgH

hH= gwi q̄gpw̄j hwiw̄j(−gpq̄,rs̄+guv̄gpv̄,rguq̄,s̄)grs̄−gwi q̄gpw̄j hwiw̄j Qpq̄.
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Also, the Chern Laplacian acts on trgH
hH by a standard formula:

∆trgH
hH=grs̄(gwi v̄guq̄gpw̄j guv̄,rgpq̄,s̄hwiw̄j +gwi q̄gpv̄guw̄j guv̄,rgpq̄,s̄hwiw̄j −gwi q̄gpw̄j gpq̄,rs̄hwiw̄j

−gwi q̄gpw̄j gpq̄,s̄hwiw̄j,r−gwi q̄gpw̄j gpq̄,rhwiw̄j,s̄+gwiw̄j hwiw̄j,rs̄
)
.

Combining these two formulas, with the cancellation of the first order terms and the
completing of squares, the result follows. The other results are analogous.

To show Theorem 1.1, we need to show that, for any time interval [0,T], with T > 0,
the metrics g(t) is C(T)-equivalent to h, i.e.,

C(T)−1h≤ g(t)≤C(T)h

for any t∈ [0,T]. In other words, we need to show time dependent estimates of trg h and
trh g. To achieve this, we need to use the Chern curvature of the model metric, more pre-
cisely, the fact that the Chern curvature on EH is negative. In particular, using Proposition
2.1 and (3.4) we have (

∂

∂t
−∆

)
trgH

hH≤−1
2
(trgH

hH)2.

By the maximum principle: trgH
hH ≤ 1

C0+
1
2 t

, where C0 only depends on the initial metric

g(0). Now, for the full trace, using Lemma 3.1 and the above estimate we have(
∂

∂t
−∆

)
trg h≤

s

∑
i=1

gzi z̄i gwiw̄i Ωh
wiw̄izi z̄i

≤ 1
4
(trgC

hC)(trgH
hH)

≤ 1
4C0+2t

trg h.

By the maximum principle again,

trg h≤C′
0(4C0+2t)

1
2 ,

where C′
0 again only depends on g(0). Thus, we have a time-dependent lower bound:

g(t)≥C1(T)h.

Now, for every fixed T > 0, we can apply [24, Theorem 1.8], we have a time dependent
upper bound, C2(T). Hence:

C1(T)h≤ g(t)≤C2(T)h.

Using the higher regularity of uniformly parabolic solutions of pluriclosed flow [12, 19,
24], the long-time existence follows.
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4 Generalized Kähler-Ricci flow on Oeljeklaus-Toma manifolds

In this section we consider the more restricted setting of GKRF on OT manifolds. As
explained in Section 2, OT manifolds come equipped with generalized Kähler metrics of
commuting type, and the pluriclosed flow starting with such a metric will preserve this
structure [28], leading to new estimates.

4.1 Cohomology constraint and scalar reduction

The key point established in [25] is that after accounting for a certain cohomological con-
straint, the flow (3.2) can be reduced to a scalar twisted Monge-Ampère type equation.
We recall some aspects of this cohomology group ([24] Definition 7.3 and 7.4, [13]).

Definition 4.1 ([24]). Let (M2n,g, I, J) be a generalized Kähler manifold of commuting type. Let

H(M)=

{
ω∈Λ1,1

I,R|
√
−1∂∂̄ω=0

}
{
√
−1(∂+∂̄+−∂−∂̄−)u|u∈C∞(M)}

.

Note ω∈ [ω0], if and only if there exists a smooth function f ∈C∞(M) such that

ω=ω0+
√
−1(∂+∂̄+−∂−∂̄−) f . (4.1)

Firstly, the dimension of the cohomology group H(M) (Definition 4.1) on the Inoue
surface SM is known.

Theorem 4.1 ([8]). For a complex surface with split tangent bundle, M, then

H(SM)=
{
[ωa,b

h ] | a,b∈R
}

.

In particular, dimH(SM)=2.

For more general OT manifolds we prove a conjecturally sharp lower bound on the
dimension of this space by exhibiting a space spanned by the model metrics.

Proposition 4.1. For positive constants, ai, bi, and a′i, b′i , such that there exists i with either
ai ̸= a′i or bi ̸=b′i , then [

ωa,b
h

]
̸=
[
ωa′,b′

h

]
.

Proof. It suffices to show that for constants ai and bi such that ai, bi ∈R, if there exists
u∈C∞(X(K,U)) such that on the universal cover Hs×Cs,

(∂z∂z̄−∂w∂w̄)u=
s

∑
i=1

ai
dwi∧dw̄i

(Imwi)2 +bi Imwidzi∧dz̄i,
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then ai =bi =0. Tracing the above equation with ωa,b
J yields

∆Ch
ωa,b

I
u=const

on X(K,U). Since the Chern Laplacian differs from the Riemannian Laplacian by a strictly
first-order term (the action of the Lee vector field), it follows from the maximum principle
that u≡C, hence ai =b0=0 as required.

The relevance of the above cohomology group stems from its relationship to the Bis-
mut Ricci form for commuting-type generalized Kähler metrics. In particular from [13,
Proposition 8.20], and specializing to the case of OT manifolds here, for such metrics ρ1,1

B
can be decomposed:

ρ1,1
B (ω)=ρC(ωC)−ρH(ωC)−ρC(ωH)+ρH(ωH). (4.2)

Moreover this leads to the following transgression formula for commuting-type GK
metrics:

ρ1,1
B (ω1)−ρ1,1

B (ω2)=−
√
−1(∂z∂z̄−∂w∂w̄)log

detg1
C ·detg2

H

detg1
H ·detg2

C

. (4.3)

Definition 4.2 (Model flow). To simplify notation we set P = ρ1,1
B (h), where h is the model

metric (2.1). Let ω̃(t) = e−tω̃0−(1−e−t)P, where ω̃0 is a representative in [ω(0)], and P :=
ρ1,1

B (ωh)=∑s
i=1− 3

√
−1

4 hwiw̄j dwi∧dw̄j, the Bismut curvature of the model metric (2.1).

Analogous to the Kähler Ricci flow, we can reduce the GKRF to a parabolic fully
nonlinear twisted Monge-Ampère equation.

Lemma 4.1. Suppose ω(t)= ω̃(t)+
√
−1(∂z∂z̄−∂w∂w̄)ϕ, where ϕ satisfies

∂

∂t
ϕ(t)+ϕ(t)= log

detgC

dethC

−log
detgH

dethH

+c(t), (4.4)

where c(t) is some time-dependent constant. Then, ωt solves (3.2).

Proof. Use the transgression formula (4.3), we have:

∂

∂t
ω(t)=−e−tω0−e−tP+P−P+

√
−1(∂z∂z̄−∂w∂w̄)

∂

∂t
ϕ(t)

=−ω(t)+
√
−1(∂z∂z̄−∂w∂w̄)(

∂

∂t
ϕ+ϕ)−ρ1,1

B (ωh)

=−ω(t)−ρ1,1
B (ω(t)).
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4.2 A priori estimates

Using the scalar reduction of Lemma 4.1 we prove new a priori estimates. First, by a
specific choice of c(t) we obtain a C0 estimate for the potential.

Lemma 4.2. If we choose c(t)= st+slog 3
4 −logc1, where c1≥sup detg0

C

dethC
, then:

−C0≤ϕ(t)≤C0e−t(1+Ct), for some C0,C>0.

Proof. Recall:

ω(t)= ω̃(t)+
√
−1(∂z∂z̄−∂w∂w̄)ϕ

From our choice, we have ω(0)=ω0 and ϕ(0)=0. At the maximum point, with the choice
of c(t), we have:

∂

∂t
(maxϕ(t))≤ log

det(g̃C)

c1(dete−thC)
−log

det g̃H

det 3
4 hH

−maxϕ(t)

≤ log
dete−tg0

C

c1(dete−thC)
−log

det(e−tg0
H+ 3

4 (1−e−t)hH)

det 3
4 hH

−maxϕ(t).

To estimate the first two terms, observe

et log
det 3

4 hC

det((C1e−t+ 3
4 (1−e−t))hC

≤ etslog
1

1+C1e−t ≤C2.

By the maximum principle, since we choose c1 ≥ sup detg0
C

dethC
, then ϕ(x,t)≤ f (t), where f

satisfies:

∂

∂t
(et f (t))=C2.

Thus, we have ϕ(t)≤C0e−t(1+Ct), for some C0, C> 0. At a minimum point, note that
detgC0 /c1dethC≥ c0, for some c0>0, we have:

∂

∂t
(et minϕ(t))≥ ets(log

C3

1+C1e−t )≥−C4et.

Thus, the lower bound is obtained similarly.

Remark 4.1. We note that for the Chern Ricci flow on Inoue surfaces [9] it is possible to
get decaying upper and lower bounds directly via the maximum principle. It is unclear
how to directly achieve this for the twisted parabolic Monge-Ampère equation here, a
manifestation of the mixed convex/concave structure.
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If we assume that the initial metric is in [ωa,b
h ] (ref: (2.2)), we have a refined C0 esti-

mate.

Corollary 4.1. If there exist ai,bi such that ω0 ∈ [ωa,b
h ], then we can choose c(t)= st+slog 3

4 so
that:

−C0e−t(1+Ct)≤ϕ(t)≤C0e−t(1+Ct), for some C0,C>0.

Proof. We can choose the initial representative ω0 =ωa,b
h . In this case, ϕ(0) is a function

satisfies ω(0)=ω0+
√
−1(∂z∂z̄−∂w∂w̄)ϕ(0). Also, note that ρ1,1(ωa,b

h )=P. Thus, we can
choose the representative cohomological background metric h to be ha,b as well. The rest
of the proof is the same as Lemma 4.2. Note that in this case, we do not need to choose the
normalization constant c1 since the initial background metric is exactly the model metric
ωa,b

h .

Remark 4.2. The choice of c(t) can be seen in a more geometric way. If we denote h(t)
to be the normalized model flow of the model flow in Section 3.2, then we see that P=
ρ1,1(ωh(t)), which is a constant. With the choice of c(t)=st+slog 3

4 . Thus, we can express:

∂

∂t
ϕ(t)+ϕ(t)= log

detgC(t)
dethC(t)

−log
detgH(t)
dethH(t)

,

which is measured with respect to the moving model metric h(t). And the choice of logc1
is a normalizing constant to match the initial condition. Since the Gromov-Hausdorff
limit, at least from all the existing results, is independent of the initial metric. Then the
potential with respect to the moving model metric should converge to 0 uniformly. Thus,
the choice of c(t) is not surprising, and if ω0 is in the cohomology class of ωh, then we
will achieve better decaying C0 estimate.

Also, we need the estimate for ϕ̇, the time derivative of the potential. To derive the
equation, several lemmas are needed.

Lemma 4.3. For the metrics gH and gC on bundles EH and EC respectively, we have the following
evolution equation:

(∂t−∆)log
detgH

dethH

=
1
2
|T|2+ 1

2
trgH

hH−s, (4.5)

(∂t−∆)log
detgC

dethC

=
1
2
|T|2− 1

4
trgH

hH−s. (4.6)

Proof. By the computation of Proposition 2.1, for metrics on (EH and EC), we have:

ρ(hH)=
s

∑
i=1

1
4

1
(Imwi)2 dwi∧dw̄i

ρ(hC)=
s

∑
i=1

−1
2

1
(Imwi)2 dwi∧dw̄i



74 Streets J, et al. / J. Math. Study, 59 (2026), pp. 60-79

Thus, by computing the trace, we have trg ρH= 1
4 trgH

hH and trg ρC=− 1
2 trgH

hH. By using
[25, Lemma 4.1], it is done.

A direct corollary of the above evolution equations is the a priori lower bound for the
trace of the metric on EH:

Corollary 4.2. There exists a constant C, depends on the initial metric, g0, such that, on EH:

trhH
gH≥C.

Proof. On EH, by the AM-GM inequality:

trgH
hH

s
≥
(dethH

detgH

) 1
s
.

Thus, for (4.5), we have:

(∂t−∆)log
detgH

dethH

≥ 1
2

(dethH

detgH

) 1
s
s−s.

By the ODE comparison, we have:

trhH
gH≥ s

(detgH

dethH

) 1
s ≥
(1

2
+C0e−t

)s
≥C.

Now, we look at equation of ϕ̇:

Lemma 4.4. For the time derivative of the potential, ϕ̇, we have:( ∂

∂t
−∆

)
(ϕ̇+ϕ)=−3

4
trgH

hH+s.

Proof. Using (4.4) and Lemma 4.3, we have:( ∂

∂t
−∆

)
(ϕ̇+ϕ)=−1

4
trgH

hH− 1
2

trgH
hH+

∂

∂t
c(t)=−3

4
trgH

hH+s.

Now, we derive the upper bound estimate for ϕ̇:

Lemma 4.5. There exists a constant C>0, such that:

ϕ̇≤C.

Proof. Note that, from (4.1), the Chern Laplacian on potential ϕ can be purely expressed
as the geometric quantity:

∆ϕ= trgC
∂z∂z̄ϕ+trgH

∂w∂w̄ϕ= trgC
(gC− g̃C)+trgH

(g̃H−gH)

=−e−t trgC
g0

C+e−t trgH
g0

H+(1−e−t)
3
4

trgH
hH.
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Consider the quantity

ϕ̇−(C1−1)ϕ= ϕ̇+ϕ−C1ϕ,

for some constant C1>1, which will be chosen later. Then:( ∂

∂t
−∆

)
(ϕ̇−(C1−1)ϕ)

=− 3
4

trgH
hH+s−C1ϕ−C1e−t trgC

g0
C+C1e−t trgH

g0
H+C1(1−e−t)

3
4

trgH
hH

=s−C1ϕ̇−C1e−t trgC
g0

C+C1e−t trgH
g0

H+(C1(1−e−t)−1)
3
4

trgH
hH.

If for A>0, a very large constant, such that ϕ̇−(C1−1)ϕ>A. Then, by Lemma 4.2,

ϕ̇≥ (C1−1)C0+A=A′

for some large constant A′> 0. By the lower bound of the metric on EH (Corollary 4.2),
we have: ( ∂

∂t
−∆

)
(ϕ̇−(C1−1)ϕ)≤ s+C1C0−C1ϕ̇,

for some constant C0=C0(s,g(0))>0. Thus, for A large, by the maximum principle:

ϕ̇−(C1−1)ϕ≤A.

By Lemma 4.2 again, done.

4.3 Results on the Inoue surface

When s=1, then the OT manifolds X(K,U) become the well-known Inoue surfaces of type
SM. On these surfaces, several estimates can be strengthened. First note that by Theorem
4.1, for any GK initial metric ω0, there will be constants a and b such that ω0∈[ωa,b

h ]. Thus,
we always have the improved C0 estimate for ϕ from Corollary 4.1.

Corollary 4.3. Let ω0 be any GK metrics on the Inoue surface SM. Then, if we choose c(t) =
t+log( 3

4 ), then:

−C0e−t(1+Ct)≤ϕ(t)≤C0e−t(1+Ct), for some C0,C>0.

Secondly, when s=1, then EC and EH are holomorphic line bundles. Thus, the AM-
GM inequality becomes equality in this case, and we can have the following lower bound
of ϕ̇.

Lemma 4.6. On Inoue surface SM, for the potential ϕ, there exists a constant C>0, such that:

ϕ̇≥−C.
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Proof. Note s=1. Choose a large constant Λ>0, consider the quantity ϕ̇+ϕ+ 1
Λ ϕ. Then( ∂

∂t
−∆

)(
ϕ̇+ϕ+

1
Λ

ϕ
)

=1+
1
Λ

ϕ̇+
1
Λ

e−t trgC
g0

C−
1
Λ

e−t trgH
g0

H−
( 1

Λ
(1−e−t)+1

)3
4

trgH
hH.

Now, for A>0, a very large constant, such that ϕ̇+ϕ+ 1
Λ ϕ<−A. By (4.4), notice that in

this case s=1, we know:

ϕ̇+ϕ= log
detgC

c1(dete−thC)
−log

detgH

det 3
4 hH

=−log(c1e−t trgC
hC)+log

(3
4

trgH
hH

)
.

By Corollary 4.3, in particular |ϕ|≤C0. Then, there is a large constant A′=A−C0>0 such
that ϕ̇≤−A′, and

trgH
hH≤ 4

3
e

C0
Λ −Ae−tc1 trgC

hC≤ 4
3

e
C0
Λ −Ac0e−t trgC

g0
C,

for some constant c0, only depends on the initial metric. By choosing Λ large, such that

1− C0
Λ > 2

3 , fixed, when A is large enough, c0e
C0
Λ −A ≤ 1

Λ . Thus, choose an A = Λ
2 large

enough, such that ϕ̇(t)≥− 1
2 A, for t∈ [0,T], where T is large enough. Then for the first

time ϕ̇+ϕ+ 1
Λ ϕ=−A, we have:( ∂

∂t
−∆

)(
ϕ̇+ϕ+

1
Λ

ϕ
)
≥
( 1

Λ
−C1e−t

Λ
−c0e

C0
Λ −A

)
e−t trgC

hC+1+
1
Λ

ϕ̇>0.

By the maximum principle, the result follows.

Combine with the potential derivative upper bound (Lemma 4.5), we have the fol-
lowing metric lower bound.

Theorem 4.2. On an Inoue surface SM, for generalized Kähler metric ω0, there is a constant C,
such that the normalized pluriclosed flow solution ω(t) with initial data ω0 will satisfy

ω(t)≥Cωh(t),

where ωh(t) is the model flow.

Proof. By Lemmas 4.5 and 4.6, we have that:

−C≤ ϕ̇+ϕ≤C

for some constant C. Now, from the equation (4.4) and s=1, we have:

e−C ≤
trgH

hH

trgC
e−thC

≤ eC.

Note that, in the normalized pluriclosed flow model case, (3.3), the EC part will shrink at
the rate of e−t, while the EH part will be equivalent to hH. Thus, by Corollary 4.2, applied
here in the case that EH is a line bundle, we have the desired lower bound for EC.
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Proof of Theorem 1.2. Combine Lemmas 4.2, 4.5 and 4.6, Corollaries 4.1 and 4.3, and The-
orem 4.2, the results follow.

5 Closing remarks

As pluriclosed flow is in particular a solution to generalized Ricci flow [29], there are
scalar curvature monotonicity formulas as explained in [26]. The key extra input is a
solution of the dilaton flow

∂

∂t
ψ=∆ψ+ 1

6 |H|2 .

To state the monotonicity, we recall the notation of weighted Ricci and scalar curvatures:

RicH,ψ =Ric−1
4

H2+Hessψ− 1
2
(d∗gH+i∇ψH)

RH,ψ =R− 1
12

|H|2+2∆ψ−|∇ψ|2,

Along the normalized generalized Ricci flow we then obtain

Corollary 5.1 ([26] Prop 1.1). If (gt,Ht) is a solution of normalized generalized Ricci flow and
ψ is a solution of the dilaton flow, we have(

∂

∂t
−∆

)
RH,ψ =2|RicH,ψ |2+RH,ψ,

and the estimate:

RH,ψ ≥ inf
M×{0}

RH,ψet.

For a solution to pluriclosed flow there is a natural class of solutions to the dilaton
flow, namely the induced metrics on flat line bundles ([24] Lemma 6.1). On Inoue surfaces
for instance there is a natural such bundle detEH⊗(detEC)

⊗2. In particular by direct
computations it can be shown that

ψ=
1
9

(
log

detgH

dethH

+2log
detgC

dete−thC

)
is a solution of the dilaton flow after appropriate normalization and gauge-fixing. In
particular, nonnegativity of RH,ψ is preserved. Noting that in context now all the data
defining RH,ψ is canonically determined by a pluriclosed metric alone, it will be interest-
ing to ask whether X(K,U) admits a metric such that RH,ψ≥0, which becomes an elliptic
problem.

Conjecture 5.1. On an OT manifold X(K,U) there exists no pluriclosed metric with RH,ψ ≥0.

This question bears a resemblence to a result of Albanese [1] showing that the Inoue
surface SM does not have any positive scalar curvature metric.
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