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Abstract. We establish global existence of the pluriclosed flow with arbitrary initial
data on Oeljeklaus-Toma manifolds, and Gromov-Hausdorff convergence of blow-
down limits to a torus under natural conjectural bounds on the flow at infinity. In the
case of generalized Kahler-Ricci flow we prove refined a priori estimates in support of
these conjectural bounds.
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1 Introduction

In recent years the pluriclosed flow [27,29] and generalized Kdhler-Ricci flow [3, 25, 28]
have been developed as a tool for understanding the geometry of complex, especially
non-Kéahler, manifolds [5-7,10-12,32]. A natural class of non-Kdhler manifolds are the
Oeljeklaus-Toma (OT) manifolds [22], whose geometry is linked to the structure of num-
ber fields, and which are natural higher dimensional generalizations of Inoue surfaces
[18]. In [11] a complete description of the pluriclosed flow with left-invariant initial data
on OT manifolds was obtained, in particular showing that the solution exists for all time
and collapses after blowdown to a torus in the Gromov-Hausdorff sense. Moreover the
blowdown on the universal cover converges in the Cheeger-Gromov sense to a soliton.
It is natural to conjecture that these statements hold for arbitrary initial data (Conjecture
3.1). In this work we confirm some aspects of this conjecture.
The first main result is to establish the global existence of the flow:

Theorem 1.1. Fix (M?",]) an Oeljeklaus-Toma manifold and go a pluriclosed metric on M. The
solution to pluriclosed flow with initial data gy exists on [0,00).

*Corresponding author. Email addresses: jstreets@uci.edu (Streets J), xiaokaw@uci.edu (Wang X)



Streets ], et al. / J. Math. Study, 59 (2026), pp. 60-79 61

The proof exploits natural class of background metrics arising from the homogeneous
structure on OT-manifolds. In the case of Inoue surfaces these are known as Tricerri
metrics [30]. In the next theorem we give some refined estimates in the special case of
generalized Ké&hler-Ricci flow (GKRF) [28]. Oeljeklaus-Toma manifolds admit natural
classes of generalized Kéhler structures with split tangent bundle, and for such metrics
the GKRF reduces to a scalar parabolic flow of Monge-Ampere type [25].

Theorem 1.2. For generalized Kiihler-Ricci flow on an Oeljeklaus-Toma manifold

1. The scalar potential ¢ satisfies

—C<¢p<Ce '(1+t).

2. Assuming there exists a Tricerri-type metric in [wy), we have

—Ce '(1+t) <¢p<Ce *(1+t).

3. On Inoue surfaces of type Sy, the estimate of item (2) holds. In addition:

—C<$<C.

4. On Inoue surfaces of type Syy, we have:
w(t)>Cawy(t),

where wy,(t) is the model flow with initial data the Tricerri metric h.

2 Geometry of Oeljeklaus-Toma manifolds

2.1 Definition

In this section, we recall the family of compact non-Kahler complex manifolds constructed
by Oeljeklaus-Toma [22]. First, we need some facts from algebraic number theory. Let K
be an algebraic number field, i.e., K~ Q[x]/(f), where f € Q[x] is a monic irreducible
polynomial of degree s+2t=[K:Q], where

s=#real roots, 2t=4# complex roots,

which for arbitrary given s and t exists by ([22] Remark 1.1).

Now, consider the embedding, K— Q, given by the roots of f: let aj,---,a; €R be the
real roots of f, and let a5 +11=4a531, - ,as42t = as++ € C be the complex roots of f. Define
the embedding:

0;:K—C, x~>a;.
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Thus, 0y,--+,0:K—R, and 0541, -+ ,0542: : K—C, where 0, j =0, 1;. There exist n:=s+2¢
different embeddings.

Let Ok C K be the ring of algebraic integers. Note O is a finitely generated free
abelian group of rank n =542t i.e,, Oy ~Z". (The rank of Oy as a free Z-module is
[K:Q]=s5+2t). Moreover, let O C Ok be the multiplicative group of units of Ok. By the
Dirichlet unit theorem, for s >1 we have O} = {+1} x Z'™5~1. We define

Oyt :={acOf | oi(a) >0,1<i<s}.

By definition, Oy is a finite index subgroup of O%. Now, let H={z€C:Imz>0}}. We
define two kinds of actions on H® x C':

T:Ox — Aut(H* x C")
T(a)=[(w1, ++,Ws,zs41, ++Zs1t) > (W1+01(a),+ Zs 1 +0s14(a))],
and
R:Og" — Aut(H* xC')
R(H) = [(wlr' ©yWsyZs41, /Zs—i-t) — (wl '0'1(1/[),' . ‘,Zs+t‘Us+t(M)>].
Let
c:K—=C*, a—(oqy(a), --,0514(a)).

Note 0(QOk) is a lattice of rank s+2¢ in C°*!. Thus, we have rank(T(Ok)) =s+2t. Note
R(u)o(Ok) =0(Ok), by the property of the algebraic integer ring structure. Then:

OI*<’+ x O K
acts on H® x C!. By [22] there exists a subgroup U < Oy, rank(U) =s, such that U x Ok
is cocompact and acts properly discontinuously on H* x C'. The compact quotient:

t

X(K,U)=H°X ———
( ) XUIXOK

is called an Oeljeklaus-Toma manifold of type (s,t). Note:

H® x ~ (R 5 % Sl 2t+s
O'(OK) ( >0) ( )

and U acts on (R¢)® preserves the fiber by the property of the algebraic integer structure.
Thus, we may regard X(K,U) as a torus T! bundle over T¢.

When s =t =1, it is the famous Inoue surface of type Sps [18]. The original Sy is con-
structed in a more direct way: consider M €SL(3,Z), M = (m;;). Denote the eigenvalues:
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A, i with the relation: A-|u|?>=1. In addition, we require u # ji and A > 1. The corre-
sponding unit eigenvectors: (a1,a2,a3), (b1,b2,b3) and (by,by,b3). Define the actions:

Q0: (z,w) — (uz,Aw)
Qi (z,w)— (z+b;,w+a;)

for i=1,2,3. Note that

are linearly independent and satisfy:

)wl,‘ 3 ay
= Zmik .
whi) i3 by

Then, the quotient M:=C xH/(g0,91,82,83) is a compact complex surface, which is the
desired Inoue surface Sp;. The relation between two constructions can be seen in this
way: choose f as the characteristic polynomial of SL(3,Z). Note that when s=t=1, then
Oy ~Z. Choose a generator u€ Oy, by Dirichlet unit theorem, o ()| (1) |*=1. Then,
any choice of the basis of Ox ~Z3 C R x C will correspond to an element of SL(3,Z).

2.2 Pluriclosed and generalized Kihler structures on Oeljeklaus-Toma
manifolds

Consider the pluriclosed metrics on OT manifolds. Note that not all OT manifolds admit
pluriclosed metrics. In fact:

Theorem 2.1 ([2,23]). Let X(K,U) be an OT manifold of type (s,t). It admits pluriclosed metrics
if and only if s=t and, for any u€ U,

Uj(u)\c75+j(u)|2:1, foranyic{1,---,s}.

Note that for Inoue surfaces Sy, this is automatically true. From now on, we restrict
ourselves to the case where s =t, i.e. the universal cover of the OT manifolds is IH® x C°.
Some pluriclosed metrics can be constructed explicitly on OT manifolds of type (s,s):

5 dw; \dw;

wh:Zv —1M+\/ —1Imw;dz; Ndz;. (2.1)
= (Imw;)

It is easy to verify 90wy, =0, hence it is pluriclosed. Moreover, this metric is invariant
under the group action U x Ok, and therefore descends to the quotient. When s =1, the
metric wy, is the pluriclosed metric discovered by Tricerri [30] on the Inoue Surface.
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More generally, for any given sequence a={ay,---,as}, and b={by,---,bs}, where each
a;, b; € R". We can define the following metric:

S -NdiD:
i=1 (Imaw;)

Note, the family of metrics wZ’b are pluriclosed as well. Thus, we have a family of pluri-
closed metrics on X(K,U). We shall write wy, for short if a;, b; =1. We record some
curvature facts of these model metrics, the proof of which is a standard computation.

Proposition 2.1. The metric wz’b satisfies:

1. The only nonvanishing components of the Chern curvature are

Ch . m b

WiW;W;W; 2(Imwi)4 ’ WiW;z;Z; 4(Imwi) )
2. The Bismut Ricci form satisfies

3 _

2.3 Generalized Kihler structures on Oeljeklaus-Toma manifolds

A generalized Kihler structure (GK structure) [14,15] on a manifold M is a triple (g,1,]),
where g is a Riemannian metric compatible with two integrable complex structures I and
J, furthermore satisfying

dﬁwl = —d?w], dd?aq = —dd?w] =0.
Hitchin [17] shows that a GK structure has an associated Poisson tensor
o=38"'[L]].

We are interested here in the simplest case of GK manifolds, namely when ¢ vanishes.
This is equivalent to

[L]]=0,

and then we refer to the GK structure as commuting type. See [4] for further background
on such structures. We define

IT1:=1]€End(TM)
where IT2 =1Id. Then, we can decompose TM with respect to the eigenvalue £1:

TM=T,M&T_M.



Streets ], et al. / J. Math. Study, 59 (2026), pp. 60-79 65

Now, we introduce the GK-structure of commuting type on OT manifolds. On the uni-
versal cover, H® x C°. Consider the invariant complex structures on H® and C', Jis and

]Cs. Let:
I— Jis ’ j= Jis '
Jcs —Jcs

These are invariant complex structures on H® X C®, hence pass to the quotient. Moreover,
[I,]]=0. Defining

II=1]=-1dg®ldc, EC:TCS, Ex=TH?®.
With the associated splitting as above, we see:
TM=En®Ec, T-M=En, T M=Ec.

In our case, since we have a specific split of tangent bundle, we will use the precise
component notation (C or H) instead of the standard notation (4/—). Throughout this
paper, we use coordinates (w,z) := (wy,---,ws,21, -+ ,2s) on H® x C®, with respect to the
complex structure I. Note that we obtain differential operators

d= dc+d][{, dC: ﬂCOd:aZ—f-az, d]H: ﬂHOd:aw—f—aw,
where 71¢c and 7ty are the projections of E¢ and Ejy, respectively.

Proposition 2.2. The triple (h*?,1,]) where h*" is the metric determined by (2.2), is generalized
Kihler of commuting type.

Proof. We will give the proof for the standard metric & in (2.1), with the general case being
analogous. First, note the pluriclosed metric / is compatible with both complex structures
I and ], and E¢ and Ey are h-orthogonal. Second, we let wy=h(-,I-), and w;=h(-,]-). Let
(w,z) be the complex coordinate with respect to I. Then:

> dw; N\dw;
wr=wy= Z\/ —1u+\/ —1Imw;dz; Ndz;,

(Imw; )
a)]—Z\/ dwl/\dw, —V —1Imw;dz; \dzZ;,
(Imw;)?

and
Cwi=+—1(3g+0: — 0y — 0, )wj = — (3 — 0 ) (Imw;dz; AdZ;),
jwy= V—1(0p+09; — 9 —0z)w) = (95 — ) (Imw;dz; AdZ;).
Thus, djw; = —dﬁa)]. By direct computation, dd{w;= —ddjw] =0. Hence, (h,1,]) is a GK

structure. O

We observe that the metric satisfies the leafwise Kéhler conditions d¢ (w;]| Ec) =0and

du (wi| E]H) =0, in line with the general theory of commuting-type GK structures devel-
oped by Apostolov-Gualtieri [4].
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3 Pluriclosed flow on Oeljeklaus-Toma manifolds

3.1 Pluriclosed flow and its normalized flow

The pluriclosed flow is the evolution equation [27]:

2 o(ty=—p}' (@), 6.)

where pp is the Bismut-Ricci form. Motivated by the Type III behavior of the Ricci flow,
we let the time parameter s = ¢'—1 and consider the following blow-down family of
metrics:

_w(s)
- s+17

w(t)

where w(s) satisfies the pluriclosed flow (3.1). It follows that w(t) satisfies

& wo(t)=—p}' (1) (1), 62)

which we call the normalized pluriclosed flow.

3.2 Model solutions

The expected qualitative behavior of the normalized pluriclosed flow on OT manifolds is

captured by solutions with initial data the model metrics aJZ’b. Straightforward compu-
tations show that the normalized pluriclosed flow with this initial data is

S
_ _ 1 B B )
;m((l—e D) g iR+ =T bimudziAdzi. - (33)

b
wy,” (1)

Later, we shall denote the time-dependent normalized model metric starting with aJZ’b

as wZ’b(t). We shall write wy,(t) for short if a;, b; =1, for all 1 <i<s. Observe that for
these model solutions the Chern torsion T is uniformly bounded in time, i.e., | T(t)| <C.
Moreover, it follows that

> 3

ab ) -
wy” (t) — 274(Imwi)2dwl Ndw;,

which can be considered as a degenerate metric on X(K,U). As explained in [11], the
blowdown manifolds converge in Gromov-Hausdorff sense to a torus T® with a canonical
flat metric d(K,U) depending only on the algebraic field K and the rank s subgroup U.
We recall the result here, noting that OT manifolds are compact solvmanifolds and the
model metrics are left-invariant:
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Theorem 3.1 ([11]). Let wy be a left-invariant pluriclosed metric on an OT manifold M, then the
normalized pluriclosed flow starting with wy converges to (T*,d(K,U)) in the Gromov-Hausdorff
sense as t — 0o,

It is reasonable to conjecture that this behavior holds in the general case:

Conjecture 3.1. Let M=X(K,U) be an OT manifold of type (s,s), then for any pluriclosed met-
ric wy, the normalized pluriclosed flow (3.2) with initial metric wy exists on [0,00), and converges
to (T*,d(K,U)) in the Gromov-Hausdorff sense.

We shall prove the first part of the conjecture in Section 3.3. For the second half of the
conjecture, we have the following sufficiency condition.

Proposition 3.1. Let w(t) be the normalized pluriclosed flow solution on the OT manifold
X(K,U). Suppose that, for all t >0, there exists a constant C >0 such that

C_lgtrw(t)wh(t)gC, lim tr,, ) wy,(t)=1 forall xeX(K,U).

t—o0

Then, we have
(X(KU),w(t))—(T%,d(KU)),
to the flat metric d(K,U) in the Gromov-Hausdorff sense.

Proof. We give a brief sketch as the result is already essentially contained in e.g., [11,33].
Note that for OT manifolds, there is a canonical fibration map:

F:X(K,U)—T®

where the fiber is diffeomorphic to T*. In particular, Ec will be in the kernel of dF. Since
the quotient of {z} x C* is dense in the T* fiber ([31, Section 2]), the degenerate metric
Yia mdwi Adw; will induce a metric on the base T*. Let d(K,U) be the metric on T*

induced from Y}, mdwi Adw;, which is flat.

Now we choose G:T* — X(K,U) to be any map so that FoG =1d, and show that for
T large, F and G are €(T)-Gromov-Hausdorff approximations. By our assumption, the
limit of w(t) exists and is equal to };_, mdwi/\dﬁ)i- Since the quotient of {z} xC* is
dense in the T fiber, the distance between two points in F~!(x) will converge to 0 and
the distance of any two representatives of two fibers will approximate to the distance

d(K,U), from which the Gromov-Hausdorff convergence follows. O

Thus, to prove the second half of the conjecture, it is enough to prove that tr, ) wy ()
is uniformly bounded from above and below and converges to 1. In geometric flow
theory, to obtain the long-time behavior, a Type III curvature estimate of the Rieman-
nian curvature is usually needed. Then the collapsing behavior can be shown using the
monotonicity formula and the Cheeger-Fukaya-Gromov collapsing theory (e.g., [20,21]).
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In our case, using the complex structure, tr, ) wy,(t) will satisfy a strictly parabolic equa-
tion (Section 3.3), and thus it is possible to estimate it directly. The Type III estimate for
(3.1) starting with an arbitrary initial pluriclosed metric on the OT manifolds remains an
interesting open question, even in the Inoue surface case (s=1). See a recent study of the
long-time behavior of the a related curvature flow following this route in [16].

3.3 Long-time existence of pluriclosed flow
Proof of Theorem 1.1. Let

CS

M=X(K,U)=H°
( u) XUD(OK

be an OT manifold of type (s,s). Since the universal cover M = H’xC® is a product
manifold, and the action U x Ok acts on M diagonally, the tangent bundle TM = Ey; & Ec,
splits as a direct sum of two subbundles assocaited with two projection maps, pry;:TM—
Ey and pre: TM — Ec. Now, given any Riemannian metric ¢ on M, denote g = gopryy,
the induced metric on Ey. Similarly, gc = gopre. Note that the model metric (2.1) splits
with respect to the splitting of TM, i.e., h =hyDhc. Thus, the trace tr,g = try gn, § =
try,. §c +try,, §H. We can decompose trgh in a similar way. We let Y(g,h1) = Vo — V), the
difference of the Chern connection; ()¢ is the Chern curvature of metric ¢ and A is the
Chern Laplacian. Denote {w,z} as the standard coordinate on IH’ x C®. All other letters
in the formulas represent general coordinates. Denote:

Ql] g lknT]lm

Lemma 3.1. Let A=+/—1tr,, 88 to be the Chern Laplacian. Given the setup above,
9 .
<at _ A) trgH /- grsguqhw w]leY W _|_grsgw /D erisw @, gw‘quw]hw,‘ijM/ (3.4)

9 ~ -
( - A) Jfrh]H EH= grshWIw]wazYZw gpq—"hwiwj Qwiwj _grsguh o, TP Qilqu/ (3-5)

ot

Jd o
(at B A> trgC hC = _gr guqhz Z]YZI Y El +grsgz Zj Qf’lsz iZj gZiquzthiZjQPq’ (36)
(E)t_A> tre g = =8 WYL, Yz @pgt 5 Quzy — 87z TP Ol (3.7)

Proof of Lemma 3.1. The proof is almost identical to [25, Lemma 4.3], except that the met-
ric ¢ does not necessarily split with respect to Ey. Here we sketch the computation of
tre, . Note, pé’l =S5—-Q, where S =tr, (). Thus, using the local formula of the Chern
curvature:

g trg]H h]H = gwlquw] hwiw]- ( _gpq,r§ +guvgpﬁ,rguq,§)gys - gwlquw] hwiw]- qu-
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Also, the Chern Laplacian acts on trg,, iy by a standard formula:
AtrgH hi :grsT (gwiﬁgqupwjguﬁ,rgpq,s‘hw,-wj _|_gwiq'gpﬁguwjguﬁ/rgpqlghzviwj _ gWiquwjgpq,réhwisz
- gWiquszgpq,s'hwiwj,r - gwiquwjgpq,rhwiwj,s‘ +gzinj hlU,'?I)j,TST) .

Combining these two formulas, with the cancellation of the first order terms and the
completing of squares, the result follows. The other results are analogous. O

To show Theorem 1.1, we need to show that, for any time interval [0,T], with T >0,
the metrics g(t) is C(T)-equivalent to , i.e.,

C(T) 'h<g(t)<C(T)h

for any t € [0,T]. In other words, we need to show time dependent estimates of trgh and
tryg. To achieve this, we need to use the Chern curvature of the model metric, more pre-
cisely, the fact that the Chern curvature on Ey; is negative. In particular, using Proposition
2.1 and (3.4) we have

0 1
(at —A> tl‘g]H h]I—I S —E(trgIH h][—I)z

By the maximum principle: tre, iy < el where Cy only depends on the initial metric

2(0). Now, for the full trace, using Lemma 3.1 and the above estimate we have

d S s
(at B A) trgh < ZgZZZIgwIWI Qz}iwizizi
i=1

< 7 (trgehe)(trgy )

By the maximum principle again,
trgh < Ch(4Co+21t)2,
where Cj again only depends on g(0). Thus, we have a time-dependent lower bound:
8(t)=Ci(T)h.

Now, for every fixed T >0, we can apply [24, Theorem 1.8], we have a time dependent
upper bound, C(T). Hence:

Ci(T)h<g(t) <Cy(T)h.

Using the higher regularity of uniformly parabolic solutions of pluriclosed flow [12,19,
24], the long-time existence follows. O
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4 Generalized Kihler-Ricci flow on Oeljeklaus-Toma manifolds

In this section we consider the more restricted setting of GKRF on OT manifolds. As
explained in Section 2, OT manifolds come equipped with generalized Kahler metrics of
commuting type, and the pluriclosed flow starting with such a metric will preserve this
structure [28], leading to new estimates.

4.1 Cohomology constraint and scalar reduction

The key point established in [25] is that after accounting for a certain cohomological con-
straint, the flow (3.2) can be reduced to a scalar twisted Monge-Ampere type equation.
We recall some aspects of this cohomology group ([24] Definition 7.3 and 7.4, [13]).

Definition 4.1 ([24]). Let (M?",g,1,]) be a generalized Kiihler manifold of commuting type. Let
_ {we ApglvV—T100w=0}
{V=1(8404 -0 0 )ulueC=(M)}

Note w € [wy), if and only if there exists a smooth function f € C®(M) such that

H(M)

w=wo+v—1(9,0; —0_9_)f. (4.1)

Firstly, the dimension of the cohomology group H (M) (Definition 4.1) on the Inoue
surface Sy is known.

Theorem 4.1 ([8]). For a complex surface with split tangent bundle, M, then
H(Sy) = { (@] |a,be ]R}.

In particular, dimH (Sy) =2.

For more general OT manifolds we prove a conjecturally sharp lower bound on the
dimension of this space by exhibiting a space spanned by the model metrics.

Proposition 4.1. For positive constants, a;, b;, and a’, bl, such that there exists i with either
a; #a; or b #b., then

[wi"] # [wf "]

Proof. 1t suffices to show that for constants a; and b; such that a;, b; € R, if there exists
ue C®(X(K,U)) such that on the universal cover H® x C?,

*. dw; Ndw;

= 1(IIIITZ')2 +b;Imw;dz; NdZ;,



Streets ], et al. / J. Math. Study, 59 (2026), pp. 60-79 71

then a; =b; =0. Tracing the above equation with w?’b yields

AC’Z,,, u =const
Wi

on X(K,U). Since the Chern Laplacian differs from the Riemannian Laplacian by a strictly
first-order term (the action of the Lee vector field), it follows from the maximum principle
that u =C, hence a; = by =0 as required. O

The relevance of the above cohomology group stems from its relationship to the Bis-
mut Ricci form for commuting-type generalized Kdhler metrics. In particular from [13,
Proposition 8.20], and specializing to the case of OT manifolds here, for such metrics p}g’l
can be decomposed:

oy (w) =pc(we) —pr(we) —pc(wn) +pu(wh). (4.2)

Moreover this leads to the following transgression formula for commuting-type GK
metrics:

detg( -detg?,

1,1 1,1
/ — 07 =—+v—1(0,05;—0y0y)1 .

(4.3)

Definition 4.2 (Model flow). To simplify notation we set P = pé’l (h), where h is the model
metric (2.1). Let @(t) =e '@wo— (1—e™")P, where @y is a representative in [w(0)], and P:=
p%’l( n) =Y 1 -3 *1hw1w]dwl Nd®j, the Bismut curvature of the model metric (2.1).

Analogous to the Kahler Ricci flow, we can reduce the GKRF to a parabolic fully
nonlinear twisted Monge-Ampere equation.

Lemma 4.1. Suppose w(t) =w(t)++/—1(9,0: — 04,0 )P, where ¢ satisfies

0 detgc 1o detgy

P +e(t)=log g g = —logq oy —+c(t), (4.4)

where c(t) is some time-dependent constant. Then, w; solves (3.2).

Proof. Use the transgression formula (4.3), we have:

9
ot

w(t) = —e_two —e 'P+P—-P+ \/jl(azaz _awaw)aat‘i)(t)

0 (8) 4V~ T(2:0: ~ i) (294 9) — P (n)
= —alt)-p} (@(1)). 0
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4.2 A priori estimates

Using the scalar reduction of Lemma 4.1 we prove new a priori estimates. First, by a
specific choice of c(t) we obtain a C” estimate for the potential.

0
Lemma 4.2. If we choose c(t) =st+slog3 —logcy, where ¢ > sup giig , then:

—Co<¢(t)<Coe '(1+Ct), for some Coy,C>0.
Proof. Recall:
w(t)=w(t)+vV—1(0,0: —0y0s)P

From our choice, we have w(0)=wy and ¢(0)=0. At the maximum point, with the choice
of c(t), we have:

) det(gc) detgm
< < - —
at(maxd)(t)) <log c1(dete~the) log det%h]H max¢(t)
dete g2 det(e_tg%—kg(l—e_t)h][{)
< — — .
<log &1 (dete-"he) log Tt %hH maxa(t)

To estimate the first two terms, observe

det%hc ¢ 1
<e'slog—— < (.
det((Cret+3(1—e))he —  S14Cret ~

e'log

0
By the maximum principle, since we choose ¢; > sup jzig, then ¢(x,t) < f(t), where f
satisfies:

a t _
g(e f(t)=Ca.

Thus, we have ¢(t) < Cpe~f(14Ct), for some Cy, C >0. At a minimum point, note that
detgco/cidethe > cp, for some ¢y >0, we have:

d Foos t Gs t
— > — ) > — .
at(e ming(t)) >e s(log1 Cle—t) Cye
Thus, the lower bound is obtained similarly. O

Remark 4.1. We note that for the Chern Ricci flow on Inoue surfaces [9] it is possible to
get decaying upper and lower bounds directly via the maximum principle. It is unclear
how to directly achieve this for the twisted parabolic Monge-Ampeére equation here, a
manifestation of the mixed convex/concave structure.



Streets ], et al. / J. Math. Study, 59 (2026), pp. 60-79 73

If we assume that the initial metric is in [wy ] (ref: (2.2)), we have a refined C° esti-
mate.

Corollary 4.1. If there exist a',b' such that wy € [wz’b], then we can choose c(t) =st+slog3 so
that:

—Coe '(1+Ct) <¢(t) <Coe '(1+Ct), for some Cy,C>0.

Proof. We can choose the initial representative wy= wfl’b. In this case, ¢(0) is a function
satisfies w(0) = wp++/—1(9.0z —d,d5)$(0). Also, note that p! (wZ’h) = P. Thus, we can
choose the representative cohomological background metric / to be h*P as well. The rest
of the proof is the same as Lemma 4.2. Note that in this case, we do not need to choose the
normalization constant ¢y since the initial background metric is exactly the model metric
wy b, O

Remark 4.2. The choice of c(t) can be seen in a more geometric way. If we denote h(t)
to be the normalized model flow of the model flow in Section 3.2, then we see that P =
o1 (wy(t)), which is a constant. With the choice of ¢(t) =st+slog3. Thus, we can express:

d detg (1) detgyy ()
P+ =log g thi(t) - Ogdethi(t)'

which is measured with respect to the moving model metric /(). And the choice of logc;
is a normalizing constant to match the initial condition. Since the Gromov-Hausdorff
limit, at least from all the existing results, is independent of the initial metric. Then the
potential with respect to the moving model metric should converge to 0 uniformly. Thus,
the choice of ¢(t) is not surprising, and if wy is in the cohomology class of wy, then we
will achieve better decaying C” estimate.

Also, we need the estimate for ¢, the time derivative of the potential. To derive the
equation, several lemmas are needed.

Lemma 4.3. For the metrics gy and gc on bundles Eyy and Ec respectively, we have the following
evolution equation:

det
(8- )log ti’]ﬂ fmzju > g — (4.5)
det
(8 —4)log 5 ti‘t 7|T]2 trglH Iy — (4.6)
Proof. By the computation of Proposition 2.1, for metrics on (Ey and Ec), we have:
5.1 1
p(hy)= Z 1 Imw))? > dW; AdW;
o1 1
p(hc):Z 5dw; \dw;
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Thus, by computing the trace, we have trg o = %trgﬁ hy and trgpc = — % trg, . By using
[25, Lemma 4.1], it is done. O

A direct corollary of the above evolution equations is the a priori lower bound for the
trace of the metric on Ey:

Corollary 4.2. There exists a constant C, depends on the initial metric, o, such that, on Ep:
tl‘h]H IH > C.

Proof. On Ep, by the AM-GM inequality:

1
tro, iy > (dethIH ) ;-
s detgn

Thus, for (4.5), we have:

det SH 1 deth]H %

i —A)l > - —s.
(9= A)log g 22 (detg]H> 578
By the ODE comparison, we have:

det H
deth]H

trh]HngZS< )gz(;—i—coet)SZC. L]

Now, we look at equation of ¢:

Lemma 4.4. For the time derivative of the potential, ¢, we have:

0 , 3
(g —A) (§+9) = trgs i +s.
Proof. Using (4.4) and Lemma 4.3, we have:

d . 1 1 d 3
(ﬁ —A) (§+9) == trapimt — 5 trgy -+ 5 c(8) = = trgy i . O

Now, we derive the upper bound estimate for ¢:
Lemma 4.5. There exists a constant C >0, such that:
$<C.

Proof. Note that, from (4.1), the Chern Laplacian on potential ¢ can be purely expressed
as the geometric quantity:

A¢ =trg. aZaZ¢+trgH awaw¢ =trg. (802 _gﬁ) +irgy (gle _g]H)

3
=—e trg ge+e trg, gl + (1 —e_t)i’crg]H hy.
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Consider the quantity

¢—(C1-1)p=¢+¢p—Ci9,
for some constant C; > 1, which will be chosen later. Then:

(3-8) (4 (Ci-1)9)

3 3
=— Etrg]H hy+s —Clqb—Cle_ttrgCg% +Cle_ttrgﬁgg{+cl (1 —e_t) ztrgh hi

=s—C1—Cre™"trg. g¢ +Cre ' trg, gy +(Ci(1—e™) —1)%“@7711{-
If for A>0, a very large constant, such that ¢ — (C;—1)¢ > A. Then, by Lemma 4.2,
gbz (Cl—l)CO—i—A:A,

for some large constant A’ > 0. By the lower bound of the metric on Ep (Corollary 4.2),
we have:

(;—Jg(¢—«5—1ﬁﬁﬁs+cﬂb—cﬁh

for some constant Cy=Cy(s,g(0)) >0. Thus, for A large, by the maximum principle:
p—(C1—1)p<A.

By Lemma 4.2 again, done. ]

4.3 Results on the Inoue surface

When s=1, then the OT manifolds X (K,U) become the well-known Inoue surfaces of type
Sm. On these surfaces, several estimates can be strengthened. First note that by Theorem

4.1, for any GK initial metric wy, there will be constants 2 and b such that wp < [wZ’b]. Thus,
we always have the improved C estimate for ¢ from Corollary 4.1.

Corollary 4.3. Let wy be any GK metrics on the Inoue surface Syy. Then, if we choose c(t) =
t+log(3), then:

—Coe '(1+Ct) <¢(t) <Coe '(1+Ct), for some Cy,C>0.

Secondly, when s =1, then E¢ and Ep are holomorphic line bundles. Thus, the AM-
GM inequality becomes equality in this case, and we can have the following lower bound

of ¢.
Lemma 4.6. On Inoue surface Sy, for the potential ¢, there exists a constant C >0, such that:

¢>—C.
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Proof. Note s=1. Choose a large constant A >0, consider the quantity ¢+¢+ %cp. Then

d . 1
(5:-2) (¢+9+ 1)
1. 1 _ 1 _ 1 _ 3
=1+ g+ e "tro g0 — G "o, gt — (X(l—e h —|—1) 7 an
Now, for A >0, a very large constant, such that ¢+¢++¢ < —A. By (4.4), notice that in
this case s=1, we know:

o detgc detgn _t 3
p+¢=Ilog &1 (dete e log detihy, = —log(cre " trg. hc)+log(4trthH).

By Corollary 4.3, in particular |¢| <Cy. Then, there is a large constant A’=A—Cy >0 such
that p <—A’, and

A

4 ¢ 4 ¢
tro, i < gefo’ e fertrg he < geTO’Acoe’ttrgcg?:,

for some constant ¢y, only depends on the initial metric. By choosing A large, such that
1— % > %, tixed, when A is large enough, COeCWO_A < % Thus, choose an A = % large
enough, such that ¢(t) > —%A, for t € [0,T], where T is large enough. Then for the first
time ¢+¢++¢p=—A, we have:

0 , 1 1 Cet A\ 1,
R — > —— — —
(m A)@H¢+A¢)_(A coe & )et%dm+l+A¢>0
By the maximum principle, the result follows. O

Combine with the potential derivative upper bound (Lemma 4.5), we have the fol-
lowing metric lower bound.

Theorem 4.2. On an Inoue surface Sy, for generalized Kihler metric wy, there is a constant C,
such that the normalized pluriclosed flow solution w(t) with initial data wy will satisfy

w(t) > Cuwy(t),
where wy,(t) is the model flow.
Proof. By Lemmas 4.5 and 4.6, we have that:
—C<¢+¢<C
for some constant C. Now, from the equation (4.4) and s =1, we have:

—c . Ygulm <€
- trgc e~the —
Note that, in the normalized pluriclosed flow model case, (3.3), the E¢ part will shrink at

the rate of e~, while the Epy part will be equivalent to higy. Thus, by Corollary 4.2, applied
here in the case that Ep is a line bundle, we have the desired lower bound for Ec. ]
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Proof of Theorem 1.2. Combine Lemmas 4.2, 4.5 and 4.6, Corollaries 4.1 and 4.3, and The-
orem 4.2, the results follow. O

5 Closing remarks

As pluriclosed flow is in particular a solution to generalized Ricci flow [29], there are
scalar curvature monotonicity formulas as explained in [26]. The key extra input is a
solution of the dilaton flow

9 2
—yp=Ap+L|H".
To state the monotonicity, we recall the notation of weighted Ricci and scalar curvatures:
1 1 .
RicH¥ :Ric—1H2+Hess¢— 5 (dgH+ivyH)
R = R— | HIE+ 200~ VY,

Along the normalized generalized Ricci flow we then obtain

Corollary 5.1 ([26] Prop 1.1). If (g+,H;) is a solution of normalized generalized Ricci flow and
Y is a solution of the dilaton flow, we have

<§t —A> REY =2|RicH¥ |2 4RIV,

and the estimate:

R"¥Y> inf RU¥¢.
Mx{0}

For a solution to pluriclosed flow there is a natural class of solutions to the dilaton
flow, namely the induced metrics on flat line bundles ([24] Lemma 6.1). On Inoue surfaces
for instance there is a natural such bundle detEy ® (detEc)®2. In particular by direct
computations it can be shown that

1 detgy detgc
v= 9 (log dethy Telog dete~fh¢ >

is a solution of the dilaton flow after appropriate normalization and gauge-fixing. In
particular, nonnegativity of RHY ig preserved. Noting that in context now all the data
defining R is canonically determined by a pluriclosed metric alone, it will be interest-
ing to ask whether X (K,U) admits a metric such that R""¥ >0, which becomes an elliptic
problem.

Conjecture 5.1. On an OT manifold X (K,U) there exists no pluriclosed metric with R"¥ >0,

This question bears a resemblence to a result of Albanese [1] showing that the Inoue
surface Sy does not have any positive scalar curvature metric.
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