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1 Introduction

The study of topological and geometrical properties of manifolds through the search of
special metrics “equipping” these manifolds and solving some special Partial Differential
Equations has a long and rich history which takes its origin maybe in the construction of
special curves (like Brachistochrone curves in the XVII century, or Euler’s elastica in the
XVIITth century) and constant Gauss curvature metrics on closed surfaces in relation with
the uniformization theorem for Riemann Surfaces in the XX century. The development
of what could be called “intrinsic geometric analysis” has been the source of spectacu-
lar results in differential topology, differential geometry and complex geometry with the
search of constant scalar curvature metric, Einstein metrics, Kdhler-Einstein metrics, so-
lutions to the Ricci flow... Another branch of geometric analysis is dealing with the study
of “special submanifolds” within a given Riemannian manifold and its interaction with
the geometry of the manifold itself. This branch of geometric analysis is maybe rooted
originally both in the calculus of variations with the variational constructions of closed
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geodesics, the resolution of the Lagrange-Plateau problem in Euclidean space as well
in the “explicit differential geometry” of special submanifolds such as plane algebraic
curves, algebraic surfaces, etc. The central objects of what can be described as “extrinsic
geometric analysis” are minimal surfaces and their generalizations (constant and pre-
scribed mean curvature surfaces). The underlying PDEs are related to the area variations
under various constraints. In the present work, we consider a branch of extrinsic vari-
ational geometric analysis that has seen substantial development in recent decades, and
concerns immersions that arise as critical points of Lagrangians depending on the first
and second fundamental form, and their covariant derivatives. The simplest and maybe
most studied model for such a Lagrangian is the Willmore functional of immersed sur-
faces into R™ with m > 3. Let X be a closed oriented two-dimensional manifold and let
® be a C? immersion of this surface into R”. Denoting by g5 the first fundamental form

of this immersion and by ﬁ&) its second fundamental form, the mean curvature of the
immersion is given by

The Willmore energy is
W(d) = / |Hg[? dvol, .
z

This energy has been initially introduced by Sophie Germain and Siméon Denis Pois-
son in an attempt to generalize to two-dimensional elastic membranes the famous Euler
Elastica modelizing the free energy of a beam [64,163]. The very first derivation of the
Euler-Lagrange equation of W was made by Poisson himself around 1814 in the case of a
graph (see page 60 of [163] and chapter 10 of [141]) in IR®. Using concepts which were not
completely clarified at the time (such as the Gauss curvature and the Laplace-Beltrami
operator), we can rewrite Poisson’s Euler-Lagrange equation for the Lagrangian W in the
following form

A¢Hg+2Hg (H3 —Kg) =0, (1.1)

where Hg =17ig - Hg is the mean curvature and 7ig the unit Gauss map to the immersion,

Ay is the negative Laplace—Beltrami operator which reads in local coordinates (x!,x?)

Bg-:=(det(g)) 29y, (g (det(g)) 0y, )

and Kg :=detg, (ﬁaﬁé) is the Gauss curvature.” Throughout this paper, we shall often
write ¢ =gz when there is no ambiguity. With these notations we have also

= 2 (ig-05®) fig = 0% (12)

The Euler-Lagrange equation in higher codimension has the same cubic structure in the second fundamen-
tal form, see [190, Theorem 2.1].
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Comparing (1.2) with (1.1), it appears that Poisson’s Euler-Lagrange equation is a de-
generate nonlinear fourth-order equation combining analytical difficulties which were
way too advanced for the early XIX™ century. Hence in a natural way, in the following
century, the attention has been exclusively devoted to special solutions solving a simpler
second order version of (1.1):

Hg =0.

This is the minimal surface equation corresponding to immersions that are critical points
of the area.

Poisson’s equation (1.1) was rediscovered by Schadow?* and also appeared in the PhD
work of Thomsen [186] a century later (in 1923) in the framework of conformal geometry.
Hence, the study of the Lagrangian W was motivated by the merging of two theories:
conformal geometry and minimal surfaces theory. On the one hand they proved that W
is invariant under the action of genericS conformal transformations on the other hand,
as it has been observed above, minimal surfaces are stable critical points of W. Probably
because of the absence of known examples that were not just composition of minimal
immersions with conformal transformations, the interest in functional W disappeared
again from the mathematical literature for a few decades until the famous paper [192] by
Willmore in 1965. In this paper Willmore proved that for any immersion @ of a closed
surface X the following lower bound holds

W(P)>4rr.
Moreover, there is equality if and only if ®(X) is a round sphere. This lower bound
could be interpreted as a Fenchel type theorem for surfaces or as a variant of the famous
Chern-Lashof inequality ([37]) stating that

/Z|K<T>] dvolg, >47t.

There is equality if and only if ®(X) is a convex surface. Willmore then conjectured that
if ¥ is not diffeomorphic to S? then the lower bound is increased and should be equal
to 272, with equality if and only if ®(X) is a compact conformal transformation of the
2-torus obtained by rotating the vertical circle included in the x —z plane of radius 1 and
centered at the point (1/2,0,0). Since this paper the Sophie Germain Functional was called
Willmore Functional.

The first analytical work on the Willmore functional W is the paper by Simon [183]
in which he shows that the infimum of W is achieved among all possible C> immersions
of the torus by a smooth immersion. Relying for a large part on the analysis of [183],

#See the comment by Wilhelm Blaschke in [21, Exercise 7, § 83].

SPrecisely, for any conformal transformation ¥ from R3U{co} into itself and for any immersion & of an
oriented closed two dimensional manifold ¥ into R3 such that ¥~1({c0})N®(Z) =@ there holds W (¥ od) =
W(D) .
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Bauer and Kuwert in [12], by proving some clever strict inequalities on connected sums
of immersions of surfaces, have been able to extend Simon’s result to any genus, that
is, for any genus g the infimum of W among all immersions of the surface of genus g is
achieved. What should be noticed regarding the analysis in [183] is that first the mini-
mization is considered in a measure-theoretical sense using the theory of varifolds, then
the regularity relies a lot on comparison arguments with local competitors which are
graphs satisfying the biharmonic equation (i.e., the linearised version of (1.1)). In this
sense, the analysis in [183] is very much restricted to minimization operations.

The third author of the present work has been considering in the early 2000 the pos-
sibility to use more classical functional analysis to perform the minimisation of W with
the perspective of considering more general variational arguments such as min-max op-
erations, or the study of the associated gradient flow. One of the first difficulties was to
obtain an Euler-Lagrange equation compatible with the functional space in which the
variations of W are studied. In order to illustrate this difficulty, it could be interesting to
look at a simpler framework and to go one dimension lower. We consider the variations
of the Euler Elastica for immersions ® of the segment [0,1] into the plane IR? given by

Eé:/ K2 dlx,
(@) o1 © ¢

where «g is the curvature of the immersion and dly is the length element of the immer-
sion. The critical points to E are known to satisfy the Euler-Lagrange equation

2itg+K3 =0. (1.3)

This can be seen as the one-dimensional counterpart of the Willmore equation (1.1). Ob-
viously, this equation does not present any difficulty by itself and can be solved almost
explicitly by multiplying by %3, integrating and solving the following first-order ODE
using elliptic integrals

However this is not the solvability of (1.3) which is addressed at this stage, but rather the
compatibility between the Euler-Lagrange equation and the Lagrangian from a purely
variational perspective. In unit speed parameterization ®(t) for s€ [0,L] and L= [dlg we

- 2% .
have Kglig= ‘%’ and thus it holds

E(é):/OL

Hence, obviously, the natural space in which one should consider the variations of E is the
Sobolev space W22([0,L],IR?). The problem is that the nonlinearity in the Euler-Lagrange

2

2—)
i ds.

ds?
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equation involves the cube of the second derivative of danda priori
>\ 3
. d*d
K%: (nédtz> ngloc([ofL])'

This does not define a distribution for an arbitrary ® in W22([0,L],IR?). As paradoxal as it
appears, the Euler-Lagrange equation (1.3) is not compatible with the Lagrangian itself!

The same paradox is present one dimension higher for the Willmore functional. Using
(1.2) we have

w@):i/zmgcwdvolg.

Naturally the function space to be considered is the space W*?(Z,IR™) and, even assum-
ing that the metric g5 defined on TZ and its inverse gél would be bounded in L®(X), the
non-linearity in the Euler-Lagrange (1.1) is containing terms such as

ZHCTD‘H<T>|2 ¢ Llloc(z‘)'

As well, this does not define a distribution a priori. Hence, the question of constructing
an ad-hoc framework to study the variations of W was open. To that aim, the third author
introduced in 2010 (paper published in 2014 [169]) the notion of W*? weak immersions:

A map P WINW22(Z,R™) is said to be a W2 weak immersion' if for a given smooth
reference metric go on the closed surface X there exists Cg > 1 such that

CylIX[3, <IX[5, =|®:X[jn <Cg|X[3,, forae,pcfandall XeT,Z.  (14)

The interest of considering W*? weak immersions is due to an “almost weak closure”
property which is going to be a consequence of the existence of an underlying smooth
conformal structure for any W2 weak immersion. Precisely we have the following result.

Theorem 1.1. Let ® be a W>2 weak immersion defined on a smooth closed orientable surface %
then there exists a constant Gauss curvature metric h on ¥ and a function « € C°NW2(Z,R)
such that

gg=e"h. (1.5)

Moreover « satisfies the Liouville equation

— Ay ="Ky — K. (1.6)

1In the original work as well as in subsequent works such as [171] the author introduced the space of
weak immersions Ey which only requires ® € W' as well as (1.4) and the fact that the Gauss map is in
W'2(Z,G,(IR™)). This later hypothesis is implied by the assumption & € WL°NW?22(%,R™) together with
(1.4). The reverse is not true as observed in [107], that is weak immersions are not necessarily W22 in a new
bi-Lipschitz chart and hence the space of W?? weak immersions we are defining here is smaller than the orig-
inal space defined in [169]. It enjoys nevertheless the desired almost weak closure property (Theorem 1.2).
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The Gauss—Bonnet theorem holds, denoting by «v(X) the genus of ¥,

/Kgédvolgézéln(l—'y(Z)). (1.7)
pa

A proof of the first part of this result was proposed in [171] but a very last ingredi-
ent which requires ® € W22(Z,R") and not only fig € W2(3Z,G,(R™)) was missing to
complete the argument and to ensure that ¢ given by [171, Equation (1.72)] in the middle
of page 323 was a bi-Lipschitz homeomorphism. The complete argument for proving
Theorem 1.1 is given in Section 4 of the present paper. Observe that the existence of bi-
Lipschitz isothermal charts does not hold if one only assumes that the Gauss map is in
W12 without assuming that the weak immersion is in W22 in the local sense, a coun-
terexample z — (z2/|z|,0) € R® is provided by the first author in [107], and when £ =52,
Plotnikov [162] construct a global counterexample by composing the map z—z2/|z| with
the stereographic projection.

A consequence of Theorem 1.1, that is, the existence of an underlying smooth con-
formal structure, is the following almost sequential weak closure property for W>? weak
immersions proved first in [169] when the underlying conformal class is precompact and
in the general case in [110]. It relies on Deligne-Mumford compactification of the moduli
space of conformal structures (see for instance [89] for the definition of nodal surfaces).

Theorem 1.2. Let ¥. be a closed surface and let ®y be a sequence of W32 weak immersion into
R™ with uniformly bounded L? norm of the second fundamental form. Then, up to a subsequence,
for any connected component of the limiting punctured nodal surface 3 there exist a Mobius
transformation By of R™, a sequence of W? bi-Lipschitz homeomorphisms iy and at most finitely
many points ay,---,ay of & such that

&= Eko@ko¢k — Z weakly in leof(i\{al,- ar}),
moreover & extends as a possibly branched W2 weak immersion into R™.

Some weeks after the proof of Theorem 1.2 was posted on arXiv, a proof of this result
appeared on arXiv as well but assuming the sequence ®j, to be conformal with respect to
some sequence of Riemann surface ([103]). It is important to insist at this stage that the
restriction to conformal weak immersions is missing the goal posed in [169] of developing
a variational theory for the Willmore energy. It does not fulfill the need of exploring the
neighborhood of a weak immersion in order to deduce an Euler-Lagrange equation for
instance and Theorem 1.1 is an essential tool in that respect.

The notion of branched W?? weak immersion into IR” is an extension of W*? weak
immersion allowing for isolated branched points {ay,---,a; } at which the gradient of the
weak immersion is degenerating. Branched W?? weak immersions have an underlying
conformal structure, that is to say, there exists a constant Gauss curvature metric / on %
such that

gg=e"h.
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However the conformal factor « is not bounded in L* anymore at each branched point
but has a relatively well understood asymptotic expansion: in a local conformal chart
x=(x!,x?) € D? for h containing exactly one of the branched point, say a;, and for which

x(a;) =0, there exists d; € N such that (see Lemma A.5 of [169])
le(x) —dilog|x|[| 1o (p2) < +oo.

The maximal number of branched points for a given closed two-dimensional manifold
¥ is bounded by the L? norm of the second fundamental form. Indeed, it satisfies the
generalized Liouville equation
L
—Ap ="Ky —Ky— Y diby,. (1.8)
i=1

Once a weak closure result is known, only part of the task of developing a variational
theory for Willmore is fulfilled. Indeed, the paradox of having an Euler-Lagrange equa-
tion not compatible with the Lagrangian and the assumption remains. This paradox has
been solved by the third author some years before Theorem 1.2 was known. He proved
in [167] that the Willmore equation can be rewritten in conservative form: In 3 dimension
for instance (1.1) is equivalent to (omitting the subscript C_IS)

dg [dﬁ—szﬁ—szci} —0. (1.9)
In local conformal coordinates this equation is equivalent to
div [vﬁ—zHVﬁ—szé} —0. (1.10)
One can observe at this stage that for a weak immersion there holds
Hel? Viiel?, and V®eL®™.
Therefore, the following quantity is a well-defined distribution
VH-2HVi—H*V®eW 2 +L.

Using Poincaré lemma together with a result by Bourgain and Brezis [24] we deduce that
a weak immersion is a critical point to W if and only if there exists L € L? such that

VL =2HVi+H*V®-VH,

where V+ = (—0d,,01). At this stage the equation, though meaningful for weak immer-
sions, was presenting the difficulty of having a non linearity (2H V#i+ H2V®) a-priori
only in L', whose Hodge decomposition (omitting to precise boundary condition) is
given by

2HVi+ H*V®=VH+V"*L
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This difficulty has been overcome by identifying further conserved quantities which have
been later on interpreted as direct consequences of Noether theorem by Bernard [14]. The
Euler-Lagrange equation in divergence form (1.10) corresponds to the invariance of the
Lagrangian by translation. The invariance by dilation following Noether theorem reads

div [E-v%} =0. (1.11)
The invariance by rotation is giving
div [EvacﬂH v%} =0. (1.12)

The next step in [167] consists in introducing the “primitives” of the two last conservation
laws: there exist S € W2 and R € W2 such that

ViS=L[.Vi® and VIiR=LxV+id+HV'D.

Finally another result in [167] is the discovery of an equation which relates S and R called
“the R—S system”
VR=iix V*R+V*Sii. (1.13)

Itis proved in [167] that the solutions to the R-§ system combined with (1.14) are smooth
by applying integrability by compensation to this first order elliptic system combined
with the structural equation

—2H=VS-V'®+VRxV+d. (1.14)

While the use of local conformal coordinates was essential in [167], Section 5 of the
present paper is presenting a proof of the regularity without using conformal coordi-
nates. The motivation is to “prepare the ground” for considering regularity questions for
solution to the Euler-Lagrange equation to higher dimensional counterpart to the Will-
more Lagrangian, which is the subject of the second part of the paper. Before coming to
this second part we prove the following approximation theorem (in Section 4.4.3), which
is one of the main new result of the present paper.

Theorem 1.3. Let (X,h) be a closed Riemann surface, where h is a Riemannian metric on ¥ of
constant Gaussian curvature 1, —1, or 0. Let ® € WZ'Z(Z,]R’”) be a conformal weak immersion
and o € WY2(X) be such that

85= e*h.

Then there exist sequences of smooth immersions (P )ren C C®(Z,R™), functions (ax)ren C
C*®(X), and constant Gaussian curvature metrics (hy)xenw on X such that (i) gék:ez“k Iy,

(il) D — @ in W22(L,R™); (iii) ax — a in CO(Z); (iv) hy —h in C*(Z, T* LR T*L).
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This approximability property shows for instance that in order to prove an analytical
property for weak immersions, it is sufficient to prove this property for C* immersions
and to show that one can pass to the limit. This allows for instance, to define the Willmore
flow for arbitrary initial data in the space of W?? weak immersions. We prove that the
density of C* immersions into weak immersions with VMO derivatives remains valid in
higher dimensions, see Theorem 4.6. This result is fundamental in the recent work [133],
where the second and third authors study the closure of the set of weak immersions
under a certain Sobolev-type bound on the second fundamental form whose motivation
arises from the following context.

In 2018, Mondino and Nguyen [149] proved that the Willmore functional is the only
(up to a topological constant) conformally invariant functional among all the functionals
defined on hypersurfaces of 3-dimensional manifolds and depending only on the first
and second fundamental form. However, this is not the case in higher dimensions and
codimensions. Easy examples can be found in dimension 4, with for instance, functionals
defined on immersed submanifolds £* C R® such as

/ 11| dvol,, / tr (1) dvoly, / det, (1T) dvol,.
8 > >

Such conformally invariant functionals on submanifolds naturally arise in the context of
the AdS/CFT correspondence in physics introduced by Maldacena [123]. Broadly speak-
ing, this correspondence states the existence of a duality between some gravitational the-
ories on an asymptotically Anti De Sitter space-time (X?*2,¢) and some conformal field
theories on the conformal boundary d. X, see for instance [198] for an introduction. In
this context, many questions require a priori to compute the volume of a noncompact
minimal hypersurface such as the computation of the entanglement entropy or the ex-
pectation value of Wilson lines, see for instance [74] for various applications. In order
to give meaning to this volume, one proceeds to a volume renormalization introduced
by Henningson-Skenderis [84] to study the Weyl anomaly. This method can be roughly
summarized as follows: first compute the volume in a ball of size R, then compute an
asymptotic expansion as R — +oc0. Graham-Witten [76] proved in 1999 that one of the
term in this expansion provides a conformally invariant functional on submanifolds of
deX. For minimal hypersurfaces of X?+2 =1H?*, they obtained the Willmore energy for
surfaces in R*=0,,H%. In light of [149], this result is not surprising, since Graham-Witten
proved that one has to find a conformally invariant functional on 2-dimensional surfaces
by this procedure, and the Willmore energy is the only possibility. This renormalization
procedure has been fully generalized by Gover-Waldron [68] in 2017.

The volume renormalization procedure for minimal hypersurfaces has the advantage
of producing conformally invariant functionals having minimal hypersurfaces as crit-
ical points. However, as discussed in Section 2.2.1, some of these functionals are not
bounded from below or from above. Returning to the original idea of Germain and
Poisson [64,163], one would like to study functionals that measure in some sense the
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umbilicity of a hypersurface. Such a functional should be able to provide “best represen-
tation” of submanifolds and in particular, this requires to have a lower bound. In [70],
Gover-Waldron proved that conformally invariant functionals can also be stated in terms
of singular Yamabe-type problem, a problem raised by Loewner-Nirenberg [116] in 1974.
In [67,70], the authors prove that given any separating submanifold £%~! of some Rie-
mannian manifold (M?,g), if one looks for the “best” asymptotic expansion of a defining
function'' s for X, then there is an obstruction, called the obstruction density. This obstruc-
tion density for d—1=2 (i.e., when ¥ is a surface) and M?=1R? turns out to be exactly
the LHS of (1.1). As proved by [68,72], this obstruction can be understood in general
as the Euler-Lagrange equation of a coefficient in some renormalized volume expansion
reminiscent to [75,76]. These alternatives will be discussed in Section 2.2.2. One common
point of these functionals is that if " C R? has even dimension 1 >4, then the Euler—
Lagrange equation of any of this generalized Willmore energy has a leading-order term

of the form Agjz ﬁz. This term is also the leading-order term of the functional

$eImm(z" R~ [ |V
ZI’I

2
dvol,..
85 ¢

¢
The study of compactness and regularity questions for such functionals has been the
subject of recent works that we will describe in Section 2.2.

Structure of the article

In Section 2, we review some recent progress surrounding the analysis of Willmore sur-
faces and their generalizations in higher dimensions. In Section 3, we set some notations
and record some estimates that will be used later. In Section 4, we introduce the setting
of weak immersions. We prove that W22 weak immersions induce a controlled complex
structure and obtain Theorem 1.3. We also prove that weak immersions have integer den-
sities. In Section 5, we provide a new proof of the regularity of Willmore surfaces without
the use of conformal coordinates. In Section 6, we consider the case of scale-invariant La-
grangians on immersed 4-dimensional submanifolds in R® with leading order term of the
form [|dH|?. We apply the Noether theorem and compute the associated conservation
laws.

IA defining function s € C®(M) is defining for X if s =0 and |ds| ¢=1on X. The question raised in [70]
is to find the highest number ¢ €N and a defining function s such that we have an expansion of the form
|ds|g=1+0(s") near X.
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2 Open questions

2.1 In dimension 2

In this section, we review some recent advances in the theory of Willmore surfaces (con-
cerning mainly closed Willmore surfaces in codimension 1, but one can ask similar ques-
tions in higher codimension) and state some open questions. The field is subject to a fast
development, and thus we might not record all the recent literature.

2.1.1 Construction of Willmore surfaces

Since the Willmore energy is conformally invariant, minimal surfaces of R3, $* and H?
and their conformal transformations are Willmore. One of the major problems is the
understanding of closed Willmore surfaces, which are not conformal transformations of
minimal surfaces. In 1985, Pinkall [161] proved that such surfaces exist. Despite the work
of Hélein [80], where he constructed the equivalent of Weierstrass—-Enneper parametriza-
tion in the theory of minimal surfaces, only few methods for constructing explicit exam-
ples of Willmore surfaces are known in codimension 1, and most of them are not con-
formally invariant. For instance, Babich-Bobenko [10] constructed in 1993 examples of
Willmore surfaces with a line of umbilic points by gluing minimal tori of H> along their
common boundary in d,H> = R2. In 2024, Dall’Acqua-Schitzle [51] proved that any
rotationally symmetric Willmore surface with a line of umbilic points is actually a Will-
more surface obtained by such construction. To do so, they prove that in this case, the
umbilic line should be contained in a plane intersecting the surface orthogonally. By an
application of Cauchy-Kovalevskaya theorem , they prove that the mean curvature of the
parts of the surface above and below this plane, seen as submanifolds of H3, completely
vanishes. The S!-equivariant Willmore tori have been classified by Ferus-Pedit [60] (and
actually contains the construction of [161]) by analyzing the geodesic flow on these sur-
faces. The understanding of Willmore graphs has also been subject of numerous works.
For example, it is known that entire Willmore graphs with finite energy and entire Will-
more graphs of radial functions are flat planes [35,36,117]. Simply connected, orientable,
complete Willmore surfaces with vanishing Gaussian curvature have been fully classified
in [194]. The loop group methods introduced by Hélein [80], has later been developed
by Ma [120] and Xia—-Shen [195] (see also [54] for a recent survey) and provide a way of
constructing Willmore surfaces. However, this is a very abstract method and it would be
interesting to know whether one can find more explicit constructions.

Open Question 2.1. Is it possible to glue a given closed Willmore surface into another given
closed Willmore surface?

A first work in this direction has been done by Marque [126], where he exhibited
the first example of bubbling for Willmore surfaces. Using a parametrization of Willmore
spheres introduced by Bryant [28] (discussed in Section 2.1.2 below), Marque constructed
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a sequence of Willmore spheres converging to the gluing of the inversions of a Lépez sur-
face and an Enneper surface. Li [113] has also proved that embedded Willmore surfaces
verify some rigidity properties. For instance, an embedded Willmore sphere must be a
round sphere. Hence, the setting of immersions (opposed to embeddings) is natural and
cannot be avoided.

An alternative way for such constructions is provided by variational methods, such
as minimization or min-max procedures in a given class of surfaces. As an example of
application, the Willmore conjecture for genus 1 in codimension 1 has been solved by
Marques—Neves [128] in 2012 using a min-max scheme for minimal surfaces combined
with Urbano theorem, but remains open for higher genus and general codimension. This
conjecture states that up to conformal transformations and in all codimensions, the only
minimizer of the Willmore functional in genus 1 is the Clifford torus, whereas in genus
larger than 1, the likely candidates are the Lawson surfaces [100, Conjecture 8.4]. Even if
there is some numerical evidence [87], its complete resolution remains largely open. The
case of surfaces enjoying a priori the same symmetries as the Lawson surfaces has been
recently studied in [101].

Conjecture 2.1 (Willmore conjecture in codimension 1 [100]). Given an integer g >1, the only
minimizers of the Willmore energy among all the smooth surfaces of R® are the conformal trans-
formations of the Lawson surfaces of genus g.

On the other hand, min-max procedures have recently become an active topic. One
motivation for the study of the Willmore energy, is to apply Morse theory to understand
the topology of the space Imm(X,R™) of immersions of X into R™. For instance, a basic
problem would be to understand min-max procedures for W: if ¢ € 7t (Imm(X,R™)) is a
generator of regular homotopy of immersions, we consider the quantity

B, =int{ supW(§i):(f) cs €17 .

tesk

One can ask a few natural questions: can we bound these numbers? Does there exist any
immersion realizing these optimization problems? If so, how many are they? Can we
classify them? A first issue is that the map W: Imm(X,R™) — R cannot be a Morse func-
tion, partly due to the conformal invariance. To overcome this, the third author adopted
a viscosity approach in [173], previously introduced for the construction of geodesics
in [144]. Instead of considering W alone, he adds a “smoother” times a small parameter
>0 and then let o — 0. He applied successfully this method for a well chosen smoother,
in the case ¥ =82, and obtained that the values of min-max procedures for W on 52 is
the energy of a bubble tree. We refer to [142,172,173] for more information about the
viscosity method for geodesics or or minimal surfaces. A particular case of [173] is the
case m =3, i.e. the codimension 1 case, which can be applied to the sphere eversion and
constitutes a new step towards the 167t-conjecture, originally formulated by Kusner in
the 1980s (see for instance [102]).
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Conjecture 2.2 (167t-conjecture). Let Q) be the set of path in Imm(S?,R3) joining the standard
G2 to the sphere S* with opposite orientation. Consider the following number

po:= inf supW(¢).
PEW
Then By is reached by a path w € C°([0,1],Imm(S?,R%)) such that w9 and w21 are
Willmore flows, and w(1/2) is the inversion of the Morin surface, a minimal surface with 4
planar ends.

Max-Banchoff [135] proved that any path w € (2 must contain an immersion ® € w
having a quadruple point (another proof is given by Hughes [88]). Combining this
with Li-Yau inequality shows that By > 167t. As a consequence of [173], we know that
the number By is equal to the sum of the energies of finitely many branched Willmore
spheres. In [146], Michelat and the third author proved an energy quantization of the
Gauss map in the W"(>1) topology for sequences of immersions arising in the viscos-
ity method. Hence, the need for a classification of branched Willmore spheres became
strongly motivated. As we will explain in the following 2.1.2, Bryant [28] proved that
any smooth Willmore sphere is a conformal transformation of a minimal surface in R3.
A first generalization to the branched Willmore spheres has been obtained by Lamm-
Nguyen [106] when the total number of branched points counted with multiplicites is
at most 3. Michelat and the third author [145] successfully classified all ”variational
branched Willmore spheres” which include in particular weak limits of immersed Will-
more spheres. The second author in [130] proved that every branched Willmore sphere
in R? is the inversion of a minimal surface. This implies in particular that By is a multiple
of 47.

In order to pursue the understanding of such min-max schemes, one can study the
Morse index of closed Willmore surfaces. The Morse index of a Willmore immersion ¢
is, by definition, the number of negative eigenvalues of the quadratic form 6>W(¢), this
is a measure of how far is ¢ from being a minimizer. The study of the Morse index for
Willmore spheres has been initiated by Alexis Michelat in his PhD thesis [141] by proving
that the Morse index of a Willmore immersion ®:=¥ /[¥|?, for some minimal immersion
¥: 2\ {p1,---,pn} —R® with n ends, is bounded from above by  in full generality, and by
n—1 when ® has some branch points of order at most 1 and some branch points of order
2 without any flux. However, Michelat conjectured in [142] that whether the Willmore
surface @ is branched or not, the Morse index Indy (®) of ® should be linear in 1. He
also conjectured that if ® has no branch point, then Indw(é) <n—3. To do so, he proved
that the computation of the index of @ can be reduced to the computation of the index of
a matrix of size 1 x n whose entries are defined by fluxes of ¥ at each of its ends, together
with some coefficients in the asymptotic expansion of some Jacobi fields. This result can
be summarized as follows. We denote

v::{uecm@\{m,---,pn}):,g'zewlm}.
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Since W22(%) — C%(Z), we can define the following quantity for any u €V,

u

Eval(u,p;) = <]c_1'>|2> (pi) eR.
We denote L:=Ag, —2K,, the Jacobi operator of the minimal surface Y. If u € V verifies

L?u =0, then u verifies the following expansion in a conformal charts near p; where
9|72 =1z|*"(1+0O(|z])), for some numbers Log(u,p;) €R:

u(z):w—f— ) %(ak,lzkzl) +Log(u,p;)log|z|+0O(1).

|z |2 1>k+1>1—2m

The main result of [142] can be stated as (see for instance [142, Remark 6.5])

IndW(CTD) = dim{u eV:Lu=0, ZEval(u,pi)Log(u,pi) < 0} .
i=1

In the case where £ =52 and the ends of ¥ are planar (so that ® as no branch point),
Hirsch, Kusner and Mdder-Baumdicker [85,86], revisiting Michelat’s computations, proved
that the Willmore index of ® is exactly #—3, and thus verified Michelat’s conjecture in the
case of unbranched Willmore spheres. To do so, they restricted themselves to the study
of the following admissible variations

near each p;, we have the expansion }

V= ueC (8 \{p1, - pu}): u(z)=R(aiz™") +7iloglz| +0v;(z)
for some v; € C*F(B(p;,€))

They show (still when ® is not branched) in [86] that
Indy (®) =dim{ueV':3ie{l,--,n}, 7, #0} € {n—3,n—-2}.

In [85], they obtain Indy (®) =#—3 by combining a perturbative argument together with
the lower semi-continuity of the Morse index for inversions of minimal surfaces.

Concerning branched Willmore spheres, the situation is more complex and the bound
n—31is no longer valid. In fact, one can show that the Morse index of the inversion of the
Lopez surface (one planar end and one end of multiplicity 3) is exactly 1. It would be
interesting to know whether the number n—1 is sharp or not for the Morse index of
branched Willmore spheres.

Open Question 2.2. Consider ¢:S*\{p1,---,pn} — R® a complete minimal surface with n
arbitrary ends such that 0¢ ¢(S*\{p1,--,pn}) and ¢/|P|? is a branched Willmore surface. Is it
true that the Willmore Morse index of ¢/ |§|? is linear in n? What if we replace S* by any closed
Riemann surface of higher genus?
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In the context of min-max procedures, Michelat [140] proved that the Morse index of
Willmore spheres obtained by realizing some width of Willmore sweepout with the vis-
cosity method is bounded by the number of parameters of this sweepout. The “smoother”
used in for this result is the Onofri energy whose second variation is given by a non-local
operator. Michelat-Riviére [147] then proved the upper semicontinuity of the nullity plus
the Morse index. Michelat extended this result recently to the case of branched Willmore
spheres in [143] by developing a sharp analysis of weighted Rellich-type inequalities for
fourth-order elliptic operators on degenerating annuli. In order to develop min-max pro-
cedures when the underlying surface is not a sphere, it would be interesting to have a
generic way of estimating the index of a given Willmore surface which is not necessarily
a conformal transformation of a minimal surface in R3. Thanks to the works of Chodosh-
Maximo [39,40], it is known that the Morse index (for the area functional) is bounded
from above and below by the topology of the surface. Since this also holds for smooth
Willmore spheres (by the results of Michelat and Hirsch-Kusner-Méder-Baumdicker),
one can wonder whether such a property also holds or not for Willmore surfaces.

Open Question 2.3. Can we estimate the Morse index of a given smooth Willmore surface of
genus g >1 by its topology and its Willmore energy?

Open Question 2.4. Can we relate the Willmore index of conformal transformations of minimal
surfaces in R3, H3 or S3 with their area index?

Now that the Willmore spheres have been classified, one can start working on a pos-
sible use of the Willmore functional as a quasi-Morse functional to describe the set of
immersions of 5% into IR?, in the same manner as geodesics and minimal surfaces are
used to describe the fundamental groups of manifolds, see for instance [98,152].

Open Question 2.5. Can we describe the topology of the set Imm(S?,R3) using the Willmore
functional as a pseudo-Morse function?

2.1.2 Conformal Gauss map approach

In 1984, Bryant [28] (see also [29]) proved that to each smooth immersion <f5: ¥ —TR3, one
can associate a map Y: £ —S*!, where $3! is the De Sitter space

g3l = {pe]RS: |p|,27 :1}, 7= (dxt)2 4+ (dxt)? — (dx°)>.

Moreover, the map Y: (%,85) — (S*1,57) is harmonic if and only if ¢ is Willmore, and is

a space-like immersion away from the umbilic points of ¢. We refer to [124] for an in-
troduction and to [17] for e-regularity properties in this context. Thanks to this duality,
Bryant exhibited the quartic Q:=#(92,Y,92,Y) (dz)* which is holomorphic when ¢ is Will-
more. This quartic can be seen as a measure of the distance of ¢ to the set of conformal
transformations of minimal surfaces in R3. Indeed, if w :=11(9.,9,)(dz)? is the complex
tracefree curvature of ¢, Ky is the Gaussian curvature of the metric gy:=Y*# on £ and Ky
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is the curvature of the normal bundle of Y in §>! (this is a 2-dimensional vector bundle),
then Palmer [158] proved in 1994 that

Q I3,

2 =(1-Ky+iKy)—=2 5

The above formula is well-defined outside of the umbilic set of cﬁ, that is to say when
w #0. By the work of Bryant [28], we have that if Q=0 (i.e., Ky =0 and Ky =1), then
¢ is a conformal transformation of a minimal surface in R3. If we relax this information,
then Marque [125] proved that Ky =0 if and only if § is the conformal transformation of a
minimal surface in R?, $° or II—I3. This approach seems very promising, but first requires
a good understanding of the umbilic set and only a few advances have been made in
understanding the conformal Gauss map of Willmore surfaces in codimension 1.

One of the major achievement in [28] is the classification of smooth Willmore spheres.
Indeed, since there are no non-zero holomorphic quartic differentials on $?, every smooth
Willmore sphere must satisfy Q=0 and thus, be a conformal transformation of a minimal
surface in R%. If ¢: S — R? is a branched Willmore immersion (for instance obtained in
a bubble tree), then the equation 00=0is a-priori not verified at the branch points of cff,
hence Q is a-priori merely meromorphic and it is not clear that Bryant’s classification ex-
tends to branched Willmore immersions. Lamm-Nguyen [106] computed an asymptotic
expansion of Q across branch points and proved that Q=0 if the number of branch points
of ¢ is at most 3, when counted with multiplicities. This idea can also be seen as an ap-
plication of Liouville theorem for holomorphic functions, as explained in [124, Theorem
2.6.3]. Then Michelat-Riviere [145] proved that a branched Willmore sphere obtained as
a weak limit of smooth Willmore surfaces or obtained in a bubbling process of a sequence
of smooth Willmore surfaces (called a “variational branched Willmore sphere”) also veri-
fies Q=0, by showing that the limit of Bryant’s quartics must remains holomorphic. The
full classification has recently been obtained by the second author in [130], by adapting
the analysis of the conformal Gauss map developed in [17] in order to obtain e-regularity
on the conformal Gauss map and [131] in order to prove an energy quantization result
for Willmore surfaces with bounded Morse index.

The next step, which would be an interesting starting point for the Willmore con-
jecture, is to understand the geometry of smooth Willmore surfaces ¢: ¥ — R® when &
has a positive genus. On the one hand, Palmer [158] proved that Bryant’s quartic can
be interpreted as the curvature of the conformal Gauss map. Moreover, he proved that
if Q verifies the pointwise condition |Q[¢, > 1, then X is a torus and $ is unstable. On
the other hand, Fisher-Colbrie [61] proved that stable minimal surfaces in a positively
curved manifold have finite total Gauss curvature. Now that some regularity properties
have been understood in [17,127,131], it would be interesting to study stability questions
from the view-point of the conformal Gauss map.

Open Question 2.6. Can we prove that the Gauss curvature of the conformal Gauss map of a
stable Willmore surface in R® is integrable?
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In higher codimension, the conformal Gauss map has already been studied [56, 119,
121,151] and there are Willmore spheres that are not conformal transformations of mini-
mal surfaces. For instance, Montiel [151] classified all the Willmore spheres in R* and
proved that in addition to conformal transformations of minimal surfaces, Willmore
spheres can also be obtained as a rational curve in CIP? via the Penrose twistor fibra-
tion CIP® — G*. This classification has also been extended in [145] to branched Willmore
spheres arising as limits of smooth Willmore surfaces. The classification of smooth Will-
more spheres in arbitrary codimension is much more involved and has recently been
studied in [118].

Open Question 2.7. Is it true that any branched Willmore spheres in R* belongs to one of these
two classes: either a conformal transformations of a branched minimal surface of R*, or via the
Penrose twistor fibration CIP°> — S* a branched rational curve in CIP>?

One of the difficulties with such an approach comes from the size of the umbilic set
of Willmore surfaces. Unlike minimal surfaces, Babich-Bobenko [10] proved that Will-
more surfaces can have curves of umbilic points. At these points, the geometry of the
conformal Gauss map degenerates. Examples of Willmore surfaces having such curves
have been constructed by Babich-Bobenko [10] and by Dall’Acqua-Schétzle [51]. How-
ever, the structure of such sets is still not fully understood. Schitzle [180] proved that
the umbilic set of a smooth Willmore immersion is composed of isolated points and one
dimensional real-analytic manifolds without boundary. In the recent work [127], Mar-
que and the second author proved that the structure of the umbilic set provides strong
information on the geometry of Willmore immersions and on the value of its energy. For
instance, if a Willmore surface has a geodesic umbilic line, then it is of Babich-Bobenko

type.

Open Question 2.8. What properties do the umbilic lines of closed Willmore surfaces satisfy?
Do they satisfy any particular equation? Can we describe their location on the surface? Can we
estimate their size in terms of the Willmore energy or any other geometric quantities?

One can also wonder about the geometric interpretation of the Bryant’s quartic. A
natural question would be to understand the set of Willmore surfaces having the same
given Bryant’s quartic, or even the set of quartics on a given surface that can be achieved
as the Bryant’s quartic of some Willmore immersion. For instance, we can consider two
immersions ¢y,¢,: ¥ —R3 having the same Bryant’s quartic. Then one can roughly think
of this restriction as a relation between the second fundamental forms of their confor-
mal Gauss maps. If their induced metrics g3 and gg, are also conformal, then one can

hope that these two conformal Gauss maps coincide, and thus <T>1 and ®, should be a
conformal transformation of the other one.

Open Question 2.9. Given two Willmore surfaces 1,¢2: ¥ — R> such that their Bryant’s
quartic satisfies Q1 = Q #0. Is it possible to relate ¢y to a conformal transformation of ¢,? It
would be interesting to study the possible differences.
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Open Question 2.10. Given a complex structure on a given closed surface ¥, can we describe
the set of holomorphic quartics which are the Bryant’s quartic of some Willmore immersion?

The Poisson problem has been introduced in [47] (analog of the Plateau problem for
Willmore surfaces), where the authors solve the Plateau problem for data given for the
immersion and the Gauss map, see also [164]. Due to the conformal invariance of the
Willmore energy, it would be natural to solve the Plateau problem for conformally in-
variant data on the boundary.

Open Question 2.11. Solve the Poisson problem for boundary data given by a boundary curve
[ CR3 and the image of its conformal Gauss map described as a closed curve in S>1.

Open Question 2.12. What is the optimal regqularity assumption on the given boundary datas
in order to solve the Poisson problem? How many solutions are there?

Up to now, the conformal Gauss map approach has been mainly developed for sur-
faces of a Euclidean space. It would be interesting to study its generalization in mani-
folds. A possibility is provided by the normal tractor, see for instance [45].

2.1.3 Willmore flow

Geometric flows are designed to produce explicit paths leading to critical points of a
given functional. They are useful both from a theoretic and from a practical view-point.
For instance, Conjecture 2.2 is an example of application of the Willmore flow, which
roughly says that there is no smooth Willmore sphere of energy strictly between the en-
ergy of 47t and 167. One could also think about the Willmore flow as a first step before
studying the Canham-Helfrich flow modeling the evolution of membranes of the cells,
see for instance [25,176] and the references therein.

The main analytical difficulty of the Willmore flow (despite the fact that it is a geomet-
ric flow, and thus has to be degenerate) is the fact that it is of order 4, meaning that there
exists no comparison principle in the spirit of the mean curvature flow. For instance, if
an initial data is included in the interior of a given sphere S, one can a-priori not say
that the flow remains inside the interior of S. Geometric flows of order 4 have originally
been introduced in the context of biharmonic surfaces [57]. The Willmore flow was first
introduced in 2001 independently by Kuwert-Schitzle [104] and Simonett [184]. They
proved the existence of a solution in short time, and proved that if the initial data has
small energy, then the flow smoothly converges to the round sphere. In 2003, Mayer—
Simonett [136] proved that the Willmore flow does not preserve the embeddedness of
the initial data. Blatt [22] constructed in 2009 an example of initial data of spherical type
for which a singularity occurs in the Willmore flow. More recently, Dall’Acqua-Miiller—
Schétzle-Spener [50] produced examples of flows made of tori of revolution, and also
produced degenerating examples. This flow is still widely unexplored. The parametric
approach has been introduced by Palmurella—Riviere [159,160], where the authors show
that there are only two possible kinds of singularity in finite time: either a concentration
of energy with a possible branch point or a degeneration of the conformal class.
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Open Question 2.13. Is it possible for the conformal class to degenerate in finite time along the
Willmore flow?

In order to study the possible degeneracies, one can rely on the existing literature on
the bubbling analysis of sequences @ : ~—R> of Willmore surfaces. When the underlying
complex structure of (Z, g(i;k) remains bounded in the moduli space, Bernard—Riviere [19]
proved in 2014 that some bubbles can appear, but the energy is always preserved. Then
Laurain-Riviere [109] proved in 2018 that when the underlying complex structure degen-
erates, then only one residue is responsible for a possible loss of energy. This has recently
been extended in [115], where Li-Yin—Zhou proved that this residue precisely describes
the loss of energy. In 2021, Marque [126] proved that the set of Willmore immersions with
energy less than or equal to 1277 is compact. In 2025, the second author [131] proved that
the energy is preserved if ¢; has bounded Morse index, independently of the underly-
ing complex structure. Recently, Michelat [143] proved the lower semi-continuity of the
Morse index under some smallness assumption of the residue (which corresponds to the
assumption in [109]). Since the analysis of Willmore immersions is now understood, it
should be possible to study the case of the flow.

Open Question 2.14. Can we prove an energy quantization property for the Willmore flow?

Once a singularity has occurred, one would like to continue the flow. However, the
initial data is not smooth and the existence of a solution to the Willmore flow is not clear.
In particular, the setting of smooth surfaces cannot be used and one has to find the proper
notion of solution.

Open Question 2.15. Is it possible to define a solution of the Willmore flow starting from a
branched surface? From a nodal surface?

As an application, one can think about the 167t-conjecture and the classification of
singularities along the Willmore flow. Lamm-Nguyen [106] proved that if we start the
flow with an initial data @, : S?> — R3 verifying W(®y) < 1277, then the flow starting
from @ can only develop catenoid-type singularities. In a recent work [122], Méader-
Baumdicker—Seidel identified 4 distinct homotopy classes in the set of immersed spheres
with Willmore energy less than or equal to 1277. Two of them contain round spheres and
the two others lead to a notion of unavoidable singularities along the flow. A partial
study of the set of immersions with energy less than 167 is also studied in [122].

Open Question 2.16. Is it possible to classify the homotopy classes of the set of immersions with
Willmore energy less than 167t? (Question 1.13 p. 9 in [122]) In particular, given an immersion
@y : 52— R satisfying W(Dy) < 167, under which conditions the Willmore flow (®;); starting
from g lies in the homotopy class of a round sphere when W (®;) < 127?

2.1.4 Critical points of the Willmore energy under various constraints

Instead of looking at critical points of the Willmore functional among the set of all the
immersions, one can restrict the set of admissible variations (for example, one needs to
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fix some geometric constraints for the study of the Canham-Helfrich functional in cell
biology). Currently, three main possibilities are studied.

One possibility is to study the minimizers (and more generally the critical points) of
the Willmore functional under the constraints of fixing both the area of the immersed
surface and the volume it encloses. Since the Willmore functional is scale-invariant, this
question is equivalent to prescribing the isoperimetric ratio of the immersion ¢: ¥ —RR3
given by

V@)=L [Fgvol, T ="
3Jgt V($):
By the isoperimetric inequality, we have
I(§)>T(8*) = (367)5.
We can therefore study the following minimization problem for any R > (3677) 3

B (R) =inf{W(§):¢ €Imm(Z,R?), Z($)=R}.

Keller-Mondino-Riviere [97] proved in 2014 that there is a minimizer of 8 (R) provided
that this number verifies some strict inequality. This inequality has been proved for all

Re ((367‘() %,—i—oo) when ¥ =52 by Schygulla [182] in 2012, when ¥ = T by Scharrer [177]
in 2022 and by Ndiaye-Schétzle [156] in all the remaining cases in 2015.

Open Question 2.17. Describe the solutions of pZ(R) for R € ((367)1/3,+00). Are they
unique? Do they have some symmetries?

Another possibility is to study the minimization of the Willmore energy under a con-
straint on the total mean curvature. Given an immersion ¢: £—R3 (where X is a Riemann
surface, and thus carries an orientation), we denote

o 1
T($) ::(Zl)%/ZH(ﬁdVOIg$'

volg,
By Holder inequality, it holds that

T(@)*<W($).
We then study the following problem for any R € R

BT (R)=inf{W(¢): § € Imm(Z,R®?), T(¢)=R}.
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Scharrer-West [179] proved the existence of a minimizer for R € (0,v/27 (S?))\ {7 (S?)}
and studied the properties of the map (R € R+ B7(R)). For the case R = 7 (S?), they
proved that

BT(T(S%) :inf{W(CTD) :® cImm(Z,R?) }

Hence, the existence of a minimizer for 87 (7/(S?)) should be very related to Conjecture
2.1.

Open Question 2.18. Is there a minimizer for B7 (R) with R¢ (0,v/27 (S*))\{T (S?)}?

In the borderline case R = 0, we know by continuity of the map R+ 87 (R) that
BT (0) <87. Knowing whether there exists a minimizer for 87 (0) thus amounts to know-
ing whether g7 (0) =87 is true ([179]).

Open Question 2.19. Can we study the evolution of minimizers of B7 (R) when R varies?

The study of B7 is related to the study of the following functional, for a given param-
eter H € R called the spontaneous curvature

Vo cImm(Z,R?), Wg(p)= /
%

The Helfrich flow has been introduced in 2006 [99], where Kohsaka—Nagasawa proved
the short term existence of solutions to the gradient flow of Wj; with the enclosed volume
and the area prescribed by some given constants Vj and Ag. The cases when the initial
data has small energy or when it is radially symmetric have been studied by Rupp-
Scharrer-Schlierf [176]. This work extends earlier results of Rupp [174,175] concerning
the Willmore flow (i.e., the case H =0) under a prescription of the isoperimetric ratio
instead of a prescription of both the enclosed volume and the area. In order to study the
flow for more general initial data, where singularities might appear, Scharrer—-West [178]
developed a bubbling analysis for constrained Willmore surfaces in the spirit of [19,109].

Open Question 2.20. Can we prove an energy quantization property for the Helfrich flow?

Another important Willmore constrained variational problem consists in studying the
variation of Willmore energy under constraints on the Riemann Surface the immersion is
inducing.

Let ® be a weak immersion of a surface Y., as mentioned above it defines a smooth
conformal class — i.e., a Riemann surface — which is the one induced by the pull back
metric g4 = ®*gps. The conformal class defined by this immersion is said to be a degen-
erate point of the map C assigning the conformal class of (X,gg) in the Teichmiiller space
if and only if there exists a non zero holomorphic quadratic form™ g such that

(9,110) 1yp=0. 2.1)

** An holomorphic quadratic form is a holomorphic section of the bundle given by A0 T* L@ A T*E where
. is equipped with the conformal structure induced by g5 = O*gRn
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In the above equation, we denoted ho the Weingarten operator given by
flo = —207; ®acf>,

where 715 is the linear orthogonal projection map from IR™ onto the normal space to the
immersion N,Z:=(®,T,X)* and <-,->wp denotes the Weil-Peterson scalar product given
in local conformal coordinates for which

8= e [dx% +dx§],

by ([170])
(¢ dz®dz, ¢ dz@dz) =e ** R [py] .

Immersions in IR? which are degenerate points of the map C have been first studied in the
late XIXth century under the name of isothermic surfaces ([168]). These are the surfaces,
such that, away from umbilic points there exists locally conformal coordinates which give
the principal directions.

Assuming now that (X,gg) is a non degenerate point under some constraint on the
conformal class of the induced metric then there exists a holomorphic quadratic form g
such that

dg [dH—37;(dH) +*(xg diiNH)] = (q,h0),,p - (2.2)

where x is the standard Hodge operator on multivectors in R ([170]). This equation
is known as the conformal Willmore equation. In codimension one (i.e., m = 3) this can be
rewritten as follows

dxg [dH —2Hdii — H2d®] = (q,h) (2.3)

WP
The holomorphic quadratic form is a Lagrange multiplier'" associated to the conformal
class constraint. Weak immersions solving (2.2) are proved to be smooth ([18]).

Remark 2.1. In [18] it is proved that the Conformal Willmore equation (2.3) is equivalent
to the existence of L satisfying the set of the two conservation laws (1.11) and (1.12)
d(L-4®) =0,
(2.4)
d(Lxd®+Hdd) =0,

HThe holomorphic quadratic form identifies to the tangent space to the moduli space (theorem 4.2.2 [94])
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coming respectively from Noether theorem for dilations and rotations which is it-
self equivalent to the so-called (R,S) system (1.13) combined with the structure equation
(1.14). For the higher dimensional counterparts to the Willmore functional and in particu-
lar for the Dirichlet energy of the mean curvature of a weak immersion of 4-dimensional
manifolds into R®, we are asking in Open Question 6.1 whether the conservation laws
issued from Noether for dilations and rotations do correspond to the variation of this
energy under some constraint.

An interesting question is to know whether or not a weak immersion which is both
a critical point of the Willmore functional under some constraint on the conformal class
and isothermic (i.e., a degenerate point for the constraint) solving Eq. (2.2) and is then
smooth. The answer to this question is proved to be positive in [170] in full generality
assuming that the surface has genus less than 3 or for arbitrary larger genus if the under-
lying conformal class is avoiding the “tiny” subset of the Teichmiiller Space of ¥ made of
hyper-elliptic points (a similar result has been obtained in [105] using different methods
but with restrictions both on the energy and the co-dimension). One application of this
result is the existence of smooth minimizers of the Willmore energy inside a prescribed
conformal classes ([170, Theorem 1.5]). Once the existence of a smooth minimizer of the
Willmore Energy in a fixed conformal class is known some open questions arise naturally.

Open Question 2.21. Identify minimizers of the Willmore energy in any given conformal class.
In particular identify the minimizers of the Willmore energy in the class of any flat torus.

In a first approach one would aim at giving a lower bound of the Willmore energy
in a fixed conformal class. This approach has been initiated in the pioneer paper by Li
and Yau [112]. The paper of Li and Yau has been then followed by several important
contributions such as the one of Montiel and Ros [150] or more recently by Bryant [30]
(see also recent results pointing in the direction of the open question 2.21 in [156] and
[82]).

2.2 In higher dimensions

Even though geometric properties of generalized Willmore functionals have already been
the subject to a lot of works, the study of their analytical properties is relatively new. We
list below the few known results and propose different directions of research.

2.2.1 Graham-Reichert functional

One advantage of the renormalized volume approach is to provide conformally invariant
functionals having minimal surfaces as critical points, which seems to be an important
property for physical applications [7]. In dimension 4, this procedure has been applied
independently by Zhang [196] and Graham-Reichert [75]. They both end up with the
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following energy, already found by different methods by Guven [77] in 2005: for an im-
mersion ¢: X% — R® the functional is given by

e 2 2
Ecr(P) ::/Z\dH(ﬁ{g&—Hé\H(ﬁ\ga%JH% dvolg.

where ¢- = ¢*&, & is the flat metric on R®, II- is the second fundamental form of ¢(Z
5= ; g

and Hg= %trg(ﬁll ¢ is its mean curvature. It turns out that the minus sign in the definition
is sufficient to make the above functional unbounded from below, as proved in [75,129].
The example constructed in [129] is based on the observation that the integrand of £gr is
a negative constant for 52 X IR2, however this is not a closed submanifold. As mentioned
by Graham in a private communication, a simple way to obtain a degenerating example
of immersions from a closed manifold is to consider an ellipsoid with two semi-axes of
length 1 and two others equal to some parameter a € (0,4-00) that we can either send to
0 or to +oo (since Egr is scale invariant, both possibilities are equivalent and we recover
$? x R? by sending a — +00). At first glance, it seems that non-compact CMC immersions
can provide an interesting source of examples for possible degeneracy of £cr towards
— oo,

Open Question 2.22. Fix a closed submanifold £* CIR®. Is it possible to classify all the behaviour
of immersions ¢y : L* — R> such that Egr () o ?
—+oo

An interesting starting point would be to find bounds in terms of the geometry of the
immersion. For example, one can ask the following question.

Open Question 2.23. Let ¢: X* — RS be a smooth immersion and g be its first fundamen-
tal form. Given bounds on intrinsic conformally invariant quantities of g, such as the total Q-
curvature, the L2-norm of its Weyl tensor, or the L-norm of its Bach tensor, can we deduce bounds

on gGR ((ﬁ)?

Another important question is the construction of critical points. We know that con-
formal transformations of minimal hypersurfaces are critical points of £gg, but to the best
of the authors” knowledge, no other critical point is known.

Open Question 2.24. Are there critical points of Egr which are not conformal transformations
of minimal hypersurfaces?

We now list a few natural questions regarding the two-dimensional case. First, it
would be important to know if a generalization of Bryant’s quartic exists or not.

Open Question 2.25. Assume that ¢: Z* — R® is a smooth critical point of Egr such that
(%, ggg) carries a complex structure. Can we exhibit a holomorphic differential form?

Another natural question is to know how many critical points £gr has, or if there is
some topological obstruction to the existence of critical points.
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Open Question 2.26. Does Egr have critical points for every topological hypersurface £* CIR>?
What about the critical points which are not conformal transformations of minimal surfaces?

In order to develop the analysis of £gp, it is important to first understand the regu-
larity of its critical points. First computations in this direction have been performed by
Bernard [15]. In these recent works, Bernard rewrote the Euler-Lagrange equation of any
conformally invariant functional of the form [y|dH, ¢7|§$ +1.0.t., using the Noether theo-

rem to obtain a system in divergence form. We describe these computations in a simpler
setting in 6. The full regularity is the subject of the recent work [16]. It would also be
interesting to have explicit formulas for higher-dimensional renormalized volumes.

Open Question 2.27. In [75], the authors provide an abstract formula for the generalized Will-
more functional in any dimension. Compute it explicitly for hypersurfaces of R”.

2.2.2 Alternatives

In [7], the authors argue that the functional g is relevant for physical purposes. How-
ever, it would be interesting to look for other possible functionals that could be of inter-
est for geometric purposes. In [23,69], the authors define a generalized Willmore energy
for hypersurfaces %% C R as a conformally invariant functional whose Euler-Lagrange
equation has a leading term of the form A2H. They use tractor calculus to generate many
different functionals arising from different geometric contexts.

The key idea of [23,69], which has recently been developed in [6], is the link between
Q-curvature and generalized Willmore energies. They show in [69] that one can define
an extrinsic version of the GJMS (Graham-Jenne-Mason-Sparling) operators [73] on sub-
manifolds. From these operators, one deduces a notion of extrinsic Q-curvature. In [23],
the authors prove that for a 4-dimensional submanifold ¥4 C M" with n>5, the integral
of the difference between the extrinsic Q-curvature and the intrinsic Q-curvature of X is
a generalized Willmore energy. Hence, one could hope to find similarities between the
study of the standard Q-curvature and generalized Willmore energies.

In order to study the space of immersions of a given hypersurface ¥4 C R® into R®
and to provide a notion of “best representation”, one would need a functional which is
bounded from below and, as for the 2-dimensional case, would be a sort of conformally
invariant distance of hypersurfaces to totally umbilic sets. One possibility has been intro-
duced in [129] motivated by the generalization of the Dirichlet energy for the conformal
Gauss map in dimension 2, see also [6] where Allen-Gover propose an alternative in any
codimension using the normal tractor: if ¢: £* — R® is a smooth immersion, then

o 2 1,5 14 2
5(¢):/24‘dH$|g$+3‘H(ﬁ‘g&—l—ZHﬁH&‘g@—élHq;trg& (II%)—I—Ztrg(ﬁ (II%) dvolg.

A priori, minimal hypersurfaces of IR> are not critical points of £ anymore. However,
it is proved in [129], that £(¢) > 0 with equality if and only if $(X) is a round sphere.
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Furthermore, £ is coercive, in the sense that there exists a universal constant C >0 such
that for any immersion cﬁ: ¥ —1R5, it holds

/Z L

We refer to the appendix of [129] for various relations between the LP-norms of H, II, i
and their derivatives. Under this coercivity property, one could hope to generalize the
known results of Willmore surfaces to the higher dimensional case.

2 4 -
o, Hg [ dvolg, <CE(). (2.5)

Open Question 2.28. Given a 4-dimensional manifold ©*, can we explicitly compute or at least
estimate the following number:

inf{€($): § €Imm(=*R)}.

Open Question 2.29. Can we minimize £ among all the immersions of a given closed 4-dimensional
manifold . into R®? If yes, what are the minimizers?

Open Question 2.30. Can we exhibit a generic class of critical points of £? For example,
one could consider conformal transformations of hypersurfaces satisfying an equation of the form
P(H) =0 for some polynomial P.

It is possible that £ has a specific structure for which there are no minimizers. In this
case, it would be interesting to find another functional, coercive as well and which does
possess minimizers. For instance, one can prove the following lower bound for Egg:

— 2 ]- 3
Ecr(¢) > /z |dH$\g43 — 15115
Thus, there also exists a universal constant C > 0 for which it holds
2 4 - -
/Z‘dﬂ‘ﬁ’&ﬁ—'— ‘H‘i;‘g&dvoléﬁ <C (8@1{(47)4—/2 ‘H(f;’ dVOlgﬁ) .

The energy on the right-hand side is still a generalized Willmore energy. All these gener-
alized Willmore energies are of the form

4
dvolga.
85 ¢

¢ €Imm (=4, R%) /Z |dH$|§$dvolg+O< /Z |H[4$dvolg$>. (2.6)

Open Question 2.31. Can we prove that any generalized Willmore energy satisfying the coer-
civity condition (2.5) possesses minimizers?

Open Question 2.32. Given a conformally invariant functional of the form (2.6), can we produce
a generic class of critical points?

In order to study Open Questions 2.29 and 2.31, one could follow the strategy intro-
duced by Simon [183] and Bauer—-Kuwert [12] in order to show the existence of a mini-
mizer of the Willmore functional among the immersed surfaces of any given genus. In
first step in [12] is to prove a key inequality on connected sums of non-umbilic immersed
submanifolds. A generalization of this inequality has recently been proved in [193].
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2.2.3 Analysis in high dimension

In order to answer the previous questions, one would need to develop a refined analy-
sis for submanifolds in the spirit of the approach presented here and most likely com-
bined with the existing theory of varifolds. An important starting point already raised
in [81, Remark 5.4.6], would be to generalize the study of Coulomb frames in higher di-
mensions but also to generalize the work of Miiller-Sverék [154] on the construction of
isothermal coordinates for immersed surfaces in a Euclidean space. The Coulomb frame
are of major importance due to their relation to isothermal coordinates, see for instance
Theorem 4.1 below or [81, Section 5.4]. In higher dimensions, isothermal coordinates do
not exist in general, the Cotton and Weyl tensors are the obstruction. However, harmonic
coordinates always exist on any manifold of any dimension n>2 (isothermal coordinates
are harmonic). In recent work [132,133], the second and third authors show that for an
immersion ¢: * — R, an estimate of the following form provides an atlas of harmonic
coordinates on X describing a C!-differential structure with quantitative estimates on all
the quantities involved

2 4
/Z‘dﬂé"gﬁm@}g@ dvoly, <E. (2.7)

In particular, the work [132] provides a possible generalization to the work of Miiller—
Sverak [154] together with an answer to Hélein’s question. The construction of harmonic
coordinates is done in two steps. First, we proceed by a continuity argument reminiscent
of the one of Uhlenbeck [189] for the construction of a Coulomb gauge for Yang-Mills
connections. In this first step, we construct both a controlled system of coordinates and
a controlled Coulomb frame. We can then perturb these coordinates to obtain controlled
harmonic coordinates. The crucial analytic ingredient that replaces the div-curl structure
in dimension 2 is the use of Lorentz spaces. An estimate of the form (2.7) combined
with the Gauss—-Codazzi equations implies that the Riemann tensor Riem$7 lies in L),
This Lorentz exponent 1 is just enough to be able to close the continuity argument and
obtain the existence of harmonic coordinates if Riem?# is small in L(>%). This construction

extends to all dimensions >3 as long as Riem%7 lies in L(*/21).

Open Question 2.33. Given a closed orientable n-dimensional manifold % and an immersion
¢: = — R? with Izel” (X"), is it possible to construct counterexamples to the existence of con-

trolled harmonic coordinates? Or can we construct controlled harmonic coordinates on a “large”
subset of X7

The next question is to know whether this atlas of harmonic coordinates can be “uni-
formized” to obtain a global metric on X conformal to 85 together with some control
following from an estimate of the form (2.7). A first attempt would be to find a metric
having constant scalar curvature. This question is at the origin of the Yamabe problem
and is not solvable in full generality, the topology of X plays a role when it has a bound-
ary. An alternative has been proposed recently in [108], where the authors are able to
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solve locally AgScal; =0 for some metric § conformal to ¢ in dimension 4. This equation
is always solvable as long as the Sobolev inequalities are verified for the metric ¢ and the
following regularity estimate holds

VUECT (D), [ Vul gy <Cllag iz 28

Sobolev inequalities are a consequence of the isoperimetric inequality, which always
holds for submanifolds with a small L"-norm of its mean curvature, thanks to the Michael—
Simon inequality [5,139]. A global version of the equation AgScal; =0 would be that the
Q-curvature of § is pointwise controlled by [Riem?|3.

Open Question 2.34. Given an immersion ¢: X.— R™ from a closed 4-dimensional oriented
manifold ¥, verifying (2.7), can we find a metric g conformal to g5 such that the Q-curvature of §

is constant? Is it pointwise controlled by \ﬁ4~)|§$?

In order to know whether an equation on a manifold is regularizing or not, one needs
to develop a refined PDE theory. In particular, one needs to control the constants involved
in inequalities such as Sobolev or Poincaré inequalities and elliptic regularity. Such in-
equalities are directly related to isoperimetric problems, see for instance [33, Chapter IV].
Gallot [62] proved that the isoperimetric inequality holds on a complete manifold (X",g)
as soon as Ricy € LP(X,g) for some p > 4. Moreover, the Michael-Simon inequality (see
Brendle [26] for the optimal constants) implies that an isoperimetric inequality always
holds for immersed n-dimensional submanifolds of arbitrary codimension in a Euclidean
space whose mean curvature has small L"-norm.

Open Question 2.35. Given a complete manifold (X",g), is there a number s >0 such that if
Riemg € W*2 (%,g), then the isoperimetric inequality holds?

In order to develop a variational theory for submanifolds of the Euclidean space,
one needs to understand the “closure” of this space under the norm we are interested
in, in the same spirit that the notions of currents or varifolds arise as limits of smooth
submanifolds having bounded area. In other words, it would be interesting to generalize
Theorem 1.2.

Open Question 2.36. Fix a number s € [0,n]. Let (¢ )ren be a sequence of smooth immersions
from a given orientable n-dimensional submanifold ¥ C R"*"™ into R"*™. Assume that

< H-c0.

sup Hf[(/;k

n
keN WS (Z.g5)

What is the limit limy_, ¢y ? Can we develop a bubbling analysis adapted to the above energy?

The Sobolev space W1 (") always embeds in L"(X"). Hence, one should not ex-
pect a strong limit in full generality, but rather a weak limit on ¥ minus a set having
small measure. The case s = ”T_Z and n >4 even has been treated in [133], based on the

approximation result obtained in Theorem 4.6.
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Theorem 2.1. Let (¢)ren be a sequence of smooth immersions from a given orientable n-
dimensional submanifold X" CRY into R?. Assume that

sup ]V%’lf{(ﬁk ‘

keNJZ 8

2 = n

. IS ’H@c ’g$k dvolgq;k <C.

Up to rescaling, we can assume that each ¢y(X) is contained in the unit ball B*(0,1) and has
diameter 1. Then, there exists a closed C! manifold Yoo (possibly non-connected) and a weak
immersion oo: Lo — R such that the following holds. There exists a finite number of points
1, ,Gx €R? such that for each r >0, we have the following convergence in the pointed Gromov—
Hausdorff topology

(Z\@; ' (B (G1,r)U---UB* (§1,7)),85,) — (Zeo \ s (B (71,7)U---UB (§1,7)),85..)-
Moreover, @i converges to oo in CO(Zeo \ Pog! (B (g1,7)U---UB (Fy,7)) 85.,) for any r>0.

It would be interesting to study the formation of singularities. It would also be useful
to study the cases where s is not an integer. Once we have a critical point, it is important
to know whether the Euler-Lagrange equation is regularizing or not. In [16], we obtain
the following result in dimension 4.

Theorem 2.2. Let ¢: B*(0,1) — R® be a weak immersion critical point of the functional

- 2
E(p)= dH-|" dvol,..
((P) B4(0,1) ‘ (P‘g(ﬁ 85

Then ¢ is real-analytic in harmonic coordinates.

The generalizations to the cases with higher codimension or with lower order terms
as in the Graham-Reichert functional will be the subject of a forthcoming work.

3 Preliminaries

3.1 Notation

(i) In the Euclidean space R", we define B,(x):={y€R": |y—x| <r}, and write B" =
B1(0) CR" for the unit ball. In the case n =2, write D> = B?, D,(x) = B,(x) C R?.
The phrase “for every ball B, C U” refers to every ball of radius r contained in U.
Denote S"~1=9B".

(if) We denote by R™*" the space of m x nn real matrices, and by R{(i{ the space of nxn
symmetric real matrices.

(iii) For a real-valued function f, we denote f™:=max(f,0) and f~ :=max(—f,0).
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(iv) Let X be a closed smooth manifold, E be a vector bundle over ¥, we denote by
LP(%,E) the space of LP sections of E. This convention also applies to the other
function/distribution spaces.

(v) For an open set U C R", we denote by D’(U,R™) the space of R"-valued distribu-
tions on U with the weak* topology, and we write D'(U) =D'(U,R).

(vi) We denote by L" the Lebesgue measure on R". For U C R" with £"(U) < oo and
feLl(U), wewrite f,,f=(£"(U)) " [, f-

(vii) For open sets U and V, we write V €U if V is compact and V C U.

(viii) Let U be a smooth manifold, f: U—IR". We denote by df the differential of f.
When U is an open subset of R", we denote d; = % when there is no ambiguity, and

denote the Jacobian matrix of f by Vf. If n=2, we write V' f:=(—0,f,0:f). If in
addition that f = (fi, f2) for fi, fo: U—R™, we write curl f =9, fo — 9, 1.

(ix) Let (V,g) be an n-dimensional inner product space with a positively oriented or-
thonormal basis (ey,---,e,). The Hodge star operator x4 is defined as the unique linear

operator from AV to /\”_k V satisfying

aNxgB=(&,B)ger1 A+ Aey, forall x,Be \V.

See for instance [95, Section 3.3]. When V =IR" and g = gsq is the standard inner
product on R”, we write % instead of *g.

(x) Let U CIR" be an open set and let ¢ be a Riemannian metric on U. On the space of
differential /-forms on U, we define the codifferential ([95, Definition 3.3.1]) by

drs ::(—1)é*§1d*g:(—1)n(£+l)+l*gd*g. (3.1)

In particular, when n =4, we have d*s = —xodx*,. If x € C°°(U,/\€T*U) and B €
C® (U, A1 T*U) with at least one of &, compactly supported in U, then we have

/ <duc,[3>gdvolg:/ (,d"sB)gdvol,. (3.2)
u u
(xi) Levi-Civita symbol:
1 if (a1,---,a,) is an even permutation of (1,---,n),
ghfmatn . — ¢ _1q if (a1,---,a,) is an odd permutation of (1,---,n),

0 otherwise.
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(xii) Let U C R" be open and bounded. We call U a Lipschitz domain if for each y € oU,
there exist 7 >0 and a Lipschitz function f: R"~! — R such that, upon rotating and
relabeling the coordinate axes if necessary and writing x = (x/,x,, ), we have

UNB,(y)={x€B,(y):xx>f(x')}.
Equivalently, we say oU is Lipschitz or in C%!.

(xiii) We define a bilinear map
i L LS " k2 e " kq+ky
A (N'TE) X (APTT) = Alters
by
(ﬁlde>A<ﬁ2dX]):(ﬁl-ﬁz)de/\dX], (3.3)
where ii1,1i, €R™, I,] are multi-indices. If one of kq,k; is 0, we use - instead of A for

X A
convenience. Similarly, we define bilinear maps x, A, A, A by

—

¥ x (T2 dxy) = (01 x U2 dx, (th dxl)/x\(z72dx]) = (01 x Tp) dxr Adx;,
W1 A (W dxy) = (101 AW ) dxj, (w1 dxl)/A\(?Tszx]) = (W1 A\Wy) dx; Adx;j,
where 7,7, €R3, @, € AR™, I,] are multi-indices.
(xiv) For if = (ii1,il2), 7= (71,7»), where il;,7; € R, we denote

2 2
i5=Y il T, iAxT=Y il x T
i=1 i=1

(xv) We adopt Einstein summation convention for convenience of computation, and set
f— 5. =1 .
0;=0ij=1;—;.

(xvi) We use C to denote positive constants, and C(a,f,---) to denote a positive constant
depending only on «,f3,---. Similarly, when a term A depends only on «,f,---, we
write A=A(w,B,--).

(xvii) Let UCR" be open and ¢: U—R™ be an immersion. Set g = 8= $* gsta, where ggq
is the Euclidean metric on R”". We denote

gi]-:az-cﬁ-aj(ﬁ, (gij):(gij)_l, detg=det(g;j), dvolg:(detg)%dxl/\---/\dx”.

The pullback metric induces a pairing on T*U with (dx’,dx/) ¢= ¢'l. We denote by
|-|¢ the associated pointwise norm. We also write |-|g» for the Euclidean norm in
R™ (abbreviated to |-| when unambiguous).
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(xviii)

(xix)

For f: U— IR, define the Laplacian

Nof =xgdxodf = (detg) 29;(g7 (detg)?a;f).

Let 7t; denote the orthogonal projection onto the normal bundle of ¢(U) CR™. We
define the Gauss map and second fundamental form

NN NP

ﬁ::*ﬁ,
|al4)/\~--/\angb|

0(X,Y)=m X(dp(Y)), VX, YET,U, Vpel.
The mean curvature vector is defined by
. - 1 2 1 o2/ 9 0
1 — T — ol
H=n""tr.ll o 10;; o H(Bx"'axf)'

When m=n+1, we write
Hi]' 2=Hi]'~ﬁ, H:=H-i.

Let (V,g) be a finite-dimensional inner product space. Forae A¥V and B A7V with
g < p, we define the interior product (see also [59, Section 1.5] and [167, Section I])
wLgB € APV satisfying

(aigB )= (0 pAY)g, Yre V. (3.4)

In particular, if «, B APV, then we have aLg = (a, ). For g>p, set aLgf:=0. When
V =5 with the Euclidean metric, we write L instead of L¢. Inaddition, for a € NV,
B<AV,and veV, we have the following identities:

{*g (anB)=(xga) g, (3.5)
(aNB)Lgv=(aLgv) AB+(—1) aA(BLgD). (3.6)
A consequence of (3.5) is that, fora € APV and B A7V,
(xqa) \B, if dim (V) is odd,
xq (aLgB) = D (3.7)
(=1)7(xqa)AB,  if dim(V) is even.

Throughout this paper, unless explicitly stated otherwise, we write V, |- | for the flat
Euclidean derivative and pointwise tensor norms. We reserve V3, (-,-)¢, and |- | for
the metric g. For an open set U C R", we write a € Wk'p(l,l,/\e]R”) ifa=} 11— apdx!
with each a; € WhP(U), where I ranges over all strictly increasing multi-indices of
length /. We set

n
Val?:=) ) 10, Nellweoy =Y larllwes - (3.8)
1

i=1 1
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Similarly, we write X € W57 (U, TU) if X =X; 9 with each X;e WhP(U), and set

ox/

n n n
’VX|2::22‘81'X]"2/ HXHwk,p(u) ::ZHX]'HWW(U)' 3.9)
i=1j=1 =1

The same convention applies to any Banach function/distribution space on U (e.g.

LP, LP4, Wh(pa)),

3.2 A useful formula
We provide the proof of an identity here without using conformal coordinates.

Lemma 3.1 ([171, Lemma 1.8]). Let X be a 2-dimensional oriented smooth manifold, and ¢7: X
IR? be a smooth immersion. Let x4 be the Hodge star operator with respect to g = 85 Then we
have

—2Hdp=dii+ii x *4di. (3.10)

Proof. Let p €%, (x!,x?) be positive local coordinates around p, a :=dx! Adx?, Il denotes
the second fundamental form of ¢, and define

gijizai(ﬁ'aj(ﬁ (gij):(gi]-)_l, detg:det(gi]-).

For any k€ {1,2}, we have
Ok (7i-1) =207 -1 =0.

Hence, it holds
Oxii =g (0x71-0;¢) 9;¢p. (3.11)
Fix s €{1,2}, then we have

doxs A (71 X g dii)
=11 x (dxs,dii) ¢ /detg dx' Ndx? = g (01 x Do) x 0
:gs]'sk"(akcﬁ-ajﬁ)a@a = —gsjskillkjaﬂﬁzx,

where the third equality follows from the identity
Vil, 5,0 €R?, (ixT) x@=(ii-©0)T— (7-©)il.
By (3.11), we also get

dxs Adii = ona = —gijGSkajaicﬁoc.
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Therefore, it holds
dx N (dii+1i x xg dit) = — (g + gTe*) I 9, pax 612)
= —e N9 pa = —2Hdx; Adg, '

where the second equality follows from the identity, valid for any i,k,s € {1,2} and real-
valued function f defined on {1,2}

F(s)e+f(k)e" +f (i) =0.
Since (3.12) holds for any s € {1,2}, the relation (3.10) follows immediately. O

3.3 Some estimates for elliptic equations

We first introduce a standard Morrey estimate for elliptic equations of divergence form
with no lower-order terms.

Lemma 3.2 ([78, Lemma 4.12]). Let n € Nt and A >0. Suppose {a"j}zfj:1 C L*(B") satisfies
AMEP<aT(x)&E < A|E)?,  forae x€B" andall LER™. (3.13)

Suppose u € W'2(B") is a weak solution of the equation 9;(a’9;u) =0in B", i.e.,

/ aijBiuaj(p:O, Yo eCZ(B").
B?’I

Then there exist x =wa(n,A) € (0,1) and C=C(n,A) >0 such that for any 0 <r <1 there holds

/ ’vu|2gcrn2+2a/ |Vu\2.
B,(0) B

Now we assume n =2. In 1992, Chanillo and Li obtained the following result, which
generalized a famous estimate on integrability by compensation proved by Wente [191],
in which it is assumed a" = ;.

Lemma 3.3 ([32, Theorem 0.2]). Suppose {a}},_; satisfies (3.13) for some A € (0,00), and
a'l =al'. For u,0 € WY2(D?), there exists a unique solution ¢ € Wy*(D?) to the problem

0i(a"0,¢) =01ud0—dudiv  in D?,
$=0 on 0D2.
We have ¢ € C(D?) with the estimate

@[l (p2) + IV @l 2(p2) SCIA) [ Vuul| p2p2y [[ VO] 122y

We prove a stronger version of this result in Proposition 4.1 below.
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3.4 Bourgain-Brezis inequality

In 2002, Bourgain and Brezis proved a striking inequality [24]:

u— u
n

where C=C(n), T" is the n-dimensional torus. In the case n =2, Da Lio and the third
author [48] provided a proof for a stronger version of (3.14) in 2020. Here we denote
W~12(IR?) as the dual space of the homogeneous Sobolev space W'?(IR?).

<C|[Vul
LT (T)

L1+W—l,ﬁ (T") s (314)

Lemma 3.4 ([48, Lemma I1.3]). Assume g€ L'(R?,R?), f € W~12(IR%,IR?), u be a tempered
distribution on R? such that Vu = f +g. Then there exist c € R and a universal constant C such
that

[ —cll2wey < CIf w12y + 181l w2y )-

Corollary 3.1. Assume u€D’'(D?) such that Vu=f+g with geL'(D?R?), feW~1?(D?,R?).
Then for any r € (0,1), there holds

u—][ u
D;(0)

3.5 Quasiconformal maps and Beltrami equations

<C(r) (If lw-12(p2) + gl 12(p2)) -
L2(Dy(0))

Definition 3.1. Let U CR? be an open subset. A quasiconformal map f: U— f(U) CC is an
orientation-preserving homeomorphism (i.e. det(V f) >0 a.e.) satisfying f € Wﬁ.’?(ll) and there
exists a constant k € [0,1) such that

|0:f| <k|o.f| a.e onl,

where 9, = (0 —idy)/2, 0 = (9x+idy) /2. We call the function s :=0:f/0.f the complex
dilatation of f.

Lemma 3.5 ([91, Theorem 4.30]). Let u €L (C,C) be such that ||p|| ) <1. Then there exists
a quasiconformal homeomorphism f: C — C verifying the Beltrami equation 0z f = ud, f. Such f
is uniquely determined by the conditions f(0)=0, f(1)=1, f(c0) = f(c0).

Lemma 3.6 ([42, Proposition 4]). Suppose u € W'2(C) has compact support and ||pt]|e < 1.
Let f: C— C be a quasiconformal map solving the Beltrami equation 0z f = uo,f. Then it holds

fe le’q(C)for any q<2.

ocC
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3.6 Hardy space H!

For the definition of the Hardy space H!(IR"), see [71,185].
Lemma 3.7 ([43]). Let n>2. Suppose u € W' (R",R"). Then det(Vu) € H'(R") with
[det(Viu) [y remy < C () [[1t]| o -

Standard singular integral theory (see for instance [185, Theorem III.4]) implies the
following results.

Lemma 3.8. Let n>2, f € H!(R"). Suppose u € L' (B") satisfies Au= f in D'(B"). Then it
holds u € leoi (B") and for any r € (0,1), we have

[l waa g, o)) < Cr) (I g rey + el 2y ) - (3.15)

Corollary 3.2. Let € Wiil’zm(Dz,lRm) be weakly conformal (Definitions 4.1 and 4.2) with g5 =

¢* gora = (dx3+dx3) for A€ L®(D?). Then we have A € Wﬁ)g (D?).
Proof. Let (21,8) =e *(01$,02¢) € L°NW?(D?), then we have

51 -8152 = (372)‘81(?7" alazcﬁz %672/\82 |81$|2 = az/\,
€1+076) = 672)\81(‘5' 828247: —672)\8281(?),' 8247 =—01A.

In other words, it holds —V+A =¢,-Vé&,. Thus we have, denoting &; = (ej1,---,€jm) for
je{L2},

m
A =curl(ViA)=-V18 Ve, =-) V'e;;Vey,. (3.16)
i=1

For 1<i<m, define ¢’ € W'?(D?,R?) by e' = (e1 ;,2;). Then we have
det(Ve')=V+se ;- Vey,.

For any fixed r € (0,1), we choose 17 € CZ°(D?) such that 7 =1 on D,(0). Then it holds
AA=—Y det(V(ne')) inD'(D,(0)).
i=1

Since 57¢' € W12 (IR?) for each i, we have det(V (r¢')) € H!(IR?) by Lemma 3.7. This finally
implies A € W>!(D?) by Lemma 3.8. O

loc
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3.7 Functions of VMO

Definition 3.2. (i) Let n>1, UCIR" be open, f € LL (U). For r >0, we define

loc
f~1

0

Br(f)=PBru(f):=sup

p<r JBp
B,cU

) (3.17)

where B, ranges over balls of radius p contained in U. We say f is of vanishing mean oscillation
and write f e VMO(U) if

limp, () =0.

(ii) Let N be an n-dimensional smooth manifold without boundary, UCN be open and precompact.
For f € LL (U), we say f € VMO(U) if for any coordinate system (V,¢) (an open set V. C N
with a smooth diffeomorphism ¢: V — ¢(V) CR"), any & € CX(V) there holds (Ef)op~' €
VMO(p(VNU)). Similarly, for f € WL (U) we say df € VMO(U) if for any coordinate system
(V,p), E€CS(V) there holds

V((&f)op™!) € VMO(p(VNU),R").

Lemma 3.9 ([93, Lemma 2.3]). Let Bk CIR" be a ball of radius R. Suppose there exist constants
B,K >0 such that for any r > 0 and ball B, C Br of radius r satisfying dist(B,,dBgr) > Kr, there

holds
1

Then there exists a positive constant C = C(n,K) such that

b

Proof. We can without loss of generality assume Bg = B1(0). Let 0:=1—(6K+6)"!> 2.
We construct collections {G/}$2,, {Gi}2,, of open balls in the following way.

Let B:=B;_,(0), Gy:=={B}. For each i >1, there exists a cover G of {xeR":|x|=1—¢"}
such that any element B € G/ is a ball of radius ¢’(1—0c) with center lying on {x € R":
|x|=1—0¢"}, and Card(G;) <C(n,K)o~("~Vi. Let G;:={2B:B€G!} for i >0, where for any
constant ¢ >0 and any ball B= B, (x) we have denoted ¢B = B.,(x).

For any i >0 and x € B (0) with 1—¢' <|x|<1—0¢'"!, there exists |x'| =1—¢" such that
|x’—x| <o'(1—0). Hence there exists a ball B € G/ centered at x” € {y e R":|y|=1—0"}
such that x” € B. Thus it holds

< Br". (3.18)

<CBR". (3.19)

Ix—x"| <|x—x'|+|x' —x"| <207 (1—0).
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It follows that B (0) C U;ZgUpeg, B. Now leti>1 and B € G; centered at x € {y € R": |y| =
1—¢'}. Then we have

BN{ycR":|y|=1-0c""1}#£0
since
dist(x, {yeR":|y|=1—0""1}) =" (1-0) <20’ (1-0).

Hence there exists B’ € G;_1 such that B'NB # @. If we define B” := 3B/, then it holds
BUB’ C B” since the radius of B is smaller than that of B’. Moreover, we have

dist(B”,0B1(0))=c¢""1—60" "1 (1—0) =6K' "} (1—0).

£ 1< —fjg(iff/ﬁfj
S IES A e A

Consequently, we obtain
~f fl=cmxp.

Then by induction we have for alli>0and all B€G;,

L

dist(B,dB;(0)) =0’ —20" (1—0) > 2K (1—0)

Therefore, it holds

<C(n,K)B.
As well, we have

<C(n)p.

<C(n,K)ip.

Finally, since

for any i >0 and B € G;, we have

Jol! )2

i= OBeg

Sizi(/Bf—

i=0B€g,

foi /)

C(n,K) Z Y |B|(i+1)B<C(n,K) Za (i+1)B<C(n,K)B. O
i=0B€g; i=0
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Lemma 3.10 ([165, Theorem 2], [93, Section 3]). Let U be an open subset of R", f e VMO(U),

pE Wllo’f(u,]R”) be a homeomorphism onto its image. Assume there exists a positive constant K

such that
det(Ve)>K|Ve|"  ae inU.

Then we have fop~1 € VMO(g(U)) with
vr>0, ﬁr,q)(ll) <foq)71> < C<K>lgr,u(f)

Corollary 3.3 ([93]). Let U CIR" be a bounded Lipschitz domain and f € VMO(U)NL>®(U).
Then there exists f € VMO(R")NL®(R") such that f = f on U satisfying the inequality

Vr>0, Brre(f) <CU) (Bru(f)+rlfll=)-

3.8 Sobolev-Lorentz spaces

Definition 3.3. Assume X1, X5 are Banach spaces that continuously embed in the same Hausdorff
topological vector space Z. Let

X1+ Xo = {x1 +xp:x1€X1,x0 € Xz}.
We define norms on X1+ Xo and X1N X, by

x| xyn%, = |/l 3, + |l x,
[ x4, =Anf{ |1 || x, + |22l x, 0 =21+ 2,31 € Xy, 32 € X}

Equipped with these norms, the sets X1+ X, and XM Xy are Banach spaces. For brevity we write
LP+L7(Q))=LF(Q)+L7(Q). The same convention applies to Sobolev—Lorentz spaces.

Definition 3.4 (Lorentz spaces). Let U CIR" be a measurable set. Given a measurable function
f+ U—1R, we define the distribution function and the decreasing rearrangement of f as

de(A) =L {x€U:[f(x)|>A}, f(£)=inf{A>0:d;(A) <t}.

For 1<p<ooand 1<g< oo, we define the Lorentz quasinorm

1, 1 1
fleay=t" f (t)HLq(&,%):p"HAdf(/\)”Hm(nh,d%)'

The Lorentz space LP41(U) consists of all measurable f with |f|ipi) < oo. We have (see for
instance [13, Chapter 4, Proposition 4.2])

(i) LPP(U)=LP(U),
(i) LPA(U)— LP"(U) ifg<r,
(iii) LPA(U) < L"(U) if p>s and L"(U) < o,
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When p > 1, the Lorentz quasinorm is equivalent to a norm, which we denote by ||| Lra(u)
We record the following form of Holder’s inequality for Lorentz spaces.

Lemma 3.11 ([90, Thm. 4.5]). Assume f; € LPv1(U) and f, € LP>92(U), with p,p1,p2 € [1,00),
9,q1,92 € [1,00), and 1/p=1/p1+1/p2, 1/9<1/q1+1/ga. Then f1f, € LP1(U), with

|fifaleray < Cp1p2,q1,92) | il v | f2l e ) -
Definition 3.5. Let k€ Nt and U CIR" be an open set. For 1 < p <oco, 1 <g < oo, we set
WP (L) = { f € LPA(U): 3" f € LPA(U) for each 0< |a| <k}.
We also define the negative-order Sobolev and Sobolev—-Lorentz spaces by

Wk () = {fGD’(LI): f=)_ 9" fu for some {fa}CU’(U)},

|af<k

Wk (1) = {fED =Y 9“fu for some {f, } CLPI(U )}

| <k
The corresponding norms are

Allw-so :=inf{ Y Walwa: f= Y am},

|| <k || <k

1Al —lnf{ Yo M fallraqny: f= ) 8”‘fa}.

la|<k lae| <k

When U is bounded, we denote by Wg’p (U) the closure of C*(U) in WEP (U), equipped with the
norm

1 gty = IV F ey

Ifl<p<oo,1<g<oo,and1/p+1/p'=1,1/9+1/q =1, then the same argument as in [137,
Section 1.1.15] implies

WReD (1) = (Wi () (3.20)

Applying estimates for Riesz potentials, we obtain the following embedding results
for Sobolev-Lorentz spaces, see for instance [148, equations. (1.3)—(1.5)], [13, Ch. 4, Theo-
rem. 4.18], and [3, equation. (1.2.4) and Theorem. 3.1.4].

Lemma 3.12. Let U C IR" be an open set, 1 <p <n, and 1 <gq <oco. Suppose f: U— R is
measurable.
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(i) If f€ LY (U), then f € WL TT) (1), with

01 ) gy S CO

(ii) If f € LPA(U), then f € W~V (D), with

10 2,0) gy < COPI

4 Weak immersions

We follow the definition as in (1.4).

Definition 4.1. Let X be an n-dimensional closed smooth manifold with a fixed smooth reference
metric go. Fix m,k €N and 1 < p <co. We say that cﬁ is a W5? weak immersion and write

dew? (Z,R™) if & € Worn WL (Z,R™) and there exists a constant A > 0 such that the

mm

following holds for a.e. q € X and any X € T,
A g0(X,X) < |dDg(X)|fon < Ago(X,X). (4.1)

We define W (B",R™) similarly.

In this section, we provide some additional material on the notion of weak immer-
sions developed in the lecture notes [171]. First, we prove the existence of conformal
coordinates for a weak immersion in 4.1. Then, we prove that weak immersions with
VMO derivatives have integral densities and are locally injective in Section 4.3. Finally,
we prove that a weak immersion can always be approximated by smooth immersions
and that the underlying conformal structure (in the case of surfaces) converges as well in
4.4. In all this paper, we will denote D? the unit disk of R?.

4.1 Existence of conformal coordinates
We start with the definition of conformal coordinates, or isothermal coordinates.

Definition 4.2. Let ¥ be a 2-dimensional closed smooth manifold. Consider a weak immersion
¢ € W (£,R™) and U C X an open set. Let ¢: U C Z— @(U) C R? be a W) bi-Sobolev
homeomorphism (i.e., a homeomorphism in Wllof with a Wllo’g inverse). We say ¢ is a (weak)
isothermal chart of ¢ and go @~ is (weakly) conformal if there exists a (Lebesgue) measurable

function A: @(U) — R such that for i,j € {1,2} there holds
0; (o) -aj((ﬁoq)*l) :eZA(Sij a.e. in (U).

We define isothermal charts for ¢ € W (D2, R™) similarly.

imm
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Throughout this paper, we will frequently use the notion of non-smooth metrics and
their conformal class.

Definition 4.3. Let X be an n-dimensional smooth manifold. Let g be a measurable section on the
bundle T*S®T*%, we say that g is a metric if g, is symmetric and positive definite on (T,X)?
fora.e. peX. Let g1,9> be two metrics, we say that g is (weakly) conformal to g if there exists a
measurable function A: ¥— R such that g1 =e* .

Our main goal in this subsection is to prove the following result:

Theorem 4.1. Let ¢ € W>2 (D2, R™), then there exists an open neighborhood U of 0 € D? with
an orientation-preserving weak isothermal chart p € W>2NW*(U,R?) of ¢. Moreover, we have

e WRNWI>(o(U)).
As a corollary, we obtain the following global result.

Corollary 4.1. Let X be a 2-dimensional closed manifold with a smooth structure U, and ¢ €
W22 (Z,R™). Then we have:

mm

(i) there exists a smooth atlas V on ¥. consisting of all the weak isothermal charts of ¢. If L. is
oriented, V defines a complex structure on X.

(ii) For any choice of two charts respectively in U and V), the transition map between them is a

Wlloso W2 2 bi-Sobolev homeomorphism.

(iii) There exists a Riemannian metric h conformal and smooth on (X,V) such that h has con-
stant Gaussian curvature 1, —1 or 0, and g5 =" gsra=e>*h for some x €W (Z) CCO(X).

Proof. (i) We firstly assume ¢ € W (D2, R™) and ¢1,¢, € W'(D?,R?) be isothermal
charts as in Definition 4.2. For k € {1,2}, since ¢y is a Wllo’g bi-Sobolev homeomorphism,
by standard degree theory we have ¢ is differentiable a.e. and either det(V¢x) >0 a.e.
or det(Vgy) <0 a.e., see [83, Theorem 1.7 & Lemma A.28]. Without loss of generality we
assume det(V ¢y) >0 a.e. Let g;j:=0;¢-0;$, then following the computation in [91, Section

1.5.1], since ¢y is an isothermal chart, we have
dzqr 11 —822+2ig12

9z P g1+82+24/81182—8%

The condition ¢ € W.x (D?,R™) implies the right hand side has an L* norm strictly less

a.e. 4.2)

mm
than 1. In particular, ¢y is quasiconformal, and @0 (@)1 is holomorphic on go , see
Definition 3.1 and [155, Corollary 1.2.8]. Now return to the case when ¢ € lmzm %, IR’“

Let V be the set of all the weak isothermal charts. Then by the above argument each
transition map between elements of V is either holomorphic or anti-holomorphic, and V
is an atlas by Theorem 4.1.
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(ii) This follows from (i) and Theorem 4.1.

(iii) When X is orientable, there exists a metric /1 of constant Gaussian curvature 1, —1 or
0 and conformal under V by the uniformization theorem for compact Riemann surfaces
(e.g., [94, Section 4.4]). When X is non-orientable, & is constructed by using a 2-cover from
a closed orientable smooth surface to X.

The fact « € W>1(Z) follows from Corollary 3.2. Concerning the embedding W' (%) —
C%(Z) we refer to [81, Theorem 3.3.4 & 3.3.10]. O

Remark 4.1. If X is oriented and equipped with a metric ¢ such that in any local coordi-
nates the right-hand side in (4.2) has an L* norm less than 1, then by Lemma 3.5 we can
still define a g-associated conformal structure via the Beltrami equation (4.2). One major
difference is about the regularity of the transition map as in Corollary 4.1 (ii): it may not
be Lipschitz, but will be in W' for some p > 2 instead.

Using the conformal structure associated to (ﬁ S Wizrfm(Z,Rm ), the relation (1.6) follows
from standard computations, see for instance [171, Theorem 1.6]. By integrating (1.6) with
respect to dvol, (when X is orientable), we have (1.7) by the Gauss—Bonnet theorem for
the smooth metric . Thus Theorem 1.1 is a consequence of Corollary 4.1.

The proof of Theorem 4.1 is similar to the case when ¢ is a smooth immersion, while
the major difficulty lies in the following analytical lemma, which is a weak inverse func-
tion theorem, and its higher-dimensional generalization is proved in [79]. It does not
hold if we replace W*? by some lower regularity from the perspective of Sobolev spaces.
One counter example is the map z+ z2/|z|. Here we provide a different proof for the
2-dimensional case. Instead of using properties of maps with bounded length distortion
(BLD maps) [134, Lemma 4.6 & Theorem 4.7], we use regularity results for Beltrami equa-
tions [42]. Thanks to the embedding W'?(D?) — VMO(D?), we obtain another proof in
Corollary 4.2.

Lemma 4.1 ([79, Theorem 1.1]). Let ¢ € WV°NW?22(D?,R?). Assume there exists a constant
¢ >0 such that det(V¢) > c a.e. in D. Then there exists an open neighborhood U C D? of 0 such
that ¢ is open and injective on U, and its inverse

o~ Le WrnIw?2(p(U),R?).

Proof. Without loss of generality assume ¢(0)=0 by translation. We denote /;;:=(9;¢,9;¢).
Choose ¢ € C®(D?) such that ¢(RR?) C[0,1] and ¢ =1 on Dy ,5(0). Then we regard ¢ as a
function from D? C C to C and define

9:

0

=

By direct computation we have

020 _ hi+hyp—2det(Ve) < ||V¢||20°(D2) —C

- <1 ae.onD?
|0:¢|>  hy1+hp+2det(Ve) — HV‘PHZm(Dz)‘f’C a.e. on

<
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Hence, it holds |||/ ~(c) <1. Then we apply Lemma 3.5 and obtain a quasiconformal
map f: C— C such that d;f = ud, f almost everywhere.

Let h:=¢of~!. By the same computation as in [155, Corollary 1.2.8], the map & is
holomorphic on f(D1,,(0)). Let k> 1 be the order of zero of h at 0. Then there exists
a constant A # 0 € C, a bounded open set U; C f(D;,2(0)) containing 0 and a map g €
C*(U,,C) conformal from U to g(U;) CC with ¢g(0)=0and ¢’(0)=1 such that h=Ag* on
Uy. Let fo:=gof, then since h=¢of !, we have ¢p=ho f=A(gof)*=A fF on f~1(U,). Since
f is quasiconformal and satisfies the equation 9:f = ud.f with u € W'2(C) of compact
support, by Lemma 3.6 we have f € leo’z (C) for any q < 2. Then by Sobolev embeddings
we have f € CY*(C) for any « < 1. In particular, we have fy=go f € Co%(f~1(1;)), and for

loc

any a € (0,1) and x € f ! (Uy ), it holds
|fo(x)| < C(a)]x|. (4.3)

Now we prove that k=1. By contradiction, suppose that k>2. Then there exists a positive
constant C; such that

V< [det(Dg) <[0:0] = [kAF T :fol <Cilfol[0:fol - aeon fUT).  (44)

Fix a > % By (4.3) and (4.4), there exists a positive constant C, such that for any x €
f~Y(U), it holds

102fo(x)[ > Cafx| ™" (4.5)

Since 4a > 2, the estimate (4.5) implies

/ 192 fo|* = co.
f~i(uy)

Since f € WIZOZ (C) for any g <2, we obtain by Sobolev embedding that f € Wﬁ)’f (C) for any
p <oo. Hence it holds fo=go f ¢ W'4(f~1(Uy)), which is a contradiction.

Consider an open set U such that 0e¢ UE f ~1 (L1 ). Since k=1, we have that p=A(go f).
Hence, ¢ is quasiconformal on U, and ¢~ € WL*NW22(p(U),IR?) since Dp 1= (D¢) 1o
¢~ lae. onp(U). O

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. We apply the Gram-Schmidt process to the frame (91$,0,¢) and get

—

al(E , and fz:: azgﬁ—(azq_b"]ii)]ii . (4.6)
019 1026 — (026~ f1) f1

By the definition of weak immersions, there exists a constant A >0 such that for a.e. p€ D?
and any X € T,(D?),

fi=

ATHX]P <[dd,(X) P < AIX]% 4.7)
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In particular, we have
016,128 €[A Al 26— (98- F1) fre[ATA(1+A7)].
Hence
(fif2) ELZNWIH(D? Vo(R™)),

where V,(IR™) denotes the space of orthonormal 2-frames in R™. For § € W'?(D?,R), we
denote (f?,f¥) the rotation by the angle 6 of the original frame (3, f2):

fi+ifi =e(A+if2).

We have (2, ) e L*NW'2(D?,V5(R™)). We denote §=g;- We look now for a rotation of
this orthonormal frame realizing the following absolute minimum (for notation, see 3.1)

inf / 1(FP,dfY) \g dvolg

0eWl2(D2R)

= inf Zg (FO0, ) (Y, ]fz )\/detg dx' Adx®. (4.8)

6cW12(D2R)./ D27

For k€ {1,2}, we have
(fl.0cf3) =00+ (f1,0kf)- (4.9)

Hence the following energy is strictly convex in W'2(D? R):
:/ \(ﬁ,dﬁ’)y;dvolg:/ A0+ (f1,df2)|? dvol,.
D2 D2
By a standard application of Mazur’s lemma (see for instance [27, Corollary 3.8]), we

obtain a unique 6 € W?(D?,R) that achieves the minimum of E. It satisfies the Euler—
Lagrange equation (see Notation 3.1 for the Hodge star operator *):

Vo € W (D2, R / dp N (d0+ (f1,df2)) =0 (4.10)
Denote (€1,62) == ( fle, fze ) for this value of 6. From (4.10) we obtain that
d(*g(¢1,de>)) =0 inD'(D?).
By the weak Poincaré lemma, there exists A € W'2(D?) such that

AN =y (&),d83). (4.11)
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Substituting this into (4.10), we have

V¢ € W (D2 R), dpNdA=0.
D2

Hence for any ¢ € C®(D?2), we have by Stokes theorem

rig= | d(Adg)=0.
DZ

It follows that A ‘ gl is constant by the fundamental lemma of the calculus of variations [96,

Lemma 1.1.1]. Up to adding a constant we can assume A € W&’Z(DZ). By applying the
operator *¢d . to the equation (4.11), we obtain

AgA=xgd*gd\ = —xd(€1,d&) in D
This is written in coordinates as:

{ 0; (x/detg gijé)]-/\> =0,€1 0182 — 01810282 in D?,

A=0 on oD2.

We deduce from Lemma 3.3 that A € C%(D2) HW&’Z(DZ,IR). For i € {1,2}, we define the
pullback of &; by ¢ and the dual 1-forms

: L9

= o5 (8,0,0) — € L°NW?(D?, TD?
ei=8"(¢i,9j) 5 % € (D%TD%), (4.12)
= (¢;,0;0)dx/ = (¢;,dP) € L"NW'?(D? T*D?).

It holds that ¢} (¢;) = 6;; and d¢(e;) =& for any i,j € {1,2}. Since both ¢} and ¢; are in
L°°ﬂW1'2(D2), by a weak version of Cartan’s magic formula, we have as in the smooth
case [171, Equation (1.70)]:

de; =—e; ([e1,e2]) el Nes =dANej. (4.13)
By direct computation we also have
dg([e1,e2]) = 7 (e1(e2) —e2(e1)) € L2(D* R™),

where 777 is the orthogonal projection onto d@(TD?). Since A € L®(D?)NW?(D?,R), we
deduce from the chain rule that e=* € W'?(D?) and

dle™")=—e*dAc L?(D*T*D?).

Hence the product rule and (4.13) lead to



126 Lan T and et al. / J. Math. Study, 59 (2026), pp. 80-188

By weak Poincaré lemma, we obtain the existence of a map ¢' € W-*NW?22(D?,R) satis-
fying ‘
de'=e e (4.14)

1

Let
9:=(9',¢*) eW'*NW>*(D*R?).
By (4.12) and (4.14), we have

det(Ve)=e *'det((;,0;®)) =e 2}, /det(3;§-0;¢).

Since (ey,¢2) is positive and using (4.7), we obtain that all the eigenvalues of (9;¢-9;¢)1<; <>
lie in [A~!,A] and thus, it holds that

det(Vg) > A~le 2IMi= >,

It follows that there exists an open neighborhood U C D? of 0 such that ¢ is open and
injective on U, and its inverse ¢! € W'*NW?2(p(U),R?) by Lemma 4.1. We define

9 N 12 2
— =0 ] —eLl*NW «(TD?)),
3o =397 5 €L WA (p(U) . (TD)
where (¢~!)/ is the j-th component of ¢~ !. Since e* (dg!,d¢?) is orthonormal with respect
to g, its dual e=*(9/9¢',0/9¢?) is also orthonormal with respect to g. Therefore, by chain
rule, we finally obtain

%i(fop™")-9j(dog ) =d47(az)i) -dﬁ(azﬂ-) Zg(;(p,-,a{;) =y O

4.2 Constant of Wente inequality for a metric and consequence

In 1971, Wente [191] discovered that solutions to elliptic equations of the following form
are more regular than expected:

Au=Va-V+b in D?,
u=0 on 0D?.
Indeed, it holds
H”HL“’(DZ) + HV”HLZ(D2) < CHV"HLZ(DZ) HVbHLZ(DZ)-

Since then, equations that possess this Jacobian structure have been intensively studied.
Bethuel-Ghidaglia [20] proved that the constant C is independent of the domain. Ge [63],
Braraket [11] and Topping [187] studied such equations on surfaces and proved that the
constant is independent of the underlying surface. A weighted Wente inequality has also
been studied by Da Lio, Gianocca and Riviere in [46,65]. In this section, we provide a
new proof of the independence of the constant with respect to the underlying metric and
domain in Proposition 4.1. As an application, we obtain the existence of a Coulomb frame
under the smallness of the Gauss curvature in Proposition 4.2.
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421 Wente inequality

The strategy follows the one introduced in [20, Theorem 1.3] and [49, Lemma A.1], relying
on a direct study of the Green kernel.

Proposition 4.1. Let Q) CR? be a smooth simply connected open set. Let ¢ be a smooth metric
on Q. Let a,b € W2(Q)) and u € W1 (Q) be the solution to

(4.15)

—Agu=sxg¢(dandb) inQ),
u=0 on 0Q).

Then, we have the estimate

[ull =) <18]|dall 12(00,) 10| 12 (00,g)
ldull 12(0,g) <3V2]1dal|12(0,g) 14| 12 (0 )-

Remark 4.2. (i) The first equation of (4.15) can also be written as
—0;(g"/detgdju) =Va-V*b.

(ii) We can reduce the regularity on g, that is to say we can assume g to be a metric of
class L*(Q)) such that there exists C >0 satisfying C~1gsq <g<Cgq. By using a mollifier
argument, there exists a sequence (gx)ren Of smooth metrics converging to g in L* and
almost everywhere such that C “loga < gk < Cgyq- Hence, we can pass to the limit in
Proposition 4.1.

Proof. Up to dividing a and b by ||dal|;2(q,¢) and [|db||12(q ) respectively, we can assume
that [|da[12(,¢) = [|db| 12(q,q) = 1. Given p €Q), let G, be the solution to

—A;Gy=9, in Q,
Gp =0 on dQ).

By the maximum principle, it holds G, >0 on (), see for instance [9, Chapter 4, Section 2,
Theorem 4.17]. Given 0 <« < 8, we define

wp(a,B)={xcQ:a<Gy(x) <P}, Qpa)={xecOQ:a<Gy(x)}.

By elliptic regularity, it holds G, €C*(Q\{p}). Thanks to Sard’s theorem (see for instance
[111, Chapter 6, Theorem 6.10]), for almost every a >0, the set G, 1({a}) is aregular curve
in (). We orient this curve with the vector field

_gijafGP

V=
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Hence we obtain by integration by parts

dG,|.dvol :—/ d,G,dvol :—/ A,G,dvol,=1.
/Gw({m’ plsvols Gy L Joyw TF

Using the coarea formula, see for instance [33, Chapter IV, Theorem 1], we obtain for
almost every 0 <a < f3:

p
1dG,|2dvol :/ / |dG,|,dvolyds =B —a. (4.16)
/azpw,ﬁ) PR i Jeprsy T
Now, the solution u to (4.15) is given by
u(p):/Gp(x)da/\db. (4.17)
Q

For each n €N, there exists a, € [1,n+1] such that

n+1
da|,+1|db|,dvol §2/ / dal,+1|dbl,) |dG,|.dvol
[ e ol <2 [ [l delg 4y vl

<2 / (|dalg+|dblg) [dGylgdvoly.  (4.18)

wp(n,n+1)
From (4.17), it holds
u(p)= Z/ Gp(x) *g(dandb)dvol,
nelN wp(“ru“n-%—l)

=y / (G (x) 1) g (dandb) dvolg (4.19)
neNJ wp(an,ant1)

+ Y n *q(dandb)dvol,. (4.20)

nelN ‘Up(“nr“rzﬂ)

We estimate the term (4.19) by Cauchy-Schwarz:

) [Gp(x) —n]*q (dandb)dvol,
nelN wp("‘n/‘xn-#l)

<2) |da|g|dbygdvolg§2/ |dalg |db|gdvol,. (4.21)
nE]N (U‘U((Xn,ﬂln+1 Q
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We estimate the term (4.20) by integration by parts:
) n/ *g(daAdb)dvoly
(‘JP (“l’lr“YHJ)

nelN
d-b)advol —/ d:b)advol
/Gloxnm( 1Al | O g)

:zn(p |

nelN

=) (9cb)advol,. (4.22)
nelN* Gﬂl(‘xn) ¢

For each n €IN*, we decompose G, ! ({#}) =Ujej, 75, Where every 1}, is a closed embed-
ded curve in Q). Then, it holds

/1 (0<b)advol, E/ (0<b)advol,
Gy (an) 4

iel, i
= Z/ (9:D) (a—][ advolg> dvolg| < Z( |8Tb|dvolg> (/ |da\gdvolg>
icl,J 7k e icl, \Y 7k Th
< db|,dvol / dal,dvol, |.
</cp1({an}>| s g) ( G;l({w})l s g)

Coming back to (4.22), we obtain

) n/ *¢(dandb)dvolg
nelN (Up(lxn/anJrl)

< / |db|,dvol > (/ |da|,dvol >
g( Glwmh o ) \Ueimy O F

Using the choice of the &, in (4.18), we obtain

2
<4y / (|dalg+]db|y) 4G, |sdvol,
wp(n,n+1)

nelN*

) n/ *¢(daNdb)dvoly
w,ﬂ(aﬂ/an+1)

nelN

2
<4 3 146y g (1 2y 41, F 18l 2y 11119 )
nelN*



130 Lan T and et al. / J. Math. Study, 59 (2026), pp. 80-188

Thanks to (4.16), we obtain

) n/ *¢(dandb)dvol,
nelN (Up(“nr“nH)

2
<t 1 (IMalliztaptunsng) 190l iz, nni)

<8||dal[f2 () ) +81dbl|72 (o) = 16- (4.23)

We used Cauchy-Schwarz and the equalities ||da||;2(q,4) = [|db]|2(q,q) =1 for the last esti-
mate. Coming back to (4.17), together with (4.21) and (4.23), we deduce that

]| oo () <18.

We multiply (4.15) by u and integrate by parts:

/deu@dvolg:—/nmgudvolggHuHLm(Q)/Q|da\g\db\gdvolg§18. D

4.2.2 Estimate of the moving frame

It has been proved in [114] that a Wente-type inequality leads to an estimate on Coulomb
frames. Using 4.1, we obtain the following result.

Proposition 4.2. Let QCIR? be a smooth simply connected open set. Consider a weak immersion
¢: Q) —R™ such that, with 8§=28s

1
/Q|Kg]dvolg§36.

Then, there exists an orthonormal frame (€1,&,) € WY2(Q,g) such that
3

A |3+ |de, |} dvol g/ dii|2dvoly.

[ 11 ldesavol <5 [ (aiavol,

Proof. Thanks to [81, Lemma 4.1.3], there exists a frame (¢1,2,) € W'2(Q),g) such that

{ d*s (dé1,&)gn=0  inQ, (4.24)

(0v€1,82) g =0 on 9Q),

where v is the unit outward-pointing normal for g. Moreover, by decomposition each
de; in the sum of its tangential part along ¢ and its normal part, we obtain the following
estimate

/ 4212 o -+ |8 2 dvoly <2 / {421, 8) g [2dvOl -+ / dit 2dvoly, (4.25)
@) Q @)
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By Poincaré Lemma and (4.24), there exists A € W'2((Q,g) such that

A=0 on 9Q).

Indeed, the boundary condition in (4.24) implies that A is constant on 0Q). Since the first
relation of (4.26) depends only on dA and not on A itself, we can add a constant in order
to get the second relation of (4.26). We apply d*s to (4.26) to obtain

{ —Agh=—sgd ((de1,&)gs)  inQ, (4.27)

A=0 on 0Q).

Thanks to Proposition 4.1, it holds

[ L) <18]|dé1 [ 12 (q0,0) 19E2 | 12 (2 )
[dA ]l 12(0,9) <3V2|d81 || 12(00) 12 | 12(000)-

Denote &9 := ||Kgl|11(0,)- We multiply the first relation of (4.27) by A and integrate by
parts:

/|d/\\gdvol <A @ /yd )| dvol

< IMlemiay | [Keldvols < 180 42 20 148 1201
Thanks to (4.26), we obtain
/ [ (d21,82) o [2dvoly < 1860 121 | 2 )| 422l 2000 5) < 90 (121 2,00+ 1482 22 0 )

Using (4.25), we obtain

/Q | (d21,8) g |3 dvolg <9eq (2 /Q | (de),2) gn |3 dvolg+ /Q \dﬁ@dvolg>.

If £g < &, we obtain

367

/| del,ez>Rm\gdvol <= /|dn\gdvol

We conclude thanks to (4.25). O
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4.3 Local injectivity and integral densities

Definition 4.4. Let ¥ be an orientable n-dimensional closed smooth manifold and consider ¢ €
WL (2,R™). For any measurable set E CR™, we define the volume of ENG(Z) as

imm
Vol(E) ::/Zlﬁl(E)dVOI&p'
For x € R™, we define the density 0, € INg at x by the following limit (whenever it exists)

6, = lim Vol(¢(X)NB,(x)) '
r—0*t 7’”|B”’

In this section, we prove that weak immersions with VMO derivatives are locally
injective and have a well-defined density, which is an integer. For notation on VMO
functions, see Section 3.7.

Theorem 4.2. Let f € WV°(B",R™). Suppose that there exist a function w: (0,00) — [0,00]
with lim,_ow(r) =0 and a constant A >0 such that

Brp(Vf)<w(r), forall r>0,
Aol <|dfp(v)|<Alv|,  forae p€eB"andall veT,(B").

In particular, V f € VMO(B"). Then there exist a constant C >0 and an open neighborhood U of
the origin, both depending only on A,w,n,m such that

1f(x)—f(y)|>Clx—y|, forall x,yeU.

Proof. Let V be the set of full-rank m x n matrices, then V is open in the space of m xn
matrices. By the definition of weak immersion, there exists a compact subset K of V such
that V feK a.e. in B". Hence there exists ¢ >0 such that the set K':'={MeV: dist(M,K)<e}
is compact and contained in V. It follows that there exists a constant Cy > 0 such that for
any v€R", M€K/, it holds

|Mv| > Colo|. (4.28)

Moreover, the constants Cp,¢, and K can be chosen to depend on A,w,n,m only. We
choose r9,€0 € (0,1/8) small enough (to be determined later) depending on A, w, n, m only
such that for every ball B of radius <4ry we have

]i‘vf—]ﬁVf‘ <min(e,c0).

Now fix xo,y0 € By, (0). Let r:= |xo—yo| and consider the ball B’ := By,(xp). We denote

MO = Vf
B/
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Since 2r <4rpand Vf € K a.e., we have

][ |V f—Mp| <min(e,ep).
B/

Hence, it holds My € K'. Letting fo(x) = f(x) — Mox, we apply Morrey’s inequality [58,
Theorem 5.6.4] in the case p=2n and John-Nirenberg inequality [78, Theorem 3.5], for ¢
small enough we have

| fo(x0)— fo(yo)| <C %(/ |Vf0|2n) 7

oo (fer )’

<Careg=2"'Cor=2""Co|x0—yol, (4.29)

N\»—\

where Cy,C, are positive constants depending only on 7, and we choose g9 = (2C;) 1 Co.
Therefore, by (4.28) and (4.29) we have

|f(x0) = f(y0)| > [Mo(x0—y0)| = fo(x0) = fo(yo)| > %|x0—yo|- O

By using the embedding W (") (B") < VMO(B") for 1<q<co (Definition 3.5 and [41,
Theorem 6.1(iii)]), we obtain the following corollary.
Corollary 4.2. Let m,n €N with 2<n <m, and let 1 <q < co. Suppose f € W- (B",R™) and
V2feL"(B"), then there exist a constant C >0 and an open neighborhood U of the origin such
that

|f(x)—f(y)|>Clx—yl|, forall x,ycU.

Remark 4.3. When m>n, Corollary 4.2 is sharp in the sense that there exists few.® (", R™)

mm

with V2f € L™ (B") but f is not injective in any neighborhood of the origin. We con-
struct it as follows. Without loss of generality, we can assume m =n+1. We define
foeC= (8" 1,R") by

fo(x1,,xn) = ((2+cos(rtxy) ) x1, -+, (2+cos (w2, ) ) xp—1, sin(7Tx,)).

Then fg is a non-injective smooth immersion from §"-1 to R™. Hence, there exists a non-
injective smooth immersion f : gn-1_58" Now for x € B", we define

-/ X .
f(x){xf(X) if x #0,

0 otherwise.
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Then we have f € W™ (B",R"*1), and there exists a constant C >0 such that |V?f(x)| <
C|x|~! for all x € B"\{0}. This implies that V?f € L"*®(B"), but f is not injective in any
neighborhood of 0.

In the special case m =n, a sharp theorem states that any W22 weak immersion (also
called “BLD maps” in this case) is a local homeomorphism everywhere, see [79, Theo-
rem 1.1]. However, when 7 > 3, it remains open whether one can replace W2 by W>(24)

for any 2 < g <co.

In the proof of [171, Corollary 3.43], it is mentioned that in the case n=2, if we assume
in addition that ¢ € W22(X), then for any x €IR"™, 6, exists and is in INy. Here we prove a
stronger result.

Theorem 4.3. Let X be an n-dimensional closed smooth manifold and ¢ € Wilr;f;(Z,Rm) be such
that dg € VMO(X). Then we have

0y=Card(® '(y)), forall yeR™. (4.30)

Proof. By Theorem 4.2, for any point y € R", ¢~ ({y}) is at most finite. Thus it suffices to
show that for a bi-Lipschitz map f € W,- (B",R™) with Vf € VMO(B"), f(0) =0, there
holds

r—0* " |B"|

1, (4.31)

where g7 = f*ggq. For r€(0,1), we define f,: B" —R™ by

fr(w) = . (4.32)

Then {f,} is uniformly bounded in W*(B"). Moreover, we have the following limit

][ n :][B,(o) vf_][s,(o) vf

Since f is bi-Lipschitz on B", there exists a positive constant Cy such that

— 0. (4.33)

r—0+t

Vi~V

x| <Colf(x)|, forallxeB" (4.34)

Let {r¢}2; CR; be an arbitrary sequence with r, — 07, then there exists a subsequence
{1}, and an m x n matrix M such that

][ Ve, — M. (4.35)
Bn I 1—o00

Now it suffices to prove
ff71 (Brki (0)) 1dV01gf

lim =1.
iioo 7";{1_ |Bn’
1
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Denote f;:== fcor - By (4.33), (4.35) we have

lim [ |Vfi—M]|=0. (4.36)

i—00 Bn

Let f: B" =R defined by f(w)= Mw. Since {f;} is bounded in W"*(B") and £;(0) =0
for any i, by (4.36) we obtain that

fi 1—>—oo>f in WY7(B"), forall 1<p<oco.
By (4.34) and definition of f,, for any w € B", i €N, we have
jw| <Golfi(w)].
Hence for any w € B", we have
|w] < Co| f(w)|=Co|Mw]. (4.37)

In particular, this implies M has full rank. By (4.34) we have f~'(By, (0)) C Bcyy, (0). We
can then apply the change of variables formula to get

—n . T z
(Cory,) /f1 (5, 0) ldvol,, _/fi‘l(BCOl ) \/det(VFIVF). (4.38)

By the definition of weak immersions, there exists a constant C >0 independent of i such
that forall i€ N,

C'<det(VFVf)<C ae. onB"

Since V f; — M in LP(B") for any p € [1,00), we have
H Vet (VT f) —/det (MTM) —o0. (4.39)
Ll(Bn) 1— 00

By Sobolev embedding we have f;— f in C°(B") #. Since £" (! (chal (0))) =0, by [55,

Hn general, f, defined in (4.32) does not has a C? limit as 7 — 0 under the same assumptions. For instance,
we may take

) 0 if (x1,x2) =0,
f(x1,x2) 1—{

(x1,x2,100 1 x cos (log(1—log(x2+x3)))) otherwise.
Then f € W22 (D?R%) hence Vf € VMO(D?), but for any w € {(x1,x2) € D?:x1 #0}, fi(w) =r"1f(rw)
diverges as r—0. Moreover, we compute the contingent cone [8, Definition 4.1.1] and Clarke tangent cone [8,
Definition 4.1.5] of f(D?) at 0:

Tr(p2)(0) = { (x1,%2,%3) ER®: 23] < 31|}, Cpa)(0) = {0} x Rx {0}.

Neither of the two tangent cones above is a 2-plane in R3. However, if we assume f: D?> — R3 is a C!
embedding, then it holds that

Tf(DZ) (O) :Cf(DZ) (0) :Im(Vf(O)).
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Theorem 3.2.11] we obtain

L"(f7 1 (Be,1(0)) = L7 (f 71 (B, 1(0))). (4.40)
Since f(w)=Mw, we have
£r(ft (Bcgl (0))=C;"L"{weR": (M"Mw,w) <1}. (4.41)

Since MT M is positive definite, there exist Q € SO(n) and D =diag(Ay,---,A,) with
A1, An >0 such that MTM=QDQ™!. It follows that

LY weR": (M"Mw,w)<1}=L"{weR":(DQ 'w,Q 'w) <1}

=L"{veR":(Dv,v) <1}

n
zﬁn{(m,---,vn) G]R”:Z)\jvjzgl}. (4.42)
j=1
By a linear change of variable, we have
n noq 1
£ﬂ{(vll...,vn)E]R”:Z;Ajvjz'ﬁl}:qu 2|B"| =det(M"M)"2|B"|. (4.43)
= =

Combining (4.38)-(4.43), we finally conclude

Je (5, @) 14V G (F1(B1(0)) ) v/Aet(MTM) B

- =1.
00 e [BY] |B7|

Thus, the limit (4.31) is proved. O

4.4 Approximation by smooth immersions

In this section, we prove that every weak immersion ¢ can be approximated by smooth
immersions ¢ and that the conformal structures induced by ¢ converge to the one of §.
To do so, we first prove in 4.4.1 that the conformal charts obtained by Coulomb frames
converge. Combining this with an argument from Uhlenbeck, we prove in 4.4.2 that the
conformal structures converges as well. We summarize the approximation results that
we obtain in 4.4.3.

4.4.1 Convergence of isothermal coordinates

The goal of this section is to prove Theorem 4.4, namely that if a sequence of weak im-
mersions (qffk) keN converges to some $w in the strong leo’g-topology, assuming a control
on the metrics g5 , then the conformal charts induced by @y converge to conformal charts
for ¢.

In order to prove the convergence of the Coulomb frames, we first need to prove some
convergence result for equations having varying coefficients.
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Lemma 4.2. Let n>2, U be a bounded open subset of R", {aZ} C L), {fi} cW2(U).
Suppose that there exists a constant A >0 such that for all € R", k€N, and a.e. x €U, it holds

ATE? <Ea x)¢ic < AlEP
Assume in addition that a;{j —a'l a.e. for some al € L®(U) and f, — f in W=L2(U) for some
fFeW=L2(U). Let uy € W2(U) be a solution to the equation
ai (ﬂ;{]a]uk) :fk in U. (444)

Suppose that u; — u weakly in WY2(U). Then we have uy — u in W2 (U).

loc

Proof. Let V € U be a bounded open subset with smooth boundary. Let { € C°(U) be a
cut-off function such that { >0 on U and { =1 on V. Denote by (,) the duality pairing
between W~12(U) and W&’z (U). Using (ux—u)¢ as a test function in Eq. (4.44), we obtain

A [ 190 P< [ a2y )2, )
—(fk,é(uk—u»—/u(a;zajukaié(uk—u)+a;(j§aju8i(uk—u)). (4.45)
Since ¢(uy—u)—0 weakly in W&’z( U) and || fx — fllw-12(u) — 0 as k— oo, we have
| FerG =) | <[(fe—= 8 (e —u)) | +[(f,€ (e —u))|
< fie=Fllw-r2 116 (=) [lwrzquy +1{f, 6 (e —u)) | =—0. (446)
By Rellich-Kondrachov compactness theorem, we also get

]
ax

'/akaukaé Ur—u )

Ha ”kHLZ 10:¢ (g —u )HLZ(u)]H—OO>0~ (4.47)

Concerning the last term, by weak convergence u; — u in W?(U) and dominated con-
vergence theorem, we obtain

[ atcogudin—)| <| [ acoud )| + [ |6 = gojmdi )

< /u 010,10 (1 — e 1= ) 2
5 0. (4.48)

k—oc0

+H ak—a )Cau

Combining (4.45)—(4.48) we finally conclude uj — 1 in WL2(L). O

loc
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Using the proof of Theorem 4.1, we are now ready to prove strong convergence of
conformal charts for a convergent sequence of weak immersions with bounded induced
metric.

Theorem 4.4. Let ¢ € W22 (D2, R™) for k€ NU{oo}. Assume that ¢ — foo in W2?(D?) as

k— 0o, and that there exists a constant A >0 such that for any k€ NU{co}, any X € R? and a.e.
pe D?, there holds

AT X ge <[d(Br)p(X) [Rr < AIX |- (4.49)

Then there exists a neighborhood U C D? of 0 and WY NW??2 diffeomorphisms @i : U— ¢ (U) C
IR? such that o @, " is (weakly) conformal on i (U) for any kEINU{oo}, ¢ — poo in W22 (U)
and

lgliwimy <C, - Ngc i (gyuy <C
for a constant C > 0.

Proof. We follow the proof of Theorem 4.1. For ke NU{oo}, denote
Sk =8ijx Ax' @dx),  gij = (0ir, 0 Px), (g = (gijx) ", detge=det(gix)-

Then we have g — ¢ in W2(D?) as k— o0, and {gx}, {g;j} are bounded in L®(D?).
For k€ NU{co}, we apply Gram-Schmidt process to (d1¢,92¢) and get

- 0 2 Oode— (9P i) fi
U/ S Sl G /SN IV (4.50)
fuk |01 | fax 10200k — (02¢k - f1.x) f1,x]

By (4.49) we have |91¢%/,|92¢| € [A~1,A], and
}aﬂﬁk— (a2$k'ﬁ,k)fl,k‘ e[AT,A(1+A?)).
Hence it holds that
(Fui far) €LZNW(D?, Va(R™)),

where V5(IR™) denotes the space of orthonormal 2-frames in IR”. Since (¢ )xen converges

in W22, we deduce that f;; — f; . in WY2(D?) as k— oo for i € {1,2}. For § € W'2(D?,R),

we denote ( fle,k’ fZG, ;) the rotation by the angle 6 of the original frame ( Fieofor):
Fixtifs=e” (flk + iJ?z,k) :

Then we still have

(P fii) eL*NWI2(D2 Va(R™)).
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We look now for a rotation of this orthonormal frame realizing the following absolute
minimum

inf / (ff k'df2k>’gk dvolg,

0cW,* (D% R)
eew12 D2R).JD? ;=

Forie{1,2}, we have
(fLi0ifar) =00+ (fir0ifox)- (4.52)

Hence the following energy is strictly convex in Wy(D?,R):

0) :/Dz‘<]?19,k,df£k>\§kdvolgk:/Dz\d9+<ﬁ,k,dﬁ,k>\§kdvolgk.

By a standard application of Mazur’s lemma, we have a unique 6 € W&’Z(Dz,IR) that
achieves the minimum of E. It is the unique solution in W(}’Z(DZ,]R) for the Euler-
Lagrange equation:

V¢ € W,*(D?%R / dp Nxg, (dOk+ (fridfor)) = (4.53)

In particular, taking ¢ =6y in (4.53), we get
A—4/ |V9k|2dx2§/ 16,2 dvolgkg/ dfa 2 dvolgk§A4/ IV 2.
D2 D2 8k D2 18k D2 §

Thus the sequence {6;} is bounded in W,(D?) and each subsequence contains a further
subsequence {6}, } weakly converging to some 6’ € Wy*(D?). Then using (4.53), Holder’s
inequality and dominated convergence theorem, we have

Vg € Wi2(D?, R / dp Mg, (46 + (Fooordfoso)) =0,

Hence it holds 6. = 6’ and we have 0; — 0, weakly in W'?(D?). Also by dominated
convergence, we have

d(#g (FLidfor)) = d (g (feodfre)) in W2(D?),

Then by replacing the cutoff function ¢ by 1 on D?, we use the same argument as in
Lemma 4.2 to obtain 6y — 6, in W'?(D?). Denoting (&, ) = ( 392, 29, *), we have & ; —
€i oo as k— oo forie {1,2}. We deduce from (4.53) that the following equation holds in the
sense of distribution:

d(%g, (€1, d82x)) =O0.
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Therefore by the weak Poincaré lemma, there exists Ay € W'2(D?) with [, A =0 such
that
A\ =g, (€1 kA8 k)-

Hence we have the convergence VA — VA in L?(D?), from which we deduce that
M — Ao in WL2(D?) by Poincaré inequality. In order to deduce boundedness in C°, we
use the following equation:

Ag A= *g kg dAx = —%g,d(€1 1, der k).

Let A € Mi<pen WO1 7 (D?) be the solution to the following equation:

a,‘ (\/ detgk g;(]a])L]:) :8251,,( -8152,,( —8151,158252,]( in Dz,
=0 on oD?2.

By Proposition 4.1, we obtain that {1} is bounded in C°(D2)NW,*(D?,R). Concerning
the difference A} — Ay, we have the following equation:

ai(\/ detgk g;(]a]()\;c—)\k)) =0.

Thanks to [138], there exists p=p(A) € (2,00) and a positive constant C independent of k,
such that

1A= Akl co sy < CllA = Akl (o, 00y £ CIA) 1AL = Axllwz(pz) < C.

It follows that {A }xen is bounded in C(D;5(0)). For i€ {1,2}, we define pullback of
€ x and the dual 1-forms

€= 8{3 (€ k,9ix) aax, eLeNW'? (D% 1 54
e} = (81, 0;Br) dx) = (€, dr) € LY NW'? (D3 (0),T* Dy (0)). |
Then by the same proof of Theorem 4.1, we have

d(e’)‘ke?,k) =0.
Using the weak Poincaré lemma, we obtain the existence of

ok e W NW??(D; (0),R)

NI—=

with fDl/Z(O) @i =0 for i€ {1,2} such that

dgoi:e*)‘k e ke (4.55)
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Let

or = (gi,97) € W N2 (D (O),]RZ).

N|—

From (4.54) and (4.55) we deduce that for a.e. p€ D;,(0) and any v € T,,(D1,,(0)),

e MIe®a® A-1o| < |d( @) (0)| = e |dy (0)] <! @i A o). (4.56)

Since Ay — Ao, €] —> €], in W12(D?) as k— o0, and {A;} is bounded in C(D;,,(0)), by
dominated convergence theorem and Poincaré inequality we have ¢ — ¢ in

W22(D1(0)).

2

Combining (4.56) and Lemma 4.2, it follows that there exists an open neighborhood U C
D, /,(0) of 0 independent of k such that ¢y is open and injective on U, and its inverse

@ LEWLNIWA2 (g (U),R?).
We obtain that @y is an isothermal chart of @ by the same proof of Theorem 4.1. O

4.4.2 Convergence of conformal structures

As a consequence of Theorem 4.4, we deduce the convergence of the underlying confor-
mal structure for sequences of metrics induced by weak immersions which converge in
some Sobolev space. To begin with, we consider the case where g, — g smoothly.

Lemma 4.3. Let X be an oriented connected 2-dimensional closed smooth manifold. Assume that
(8k)keNU{eo} 18 @ sequence of Riemannian metrics on ¥, and

8k 78 in C*(L,T'E2RT*L).
— 00

Then there exists a sequence (hy)renu{eo} Of metrics of constant Gaussian curvature 1,—1 or 0
such that hy is conformal to g and hy — he in C*(X, T*LRT*X) as k— co.

Proof. Let x(X) denote the Euler characteristic of £ and K}, be the Gaussian curvature of
h.

Case L. x(X) < -2 and Kj, = —1. By a theorem of Poincaré and its corollary ([188, Theo-
rem 1.6.2]), in this case, for any s €N, s >3 and any metric g € WS'Z(Z,T*Z@) T*%), there
exists a unique metric h € W¥?(Z, T*2® T*L) such that & is weakly conformal to g and h
has constant Gaussian curvature —1. Moreover, the map taking g to & is continuous in
Ws2, Tt follows that hi is uniquely determined by gx, and converges to h. smoothly since
Sk 8N CO(E, T ERT*Y).

Case IL x(X)=0and K, =0. Let i =e**g; for some A, € C*(Z). We denote the Gaus-
sian curvature and negative Laplace-Beltrami operator associated to g by K,, and A,
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respectively, the condition that /i has constant Gaussian curvature 0 is then equivalent to
the equation (e.g., [171, Theorem 2.6])

Agk)\k :ng. (4.57)

By Gauss—Bonnet theorem, we have

/Zng dvolg, =27x(X) =0.

Hence for each k € NU{oo}, there exists a smooth solution Ay to (4.57) and it is unique
up to additive constants ([9, Theorem 4.7]). By adding suitable constants, we can without
loss of generality assume that

VkeNU{oo}, //\kdvolgw:O. (4.58)
b

Since gx— 8w in C*°, we have Ko, — K., in C*(X) as k— o0, and in particular, { Ky, } remugoo}
is bounded in C°(X). By (4.57) and the convergence g — gwo, there exists a constant C; >0
independent of k such that

C1 / |dA[3., dvolg,, < / |dAk[3, dvolg, =— / AkAg Axdvolgy, = / — MK dvoly,.
z by by by

Furthermore, by (4.58), Cauchy-Schwarz inequality, and Poincaré’s inequality, there exist
constants Cp,C3 >0 independent of k such that

1
/Z—/\ngkdvolgk <|[[Kg [l L(x) volg, (£)2 </ )\kdvolgk>

<G (sup||Kg,HLoo > ( supvolg, (X ;) (/ Akdvolgw)
<GC3 </d}\k|g dvolg )

Consequently, { At }renuioo} is bounded in WL2(L). Now we apply the interior estimates
as in [58, Section 6.3.1] to Eq. (4.57) and obtain that {Ay }ycnufe) is bounded in W2 (2)
for any s€IN. A standard compactness argument then implies Ay — Ao in C*(X) as k— 0.
Finally, by setting 1 = e?*+g;, we obtain the required convergent sequence of metrics of
Gaussian curvature 0.

CaseIIL x(X)=2 and K}, =1. We identify X=CU{co} with the canonical smooth structure
and orientation. Define ¢)(z):=1/z on X, and ¢: C— 52\ {(0,0,1)} be the inverse of the
stereographic projection, i.e.,

2x 2y —1+x2+y2)

(P(x/y) = <1+x2+y2’1+x2+y2’ 1+x2_|_y2
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Let h:=¢*gc, where gg is the standard round metric on S2. Then h can be extended
to a Riemannian metric on X with constant Gaussian curvature 1, and is conformal to
Sstd = dx?+dy? on C. Given k € NU{oo}, there exist two functions c;: C — (0,00) and
#r: € —D1(0) CC such that

gk = (g0)11dx* +2(gx) 12dxdy + (k) 2dy* = 0| dz + e dz|?,

where dz =dx+idy and dZ =dx—idy. Moreover, such py is uniquely determined by g
and can be computed as (e.g., [155, Section 1.2.1])

(8K)11— (8k)22+2i (k)12
(8k)11+(8k)22+2\/(gk)11(8k)22— (86

In particular, we have piy — o in Cjy (C). On the other hand, we obtain that for all w€C,

K=

(97" (86)e %\dwykow (@)wP0~da|.

Since (p~!)*g is smooth on C, it follows that yk0¢_1( )w2cD
smooth function on C and converges to pieoth ™ (w)w?@ 2 in C2
holds that ||| ~(c) <1 and |[px — preo || () — 0 as k— oo.

For ke NU {oo} let fi be the unique or1entat10n—preserving homeomorphism of X =

CU{co} onto itself satisfying the relations

{ 0z fr = Uk 9= fr,

2 can be extended to a

(C). In particular, it

fr(0)=0, fk(1)=1, fr(o0)=

In particular, fi is quasiconformal with complex dilatation p (Definition 3.1). By con-
sidering the quasiconformal maps f;o f! and applying [91, Proposition 4.36], we have
fx = foo locally uniformly on C. We denote o} € L*(C,IR>*?) the unique matrix-valued
function on C such that oy, is positive definite a.e., det(oy) =1, and such that

_ (01) 22— (0% )11 — 2 (0% )12
(ok)11+ (0k)22+2

Such 0} depends uniquely and smoothly on ji, hence we have 0} — 0 in C2 (C,R?*?).
By [166, Theorem 5.1], f; satisfies the elliptic equation

div(ox(z)V fr(z))=0 onC.

Hence standard elliptic estimates as in Case IT imply that fi — fe in Cf>.(C). On the other
hand, the map o frop~! is quasiconformal with complex dilatation yxoyp~—!(w)w?@ 2
([91, Proposition 4.13]). Moreover, it holds

peoy ™ (@) @202 — ooy (@)@ in G (C).
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By the same argument as before, we obtain
pofiop ™ ——ypofwoyp ! in G (C).

Hence it holds fy — fe in C*(X) as k — co. Besides, by the proof of [4, Lemma 5.B.3],
both f and ¢o fyop~! have no critical points on C, hence each f; is a diffeomorphism on
Y. Finally, for all k € NU{co}, let /i := f;'h, then J is a Riemannian metric with constant
Gaussian curvature 1 on %, and hy — he smoothly on 2. Since & is conformal to ggq and
f£ 8sta is conformal to g on C (see for instance [91, Section 1.5.1]), we have Iy = fh is
conformal to g on C C X.. The conformality holds on X since hj, gi are both Riemannian
metrics on X, and C is dense in . O

Then we consider the general case in which {gx} are metrics induced by weak im-
mersions. The strategy of proof is an adaptation of [189, Proposition 3.2]. For a sequence
of functions fx and a compact set K C R", we write fy — f in C®(K) if each f; is defined
on a neighborhood of K (possibly depending on k) and for any I €Ny, || fc— fllci(x) —0 as
k— co.

Theorem 4.5. Let X be an oriented connected 2-dimensional closed smooth manifold with a refer-
ence Riemannian metric §. Assume that gy — Peo in W>2(X,R™) as k— oo, and that there exists
a constant A > 0 such that for any k € INU{ oo}, there holds

AHX [ <|d(Pr) p(X) R < A|X|g, forae peandall X € T,X. (4.59)

Let g = @} gsa be the metric induced by ¢y. Assume that § and geo are weakly conformal (i.e.,
Y. is equipped with the complex structure induced by o, as in Corollary 4.1), then there exists a
sequence (hy)reNu{eo} Of metrics smooth in the complex structure induced by Px, and a sequence
(¥x)ken of bi-Lipschitz homeomorphisms on X such that

( (i) hy has constant Gaussian curvature 1,—1 or 0,

(i) ¥ihe —— hoo in C¥(Z, T'ZRT ),
—00

(iii) ¥y — id in W (LX),

k—o0

(iv) hy is weakly conformal to g,

(0) {¥itren, {¥; Fren are bounded in WY (%, X). In particular, the distortions
L [83, Definition 1.11] of {¥y} are uniformly bounded in L*(X).

Proof. By Theorem 4.4, there exists a covering of & by open subsets {U, }_, with orienta-
tion-preserving bi-Lipschitz diffeomorphisms ¢ ,: Uy — @, (Us) C R? (where k € NU
{co}) such that ¢0 o 1 is weakly conformal, ¢y 4 — Pooa in W*2(U,) as k— co and

| Pxallwres(u,) + 90;;; Wi (g (1))
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is uniformly bounded. Consequently, for any compact subset K of @0 o (Us), KC @k o (Us)
for large enough k and ¢ i — @by in W22(K). Then for any 1<, <! and compact subset
K of @, p(UsNUg), the transition maps converge as well:

P p = PPy g 2 Pooa© Pl = Poonp 0 W (K). (4.60)

Furthermore, since each ¢y, g is holomorphic, the convergence holds in C*(K).
We want to prove that for k large enough, there exists an open cover {V,}!_, of £
with V, @ U, and C® injective immersions

Pkt Pooa (704) - R* — Pk, (uac) - R*
satisfying

. . 0 I/ 2
Ok IH—OOHd in C®(@eon(Va),R?), v

Pk,p,a O Pk, © Poou,p = Pk,p on Yoo p(VaNVp).

Once these maps py , are defined, we consider the map ¥y := ¢, 100k 4 0Peo,e 0N V. This
definition is independent of a by (4.61). By construction, it holds ¥y —id in C°(%,X). For k
large enough, ¥} is an immersion, hence surjective (its image is both open and closed). As
for global injectivity, assume that there exist sequences {k;}°; CIN, {p;1}2, {pi2}52, CZ
such that lim; ;. k;=00 and ¥y, (pi1) =¥k, (pi2). We can without loss of generality assume
that p;1 — p1 and p;o— pa as i— 0. Since we have ¥ —id in C°(Z,X) as k— oo, we obtain
p1=p2 €V, for some «. For i large enough we get p; ; = p; » since Y} is injective on V.

We now proceed to the construction of {V, } and {pk,}. Let {U}}! _; be an open cover
of X such that U}, has smooth boundary and U}, € U, (for existence of such sets, see the
proof of [52, Proposition 8.2.1]). We claim that there exist open sets {Va,j}lgzxg j<1 (write
Viu—1= Vi), an integer ko € IN, and C* injective maps pka: Qoo (Vaa) = @k a(Ux) for
k> ko such that for any 1 <j<land 1<a,B <j, it holds

Vaj Vg1 € Uas (4.62a)
== ( U Vw) U < U u;), (4.62b)
Y<j r>j
Prat 51 in C*(Peo.a (Vi) R?), (4.62¢)
—00
| PhpaOPkaOPoonf=Pkp  ON Poop(VijNVp,). (4.62d)

We prove this by induction on j. For j=1, we define V11 =U] and py1: ¢eo1(U]) — R?
as the identity map. For k large enough, the image of p; is contained in ¢y,1(U;) since
Pk1— Poop in C(U},R?) and U] € Uj. Let 1 <jjy <!, suppose that we have constructed
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{Vajt1<a<j<j, and {pxa}1<a<j, such that (4.62a)—(4.62d) hold for any 1 <j<jp and 1<
a,B <j. We now construct py; 11 and { Va,j0+1}]§p¢§jo+] using the induction hypothesis.
For 1 <a <jj we define

Whjy = Phjo+1.a 0Pk Pooajort1 ON Poojo+1 (Vajo MUjo+1)
By our induction hypothesis (4.62d) for j < o, this map is well-defined on
Poo,jo+1 (( U V“Jo) mufo+1)
«<jo
and independent of a. By the assumption
2= (U V) u (U u),
«<jo a>jo

we have

(Z\UVei)n (VU W) =2

a<jo a>jo

Hence we can choose a smooth cut-off ¢;, € C*(X) such that ;; =0 on a neighborhood of
E\Ua<jy Vijo and Gj, =1 on a neighborhood of X\ Uy, Uy Now we define Vj 1 11:=

U](OH € Uj 41, and for a < jo

Va’]’0+1 = Vaj ﬂint{x e éfo (x) = 1}
The condition (4.62a) then holds for j=jo+1. By the definition of {V; j 1 }a<j,+1 We have

(U Yeon)o( U ) =(U Vepar)o(Uth)

a<jo+1 a>jo+1 a>jo

— (( U V,X,]'O)ﬁint{xEZ:[;'jO(x):l})U( U ul;)

x<jp a>jo

The definition of ¢j, also implies

2\ J U Cint{xeX: g, (x)=1}.

x>
We then obtain
U Vo )u( U)o ((Ues)\ Utr)u(U )
a<jo+1 a>jo+1 a<jo a>jo a>jo

=(UVep)u(Uup)=x

a<jo a>jo
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Hence the condition (4.62b) holds for j=jo+1. Since ¢;, vanishes on a neighborhood of
Z\Uagjo Vi jo, and

W, jo © Poo,jo+1 € c* ( ( U Va,j[)) N Uj0+1>

a<jo
we have
(Gip© Pooriy 11) Whijo € C% (@oo 11 (Ujg 1))
Then we define
Phk,jo+1= (gjo © (P;,ljoﬂ) W+ (1 —Gjy© (P;o,ljoﬂ) ideC® <(Poo,jo+1 (ujo+1)r]R2)-
Let a < jo. Since &j, =1 on V,, j 11, the following holds on ¢ jy+1(Ujy11M Vi jp41):

Pkjo+1 = Wk jo = Pk,jo+1,a ©Pka © Pooa,jo+1-

Since we have Vj 11 j,11= U]{O +1 CUjy41, the condition (4.62d) is thus satisfied for p=j=

jo+1, & <jo. By using (4.62a) and the identity @y, = qok’é . we then obtain (4.62d) for
j=jo+1and any &,B <jo+1. Next we prove p ; +1 —>id in

C™(@oojor1 (U] 41),R?) a5 k— co.
Fixing & <jp, let W be an open set such that
(Poollx (VD‘/].O m u;0+1 ) C W @ @oo/a ( u“ m u]0+1 ) .
The convergence (4.60) implies that

Phjotia — Peojor1a N CT(W).
k—o00

By our induction hypothesis (4.62c) for a« < jo, we also have

pk,ﬂ( —>id il’l COO(¢oo,a(Va,j0)).
k—o0

Then the definition of wy ;, implies

CL)k,]'O ]H—oo> id inC® <(P°°rj0+1 (V“'jo n u;0+1)> '

Hence we have

gt (e (U 5) )

a<jo
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On the other hand, it holds that py ;11 = id on ¢eo jy11(Ujy+1\Us<js Vajp)- Therefore, we
have

Prjo+1 —2id 0 C ooy (U] 11))-

Hence the condition (4.62c) holds for j=jo+1. In particular, p j ;1 is an immersion on

9o0,jg+1(Vig+1jo+1) = Poojorr1 (U 1)

for k large enough. Also, since BU](O 1 is smooth, we have the following embedding ([58,
Theorem 5.8.4]):

whe (<Poo,j0+1 (U]{0+1)) cct ((P°°JO+1 (m)) '

Consequently, there exists ko €IN such that for any k > ko and x, € ¢ j +1 (U’ ,,) itholds

jo+1

[ ok jo+1=1d) () = (orjpr1 —id) (y) [ < 5 Ix yl-

Hence we have

|0k jo+1(%) =Pk jo+1 (¥ )|> [x—yl.

In particular, this implies oy ;,+1 is injective on @e j,+1 (U] ;) for k> ko. Moreover, since

jo+1
1y _
Vio+1jo+1=Ujy 41 €Ujp11

and @ j, 41— Peojp 1 in CO(UT |

o 1) as k— oo, for k large enough we have

Ok, jo+1 ((Poo,jo+1(vjo+1,jg+1)) C @i jo+1 (uj0+l)'

This completes the induction. Finally, for 1 <a <[, we take V, =V, , the constructions
of {px+} and {V,} are thus accomplished. Since ¥.= U1<a<thx’ we can choose smooth
non-negative cut-off functions ¢, € C®(@eoq(Vy)) such that Y\ _; ¢y 0 @es e >0 on X. Since
Pru — Poon N CO(Vy) as k— 0o, we have ¢y € C(gx o (Vi) for k€ NU{oo} large enough.
For such k we define

!
l,< = Z ¢agstd

Then g; is a smooth metric under the complex structure induced by Px as defined in
Corollary 4.1. Since ¢ , giq is weakly conformal to gy on V,, we have g; is weakly con-
formal to gi. Since we assumed § and g, are weakly conformal, we obtain that @u 4 is
weakly conformal from (V,,g) t0 (@eon(Va),gstd)- Hence ¢ 4 is smooth by Corollary 4.1
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(i) Let1<a <[, x€V,, then by (4.60) and (4.61) we have

(Figh)v= ((PraoPkacPon)” L 91 p(Ppgea) )

XEVﬁ x

= ( Z (§0k,;3,szPk,aOépoo,a)*(‘lbﬁgstd))

XEVﬂ

P ( E ((Poo,ﬁ)*(ﬁbﬁgstd)) = (g, )xsmoothly in x.

k—c0 eV X

X

Consequently, we can apply Lemma 4.3 to the sequence {¥}g; } (denote ¥o:=id) to obtain
a sequence of Riemannian metrics /1, of constant Gaussian curvature 1,—1 or 0 such that
h!. is conformal to ¥ g} and h}, converges to /), smoothly. Finally, we take hy:= (¥, )"k},
then ¥} hj converges to ho smoothly, i is weakly conformal to g; and hence g. Py the
definition of ¥y, we also have hy is smooth in the complex structure induced by ¢ (i.e.,
(or, i)*hk is smooth), and /. has the same constant Gaussian curvature as /1;. O

Remark 4.4. Let K> 0. Assume {gy} is replaced by a sequence of metrics {gy} such that
for any k and any coordinate chart ¢: U: £ —IR?, it holds

det((1)if) > K[((g0)ij)|> ae,

where we denote

(205=5 () (o) () (o))
Assume g — §o a.e. Then we can construct the conformal charts {¢y ,} as in Remark
4.1, and by using the same argument as in Theorem 4.5, we find {h;}, {¥}} satisfying
Theorem 4.5 (i), (ii), (iv), but ¥x may not be Lipschitz. Indeed, by [91, Proposition 4.36]
and [92], we have @y, — @oon, @) ; = Py N Wltf for some p>2, hence ¥y —id, ‘Pk’l —id
in W7 (%,%), in particular, in CO,(Z,Z).

4.4.3 Approximation results

The first goal of this section is to prove Theorem 4.6, namely that a W'®-immersion can
be approximated by smooth immersions as soon as its first derivative belongs to VMO.
Then we prove Theorem 1.3 at the end. We define a weak W ®-immersion with value
into manifolds.

Definition 4.5. Let N be an n-dimensional smooth manifold without boundary, U C N be
open and precompact, M be an (-dimensional manifold smoothly embedded in R™. We say
FEWE® (U,M) if f e WL (U,R™) and f(x) € M for any x € U.

We estimate the mean oscillation of a composition and the distance with a smooth
approximation.
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Lemma 4.4. Let U C R" be open and bounded. Let f € WY (U) with Vf € VMO(U). Let
@: U—W CR" bea C! diffeomorphism, where W = ¢(U).

(i) For any r >0, we have V(fop~t) € VMO(W), and there exists a positive constant C =
C(1, V@l ooy | V@~ I 1 (w)) such that

B (V(fop™) <C(BAVA+B(VO IVl )- (4:63)

(ii) Let u be the standard molliﬁer For e>0 we let 7e(x) = "y(e1x). For xe U and e <

dist(x,U°), we define fo(x):= [, f(y)ne(x—y)dy.
Let K > 0 and assume in addztzon that oU is Lipschitz. Then there exists a positive constant
C=CUIVllrouy IV @ Lo(w), U,K) > 0 such that for any x1,x0 € U and ¢ > 0 satisfying

|x1—x0| <Ke and e <min (dlst(qo(xl),8W),d1st(x0,8U)), there holds

|V(fsoqvl)(¢(xf)))— F o, YU

<C(B(Vf)+(wel(Vo)+) IV fllLow). (4.64)
where

we(Ve)=sup{[Vo(x)-Vo(y)|:x,yeU,[x—y|<e}.

Proof. (i) Since ¢ is quasiconformal, by Lemmas 3.9 and 3.10, we have Vfog~! is in
VMO(W). Moreover, there exists a constant C = C(1, ||V ¢l =), V@~ | 1=w)) such
that the following estimate holds

Br(Vfogp™') <CB/(VS).

Hence for every ball B, C W, we have

V(fog ][Vfoq) ][V(P
< ][Y (Vfoq) ][Vfoq) )qu ][, Viop™! (qul_]irVq)l)‘

<NV ey Br(V oo ) +B(Vo DIV fllow
<C(B (VA +B(VOIV fllowy).

The estimate (4.63) is thus proved.
(ii) Let y € Bs(¢(x1)), we have

1o (W) —x1| <V o [y — @ (x1) | <€ Vo | o)
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Hence it holds that
o=@ (NI <Se(K+ [V o).
Moreover it holds (V)= € C%(U) and for all r >0, we have
wr (Vo)) <Cwr (Vo).

Since 9U is Lipschitz, we can extend (V¢)~! to g € C.(R"”,R"*") such that for any r >0,

ke (8) < C (w0 (VO) ™) +71(Vg) liwqy ) <C(w (V) +7).

In particular, this implies that there exists a constant C=C([|V @ || (1), [V ¢~ | 1o (), U, K) >
0 such that for any y € B;(¢(x1)), it holds that

Vo~ (y) Vo o) |= (Yol ) "~ (Vo(xo)) |
< (K+ NV ) +1) wern (8)
<C(we(Ve)+e).

Hence we have

f o Ve )-Ve et f - Tfog™!
Be(¢(x1))

Be(¢(x1))

<C(we(Ve)+e) IV fll=(u)- (4.65)

Since dist(¢(x1),0W) > ¢, we have dist(x,0U) > e||Vq)HZ£(u). Now we can apply the
proof of Riemann’s Theorem [165, Theorem 2] and Lemma 3.9 to get

B ™91,
(o) :

Since aU is Lipschitz, by Corollary 3.3 we can extend V f to a function f € VMO(R",R")
with

Vf‘ <CB(VF). (4.66)

Ivgld (1)

Br(f) <CB (V) +7IVflre), Vr>0.
Hence it holds that

vi-f,. )Vf‘SCﬁe(f)SC(ﬁe(Vf)+8\!Vf!!Lw(u>)- @67)

B _
iveld (¥1)
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We also have that

‘vmxo) -f

Be(xo

Vf|= [ netxo= <Vf<x>— vm)‘
) Be(x) Be(x0)

vf- ][Bs(m)w

Combining (4.66), (4.67), (4.68) we obtain by the triangle inequality

<C <CB(V). (4.68)

BS(XO)

'prl(qv(xo))][

VfO(Pl—V(fsoqvl)(cp(xO))‘
Be(g(x1))

<[V~ <C(Be(VA) +elVliew))- (4.69)

f Vfog !~V fu(xo)
Be(g(x1))

Finally, (4.64) follows from (4.65) and (4.69). O

We are now ready to establish an approximation result required for the proof of The-
orem 1.3. The underlying idea goes back to [181], see also [103, Remark 2.1] for the W22
case in dimension 2. For completeness, we present a detailed proof.

Theorem 4.6. Let (N,§) be an n-dimensional Riemannian manifold without boundary, M be a
manifold of dimension £ smoothly embedded in R™. Let U C N be open and precompact. Assume
U is Lipschitz. Let f € W (U,M) with df € VMO(U). Then there exists a sequence of C*®

immersions { f}3>., C C*(U,M) and a positive constant A such that df, —df a.e. on U and
Aol <|d(fi) (v)|rn < Alolg, forall ve TU and all k€N. (4.70)

Moreover, if fEW?P(U) for any 1< p<oo, fi can be chosen to strongly converge to f in WF (U).

Proof. Since dU is Lipschitz and f € WY (U), f has a unique Lipschitz continuous repre-
sentative defined on U. In particular, f(U) is compact. Since M is smooth, there exists a
bounded tubular neighborhood W of M with a retraction map 77 € C®(W,M) such that
n(y) =y for any y € M. Since f(U) is compact, there exists a precompact neighborhood
W’ of f(U) strictly contained in W. Since U is compact, there exists coordinate systems
{(Uj,¢j)}i_; of N such that U C Ui Uj. Since 9U is Lipschitz, we can further assume
that for each U; ¢ U, we have ¢;(U;) =B" CR", 0 € ¢;(dU) and, for some Lipschitz map
Vi R*1— R,

¢;(UNU;) ={(x1,-++,%n) €B" 12 >yj(x1,++, Xn-1) }-

Let {Z;};_; be a C* partition of unity such that supp(¢;) C V;€U; and }5j_; ;=1 on U,
where each V; is a precompact open subset of U;. Let f] = f¢j, then f] € Wb (U,RF) and
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df;e VMO(U). Let

0<e< min [K1+1 min <dist(¢j(supp(§j)),4>j(8V]-)),dist(gbj(‘/j),(f)j(uj)c))} . @)

1<j<s j

Define 7. as in Lemma 4.4 (ii). For 1<j <s, if U; C U, for x € V; we define

ielx)= F(o7(z ilx)—z)az.
Felo)= [ o 07 D00 =2

Then it holds that
F.€C®(V,RF) c C(U,RY).

If Lﬁﬂaiu # O, let K; == Lip('y]-)+2. We denote e, := (0,---,0,1) € R". Then for any z €
¢;(V;NU), e >0, there holds

Bg(z+K]~sen)ﬂq>j(U]ﬂ8U) =Q.
By choice of ¢ in (4.71), it holds that
Bg(z+sten) C(Pj(UjﬂU).

We define for x € ¢;(V;nU):

Fie(x) ::/BS(O)]?]'(cp].1(4>j(x)—i—Kjeen—z))ng(z)dz.

Thus, we have F; =0 in a neighborhood of dV;NU. We extend the map F;. to a function
in C*(U) by setting F;=0on U\ V;.

We now define F;:== 2;3:1 Fjc. Then it holds that F.— f in C (U) ase—0,and F.(U)CW’
for ¢ small enough. Let f, := oF.. The family {f;}¢~0 is bounded in W' (U, M) for ¢
sufficiently small. Since f = rrof, the Sobolev convergence of f; to f follows from the
same convergence of F; to f. Now it suffices to prove that there exists a constant A >0
such that for all € small enough, we have

Aol <|d(fe) (0)|rm < Alv]g, VoETE. (4.72)

Let 1<j,j' <s, since V;NV; CU;NUj, we can find a pre-compact region Uj y with smooth
boundary ([52, Proposition 8.2.1]) such that

V]'ﬂV]'/ - u]',]'/ c Ujﬁu]-/.
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It UinUy =@, we set Uy =@. Now we can apply (4.64) to the function f]-O(pjTl and
transition map ¢ = cpjocp71 defined on ¢; (U; ;). In the case where Uy NoU # @, we ex-

tend the following map to a VMO function defmed on an open subset of ¢ (Uy) strictly
containing ¢;(U; ), as in the proof of Lemma 4.4:

V(fjosbﬁl) Ly (UyNU) — RE™,

Forze <pj(V]ﬂU), we set z°:=z if V;CU, and z°:=z+¢K;e, otherwise. Then we obtain the
following estimate where RHS is independent of z:

‘V(Pj/,go¢jl)(z)— B(s)V(ﬁ/o(I)]fl) :Sgo(l)
Consequently, it holds that
‘waoqvﬁ)(z)— TG
<Y |V(Freo; )(z) - B(E)V(f/ocpj D=0 1. (4.73)
=1 e\
Since df e VMO(U), we also have
£, [0, | Vo9 = o )

Together with (4.73), then we get the following estimate where RHS is independent of
zE€P; ( Vin u):
]Ll;g(zf)

Since f € WY U,M), there exists a constant Ci >0 such that for a.e. z€ and for
)

mm

any v€ 5" ! it holds

V(fop; )= V(Fog)(z)| = o (1). (4.74)

\d(fo4>].—1)z(v){ >C;. (4.75)

Since W' is compact and 7 is smooth in an open set containing W/, the map Vr: W/ —
R¥*¥ is Lipschitz. We define

= || V7| oy + 14 Lip(Vtlgr) |V (F o ) s gy vty - (4.76)

By (4.74), there exists gy >0 such that for any e€ (0,¢p), we have on the one hand that F. €
C*(U,M) is well-defined with F.(U) CW'. On the other hand for any z€¢;(supp(¢;)NU),
there holds B (z°) C¢;(V;NU), and there exists z' € B¢ (z°) satisfying f ocp]f1 is differentiable
at z’ with the following inequalities:
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(i) oscillation of V(fog;):
|V (Feog; 1)(2) =V (fog; 1)(2)] < (24) ' C;. (4.77)
(ii) CO distance:
|(Feog; ") (2) = (fog; 1)(2)]
<[(Feog; )(2) = (Fop; ) (@)|+|(fod; ) (2) = (fo; (2]
<(2)7C;. (4.78)

The last inequality follows from the facts that f ogbj_1 is Lipschitz continuous on ¢;(V;NU)
and ||Fe— f|| o) — 0 as e—0. Given a point z’ where f oqu_l is differentiable, it holds

d(fod; 1)z (v) € Trop1yM
for any v € R" since f(U) C M. In particular, we have
(drod(fog; ), (v)=d(fod; )z ().
Hence, it holds for any z € ¢;(supp(&;)NU), 0 <e<eg, v€S" ! that
| (drtod(Pgoqu_l))Z(vﬂ
> |d(fodi )z (0)| | (drod(Foog ™)) (v) — (dmod(fog; 1)), (o). (4.79)
By the triangle inequality, we have for any ve€ S~

|(drod(Feog; 1)), (v) — (drod(fod; ), (v)]

SV progy ) (V(Feody )=V (fog; 1)) ()]
(V70 g1y = V T pogy 1)) Y (F o) (0)]
<|Vr((Feog)(2))| |V (Feog ) (2) =V (fog ) ()]

+Lip(Vrtly) [(Feog; ') (2) = (fod; ) ()| [V(foi ()] (4.80)
Combining (4.76)—(4.78) and (4.80), we obtain
|(drtod(Feog; ), (v) — (dmod(fogi ), (v)|

<(20)"'G; (19 7l i +Lip (V) [V (Fogy Mlpmio vy ) S27°C (481)
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By (4.75), (4.79), (4.81) we finally conclude that for any z € ¢;(supp(¢;)NU), 0 <& < g,
v€S8"1, it holds

|(dmod(Fog; ), (2)| 227'C;
The estimate (4.72) is obtained since U C U;_;supp(¢;)- O
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let ¢ € W22 (£,R™) be weakly conformal. Let § be a reference
Riemannian metric on X. By Theorem 4.6, there exists a sequence of C* immersions

@y satisfying ¢ — ¢ in W22(%,IR™) and there exists a constant A >0 such that
A7 X< [d(Pr)(X)|<A|X|g, forall Xe TE and all ke N. (4.82)

Write ¢oo = ¢, and we construct {¥;}, {l} as in Theorem 4.5. Since each ¢ is smooth,
from the construction we see that each ¥ is also smooth, and we define (,T),’{ = (ﬁk oYy, hy=
Yihy, 8 =Py gsta- Then we have g =¥ (§ gsta) is conformal to /i since hy is conformal
to ¢ gstd, and hj, —h in C*(Z, T*S®T*L). Moreover, by Theorem 4.5 (iii) we have ¢ — ¢
in W2?(%,R™). Write g} =e*%hj.

Now it remains to show that ay — « in C°(Z). Let p € Z. Since b} — h in C®(X),
by a similar argument as in Theorem 4.4 (replacing €;; by orthonormal frames on T%,
and dej by covariant derivatives of these vector fields with respect to /;), there exists a
neighborhood U of p and C® diffeomorphisms ¢ from U to ¢(U) C R? such that for
any k€ NU{oo}, it holds that ¢, (p) =0, D* € ¢, (U), and ¢} gsa is conformal to k) (write
h}, = h). Moreover, we have @ — ¢ in Cio.(U). Since I is conformal to g;, we also
obtain that ¢} o, ' is conformal. We denote

(o ) =" (dx3+dx3), (@ ") 8= (Fropr ') gsta =" (dxd+dx3).

Then we have Ay — Ao in C®(D?2) since it holds ¢ = et in C®(D?) and hj — I, =h
in C*(X). Since the sequence {A;} is bounded in L*(D?) by (4.82) and Theorem 4.5 (v),
and @0, ' — pogyl in W22(D?%R™), we have Ay — A in W12(D?). Now by applying
the argument in Corollary 3.2 to {@og, '}, we have Ay — As in W2 (D?). Since ay =
(Ak—Ax)o@r on U, and p is arbitrarily chosen on ¥, we conclude that a; — a in W>1(Z),
hence also in C°(X) ([81, Theorem 3.3.4 & 3.3.10]). O

5 Willmore surfaces

Motivated by the generalization of Willmore surfaces in higher dimension, we provide in
this section a new proof of the regularity of Willmore surfaces which does not involve the
choice of conformal coordinates. In Section 5.1, we write the Euler-Lagrange equation of
Willmore surfaces in divergence form. In Section 5.2, we prove the regularity of Willmore
surfaces.
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5.1 The Euler-Lagrange equation and conservation laws

In this section, we show that the Euler-Lagrange system of the Willmore functional can
be written as a div-curl system. To do so, we need Noether theorem to rewrite it in
divergence form.

Theorem 5.1 (Noether theorem [157]). Let [: R™ x R"™*" —R for [(z,p) being C' in z and C?
in p. Let X be a tangent vector field on R™, F(t,z) denote the flow of X at time t with F(0,z) =z.
We say X is an infinitesimal symmetry of | if

I(u,Vu)=1(F(t,u),V(F(t,u))), forall ucC(B",R™).
Let u be a critical point of L(u):= [, (1, Vu)dL", i.e. for any w € CZ®(B"), it holds

d
EL(L{—FIL(,U)

t=0

Then for any infinitesimal symmetry X of 1, we have

. dl
div <<apX> ou> =0. (5.1)

In the same paper, Noether in fact considered higher-order Lagrangians of the form

L= [ I(uw,Vu,--,Vu)dc" (k>2),
Bn

where [ is a smooth function. While the classical conservation law (5.1) may not hold for
k>2, symmetries of the Lagrangian density [ still generate conservation laws in the form
div | =0, where ] is a Noether current expressible in terms of u and its derivatives.

Let X be a 2-dimensional closed smooth orientable manifold. The notions of Gauss
map, second fundamental form and mean curvature associated to ¢ € Wizn’qzm(Z,]R3) have
been defined in Notation 3.1.

Definition 5.1. Let € W22 (X,IR®). We define the Willmore energy:
W(D):= /Z ‘ﬁ‘zdvolg.

The map @ is said to be a critical point for W if for any @ € C*(Z,IR%), there holds

iW(cf>+tw)

T =0.

t=0

Such a critical point is called a weak Willmore immersion. Similarly, we can define weak Willmore
immersions in W2 (D2, R?).

Throughout Sections 5 and 6, we use the Einstein summation convention, and we
leave out the symbols ® for sections of AR"®AT*X (m € NT). For instance, we write
8i¢7dx7 = 8i$®dx].
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The Noether current associated to translations.

Now we compute the Euler-Lagrange equation satisfied by weak Willmore immersions.
In fact, the divergence-form equation can be seen as a consequence of the pointwise
invariance of H?dvol, by translations in the ambient space, as pointed out in [14] (see
also [124]).

Theorem 5.2 ([169, Theorem 1.5]). A weak immersion ® € wjjn(z R3) is a weak Willmore

immersion if and only if the following equation holds in D' (£,R*® N T*Z %):
dxg (—2Hdii+dH— H?d®)=0. (5.2)

Proof. Let (x',x?) be local coordinates for ¥ that maps onto D? and ¢ € W2 (D?,R?). Let
@ € C*(D2,IR%). We consider the variation

$r = P+tm.
Denote g;= 85,7 ny=n g etc. Since g? gjkt=0ik, taking derivative with respect to f, we have

d d

— — d — - — 2 — rd
- Sijt = —0;¢; -8j¢+ —aj(pt -ai<p:8iw-ajcp+ajw-aiq§,
At dt T i dt " g
; ; (5.3)
8| ==8"s" | =—8"8" (k-0 +0,-0k)-
t=0 t=0
By Jacobi’s formula and writing g = (g;;) for simplicity, it follows that
d i 1 1 1 d
7; (detg)? 2 (detg)>Tr <g 78 t:())
:% (detg)? g (2;-0;p+9;-9;¢) = (detg) 2 g9;@- ;. (5.4)

Since |#| =1, it holds

2-0.

S

ﬁt' t= ’ﬁt

4
dt

Thus the variation of the Gauss map is given by

SRS
N =

— - T — d b HEE N — —
i =g <8 ¢ —nt >8jcpz —g" <n- d—aicpt > 0jp=—g" (i1-0;10)9;¢.
L P 1=0 R P
We now compute the variation of the mean curvature:
d id
= )
2apth) =8 gt tH dtgf 0
- d o o d i
= —gl]a ¢- di iy —g”az-n-8jw+llij Eg? (5.5)
t=0 t=0
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Thanks to the fact that Ag¢ L 9,¢, we have

(detg)? lfa]4> fa iy —(detg) "a;¢-9; (¢ (7i-0,) d,@)

t=0

=—0; (((detg)jgl]ajfl’)‘( K (7 0k ) ) ) ( detg) gijgjégké(ﬁ'akw))
= —; ((detg)? g (7i-0,) ) = 0y ((detg) " (71-0;) ). (5.6)
Since the second fundamental form is symmetric and 0;7i-7i =0, we also have

d

IL;; agij o —211;;¢% "0, -9,

— 2947 (gik(aiﬁ.aj&;‘) g@'a@s) —20,@- (g ,7)
=2¢"0-0;71 =2g" 9;1-9;7i. (5.7)
Combining (5.4)—(5.7), we obtain the pointwise a.e. variation

d 1
T (H?(detg;)?)

=2H th

—H; ((dete)2 ¢ (7i-9;@) ) + H(det Janaw+H2 detg)?g'a;@
§)28"(ii-9; 9)’g g

(5.8)

‘S-l

Forany 1<j<2,a€ L°NWY2(D?) and f € L?(D?), we have
a0 f |l sw-12p2) <119j(af) lw-12(p2) + || f 9jall L (2
<[afllr22) +9jall2(p2) | f | 12(p2)
<all onwrao2) 1 £l 2(p2)-

Hence, there exists a universal constant C > 0 such that for all a € L°NW'?(D?) and
T e L'+W~12(D?), it holds that

[aT || 1 pw12(p2) S Cllall ponwrzp2) | Tl e w-12(p2)- (5.9)

M=

By (5.8) and (5.9), we obtain in W12+ L1(D?) that
d
— (Hf (detg:)

i ),
= —0;H (detg)} g (7-3;) +0;  H(detg) g/ (7-0;) ) + (i + H2d, ) (detg)

—(—#idH+Hdii+ H*d§,d@) ,(det )2+9; (H(detg)2¢ (ii-9;@) ). (5.10)
g) 8)*8 j
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We define
V:=iidH— Hdii— H*d$ = —2Hdii+dH — H*d®. (5.11)

From (5.10) it follows that in W22+ W~11(D2, A\2T*D?),

= (%, V) Ad@+0; (H(detg)%gif(ﬁ-ajw)) dx' A
= dxgV—dskg (V-@—H-dd). (5.12)

Using integration by parts and denoting by (-,- ) the canonical pairing between D’(D? R*®
A?T*D?) and C®(D?,R%), for @ € C=°(D?,R?) we then obtain

%W(@) ={d*,V,@). (5.13)

t=0

> (£,R3) is Willmore if and
only if d, V=0, i.e, Eq. (5.2) holds in D' (£, R*® A\’ T*%). O

Therefore, by a partition of unity argument, we have cﬁ c W22

To prove the regularity of weak Willmore immersions, by using local coordinates
(x1,x%), we can still assume ¢ € W2 (D?,R?). By Definition 4.1, there exists A > 1 such
that (Notation 3.1)

A ofg, < AP, (v) % <Al|v|%., forae. xeD*andall ve T,D% (5.14)
Defining V asin (5.11), we have
xVeL'+ W 13(D* R*® T*D?).

By (5.2) and weak Poincaré lemma ([53, Chapter I, Theorem 2.24]), there exists LeD’ (D?,IR?)
such that

dL=x,V. (5.15)

In particular, it holds that dL.e W~12+L1(D?), and by Corollary 3.1, we have L& L2 (D?).

The quantity L alone is not sufficient to deduce some additional regularity since L does
not possess additional derivatives a priori. Using the pointwise invariance of H2dvol, by

dilations and rotations, we deduce some conservation laws related to . and ¢.

HWe first prove (5.13) for immersions ¢ € C®(D2,R3). The general case then follows from Theorem 4.6
together with (5.8).
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The Noether currents associated to dilations and rotations.
Theorem 5.3 ([171, Theorem 5.59]). Let ¢ € W>* (D%,R?) be a weak Willmore immersion.

mm

Then there exists L. € LfOC(DZ,IRS' ) satisfying (5.15) and moreover, we have
d(L-d)=0, d(Lxdp+Hd)=0. (5.16)

Proof. We have already proved L € L? (D?R%), hence it remains to prove the relations

(5.16). We first consider the variation ¢; = (1+t)¢ with

o=
a dtcpt t=0

Denote H; and g; as in the proof of Theorem 5.2. Since H7dvol,, = H*dvol,, combin-
ing (5.12) and (5.15), we obtain that

— d 2
0= ' (Hidvolg,) o

=—dxy (V-@—H-div) = —d(dL-®)
=dLAdp=d(L-dp).

To prove the second conservation law in (5.16), for € R® we consider the variation ¢
satisfying

For this variation, Eq. (5.8), (5.10), and (5.12) remain valid. Moreover, for each t €IR, there
exists Q; € SO(3) depending only on @ and t such that ¢ = Q;o¢ on D?. Consequently,
we have H} dvoly, = H?dvol, for all t € R. It follows that

_ d 2
0= %(Ht dvoly,) o
=—d(dL-(Gx$)—H- (@ x +¢d)) =a-d(d

=—a-d(Lxdg+Hx*d).

Since 7 X *¢dp =d¢p, and @ € R is arbitrary, we then obtain
d(Lxdp+Hdg) =0.
This completes the proof. O

iiUp to additive constants, this L is —1/2 of the one defined in [171, Theorem 5.59]. There is a typoin [171,
Equation (5.214b)]: the + sign should be changed to —.
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By (5.16) and weak Poincaré lemma, there exist S € Wllo’g(Dz) and R € Wllo’f(Dz,]R3)
such that

dS=L-d¢, and dR=Lxd¢+Hdp.

From these relations, we derive a system on S,R which does not involve L anymore.

Theorem 5.4 ([171, Theorem 5.60]). Let cﬁ e W22 (D?,1R3) be a weak Willmore immersion, and

mm

define L as in Theorem 5.3. Then there exist S € WliCZ(DZ) and R e Wli’f(Dz,]RS) satisfying
dS=L-dp, and dR=Lxdp+Hdg. (5.17)
Moreover, we have
dS=—x%gdR-ii, and dR=xg(iixdR+dS). (5.18)

Proof. First, we prove the second equation in (5.18). Since d¢ x ii = d¢, taking the cross
product of L x d¢ with 7, we obtain

fix (Lxdp)=—Lx (dpxit)—ddx (ixL)
=—L xxgd@+ (ii-dP)L— (L-d)7i
S

It follows that
fixdR+dS fi=7ix (Lxdp+HdP)+dS 7

:—*g(fxd(ﬁ)+Hﬁ><dq3

= —#g(Lxdf+Hdp) =—x4dR.
We then obtain the second equation in (5.18):

AR =g (iix AR+dS ii).
The first equation in (5.18) follows immediately:
—#gdR-ii=(ii xdR+dS #i) -7l =dS. O
By differentiating the relations (5.18), we obtain a div —curl system in R and S.

Theorem 5.5 ([171, Corollary 5.61]). Let ¢ € W22 (D2,R?) be a weak Willmore immersion,

mm

and define L,S,R as before. Then we have (Notation 3.1)
AgS= g (diiAdR), (5.19a)
AgR=x¢ (dR x dii+dS Adii), (5.19b)

Ag$ =g (ASAAG+dRAAF). (5.19¢)
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Proof. Equations (5.19a) and (5.19b) follow from the relations (5.18), by applying the op-
erator d*s:
AgS=#gdxgdS=xyd(dR-7i) = x4 (dii AdR),
AgR=sxqd*gdR = —%gd(ii x AR+dSii) =%, (dR x dii+dS \dii).
Thanks to (5.17), we have
ARAdG= (L x dP+Hdp) Adp
—dA(L-dp) — (A AdP) L+ HAPAAP
=dPAdS+2H(01P x dr) dx' Ndx?
=dPAdS+2H+g1=—dSAdP+ (Agf) o 1.

This is (5.19¢). O

The Noether current associated to inversions.

Although szvolg is not pointwise invariant by inversions, this is the case of the La-
grangian (HZ—K)dvolg, see for instance [34]. In this section, we derive the associated
conservation law (5.27), which is equivalent to (5.19¢).

Let cﬁ: D? — R3 be a Willmore immersion. As in [124], we consider the variation
¢ = @;0p where, for a given 7€ R3, the map ¢ is given by

2 +td

2

pi(x) =2

|+t

Then we have
— d - —ﬁ2_, - 5\ 7
W= i =|¢|“d—2(¢-a)¢.

t=0

Since cﬁ is Willmore, by (5.12) and (5.15), we obtain that

i(HtZdvolgt)

T = dxg (H-d—V-@). (5.20)

t=0

Denote by adj(Il;) the adjugate matrix of (II;;;), i.e., the matrix satisfying the pointwise
identity

adj(I1;) V1L, = det(IL;; 1) 5.
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We have
d - d
i y —adi(m¥ 211,
T det(]Il],t) » adj(II) dtﬂ”’t -
= adj(I)" (aiqé-aj (g (7i-0) 3, ) —aiﬁ.a]w) . (5.21)
Hence by (5.4),

—_

d 1
i (Kidet(gn)?)

;t (det( ij)(detgt)_7> B

= (detg) Fadj()" (3ip-0; (8 (-0, 3, —ifi-3;70)
— det(Hi]-) (detg) _%g”a]w 8143

t=0

We compute
(detg) ™2 adj(11)3;7i-3;@ = — (detg) 2 adj(I1) (¢ 119, - ;@

—(detg)™ 2det( )8 79¢- -0;0.

Then (5.21) implies
d i o o
T (Kidet(gt) %) = (detg) "2 adj(I)79;¢-0; (¢ (7i-0x@) 9, p). (5.22)
t=0
We will now show that
d; ( detg)~2adj(II )lfaiqs) -3uf=0. (5.23)

We define the map A,: T; (D?)— T; (D?) by
Ag(dx') = (detg)~ adj(H)ikgkjdxf.
Denoting by g, ¢! the matrix (g;j) and (g”) respectively, we have
(detg) ad)(I1) gy, = (detg) ~ (acj(W)g) = (acj(s~"1))’
=Tr(g 'M)J5i— (g_lﬂ); =2H4! - g*ly;.
Then Lemma 3.1 implies

Ag(df) = (detg) ~'adj(IT)*gy;0;pdx!
=2H0;$dx/ — g™ ly;0;fdx!
=2Hd@+dii = % dii X i.
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Hence we have
j((detg) ~>adj(I)3,¢p ) dx' Al
=dxg Ag(dgp) =d(7i x dit) = dii x dii = Kiidvol,.

Thus, the identity (5.23) is proved. Since ¢; is conformal, we have by pointwise conformal
invariance that (H7 —K¢)dvoly, = (H*—K)dvolg. Then by combining (5.20)-(5.23), we
obtain that

=g (- 5o dL @~ Ag(7i-d) ). (5.24)

We also have

d(zHaxd(ﬁ—zdﬁ x(ﬁ—di\$12+2(di-¢7)$) ~0 (5.25)

2¢ x AR —2H¢ x dp—2dS . (5.26)
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Combining (5.25)—(5.26), we then obtain
2d<—dﬁx$+$xdﬁ—d5<ﬁ) =0.
It follows that
d(*gda—ﬁxda—sbicﬁ) =0. (5.27)

This is the conservation law corresponding to inversions.

5.2 Regularity of Willmore surfaces without conformal coordinates

The goal of this section is to provide a new proof of the regularity of Willmore surfaces
which does not involve the choice of conformal coordinates. The difficulty lies into prov-
ing the continuity of the Gauss map, see Theorem 5.7. The higher regularity then follows
from standard bootstrap argument from the fact that ¢ can be represented locally as a
graph, see Corollary 5.1.

Definition 5.2 (Morrey spaces). Let 1 <p<oo, 0<A <mn, for a measurable function f: U—R,
we say f € MPA(U) if

sup r‘A/ [f(y)|Pdy < oo,
B,(xo)ﬁll

r>0,x0€lU

and we define the Morrey norm

HfHMp,A(U)::< sup 1 [ \f(y)\”dy)
r>0,x0l B, (x0)NU

We start by proving some Morrey decay on the conserved quantities, which provides
a Morrey decay on the mean curvature.

1
P

Theorem 5.6. Let ¢ € Wi’fm(Dz,]RB’) be a weak Willmore immersion, and define L,S,R as be-

fore. Let A be the constant in (5.14) associated to . Then there exists y =y (A) > 0 such that
VS,VR,He M (D?).

Proof. By dilation and translation, it suffices to prove VS,VR,H € M?*7(D;,(0)). By
definition of a weak immersion, the coefficients a’/ := ¢/ (detg)!/? satisfy the uniform el-
lipticity condition (3.13). Fix a positive small number ¢y which will be determined later.
Since ¢ € W22(D?), we have Vii € L>(D?), hence there exists ro € (0,1) depending on €,
and ¢ such that

sup |Vii|?dx Adx® < gg. (5.28)
pED1 /2 Dyy(p)
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Let p€D1,2(0), 7€(0,r9). By Lemma 3.3, we can define ¥s € W&’Z (Dr(p)) to be the unique
solution of (Section 3.1)

al(alja]‘fs):VLﬁVR’ in Dy(p),
(5.29)
Ys=0 on oD, (p).
We can also define ‘_I”R € W, (D,(p)) to be the unique solutions of
9;(a19;¥5) =V+Rx Vii+Vii V1S in Dy(p),
B (5.30)
Yiz=0 on oD, (p).

Let vs:=5—Ys and T3 = E—‘?R. We combine the relations (5.19a) and (5.29) together
with

(detg)? #, (diAdR) = V'ii- VR.
We obtain
9i(a79;v5)=0 in D,(p). (5.31)
As a result, it holds

/ 145 2dvolg = / (dos 2 dvoly + / a5 R dvolg+2 / (dos,d¥s) g dvol,
Dr(p) D:(p) D:(p) D:(p)
> / |dvs [3dvolg+2 / 09,059, ¥ sdx’ Ndx*
DV(P) Dr(P)
= / |dvs|3dvoly—2 / 9i(a"9;05) Fsdx' Adx>
D;(p) Dy (p)
_ /D ( )\dvsygdvolg. (5.32)
v

Similarly, we have the system
0:(a9;53) =0 in D,(p). (5.33)

From this, we deduce the estimate
/ . |dR|3dvolg > /D . |ddig |3 dvolg. (5.34)
Let p€(0,1) be determined later. It holds
|dS|2+|dR|? ) dvolg
/DPr(p) ( g g>

gz/ (dos|2+ |47 2 ) dvol +z/ (¥ [2 4 |dF < 2) dvol,.
Dﬂr(lﬂ)( 140 ) dvol Dr(m( 1T ) dvoly
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By (4.1), (5.29), (56.30), (6.31), (5.33), Lemmas 3.2 and 3.3, there exist positive constants
C1,« depending only on A such that

|dS|2+|dR|?) dvol
/DPr(P)< 8 g> §

<C <p2a/D( )<|dvs|§,—|—|dﬁﬁ|§) dVOlg"’HVﬁH%Z(D,(p))/D(
P

: (|d5|§+ |dﬁ|§) dvolg> .

From (5.28), (5.32) and (5.34), we deduce

2 12 < 20 2 =09
/Dp,(p) (Is[2+|4R[2) dvoly < Ci (o +£O)/D,(p) (14S[2+1dR|2) dvol. (5.35)
Now we choose
1 1 1
0= g~ P=MINg ————, - . (5.36)
e (4C;) B9 2

For any p€ D;,(0),s€(0,1), let k€ Ny such that p¥*! <s < p¥. Thanks to (5.35) and (5.36)
we have

|dS|>+|dR|%) dvol
/Dsrom( £ AR[E)avol

< dS|2+|dR|% ) dvol, <C(A z—k—l/ VS|*+|VR?
< (laskeiaRi)avoscayzt [ (jvsp+VRF)

P 0+3

SC(A)ZIOgﬂS/ (19s/2+|VRP) :C(A)sk’gﬁz/ (IVSP+VRP).

D§ D§
4 i
Consequently, if we let 7= —log,2 € (0,00) which depends on A only, then we have
sup r‘“’/ (]VS|2+|VR|2) < o0.
pED1/2(0)r<r0 Dr(p)

By (5.19¢), we then have

sup r‘“’/ H? < co. O
peD1p(0)r<r I Dr(p)

We now prove that the Gauss map is continuous.

Theorem 5.7. Let ¢ € Wizﬂfm(Dz,Rg’) be a weak Willmore immersion satisfying (5.14). Then
there exists T="1(A) >0 such that Vi € My, (D?). In particular, there exists a=a(A) € (0,1)

such that i € C/* (D?).
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Proof. Leta’l:=g'i(detg)'/2. By Lemma 3.1, we have
—2Hd=dii+7i x * g di.
We deduce that the following system holds in D’ (D?):
3;(a'137i) = (detg)? xgd g dii
— (detg)? xgd(7i X dii —2H %4 d)
=20171 X 9271 —20;(a" HO;p). (5.37)

Fix a positive small number ¢y which will be determined later. As in the proof of Theorem
5.6, there exists ro € (0,1) depending on €y and ¢ such that

sup |Vii|2dx! Adx® < eo.
peD1/2V Dry(p)

Let p€ Dy,,(0), r€(0,79). By Lemma 3.3, we can define ¥1 € Wy*(D,(p)) to be the unique

solution of

0i(a10;¥1) =2017ix i in D,(p),
(5.38)

¥,=0 on oD, (p).
We have the following a priori estimate:
1Y% 2200, ) < CA) V20, ) < CA) €0 [ VB -

Furthermore, by Riesz representation theorem for Hilbert spaces, there exists a unique
¥, e Wg’Z(Dr(p)) satisfying the estimate

IVEall 12, (o)) < CA) 1H | 120, (1))
and the following system holds
9;(a"9;%2) = —20;(a" Ho; ). (5.39)

Let ¥:=¥,+%, € W,*(D,(p)) and #:=7i—F. By Theorem 5.6, there exist two constants
C=C(¢) and y=7(A) >0 such that

IV 120, 9) < CA) (€0 I VA2, () + 1 H 2, (1)

<C() (el Viil22(p, ) +77)-
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Thanks to (5.38) and (5.39), we also have
9;(a"9;9) =0.
It follows that, as in the proof of Theorem 5.6, it holds

/ ]dﬁ|§,dvolg2/ |dd|3dvol.
Di(p) Di(p)

Let p € (0,1) be determined later. There exist constants a =a(A) > 0 defined as in Lemma
3.2, C=Cy(A) >0, C3=Cs(¢) >0 such that

\d#i|?dvol gz/ |dd|2dvol +2/ |d¥|2dvol
/Dpr(m S e 5 Ty

v

<G, <p2/ @3 2dvoly+eo | Vitl2, +C((];)ﬂ)
Dy (p)

SCz(PZ“+€0)/

|dit|zdvolg+Csr7. (5.40)
Dy(p)

Now we choose

ot pmmind L 11
0— 75~ = - 1 7 17~ ("
4C, (4C2)(217) 2% 2
For any p € Dy /,(0), s € (0,1), let k€ Ng such that p**! <s < p*. Then by (5.40) it holds
|dﬁ|2dvolg§/ |dii|3dvol,
/Dsroua) ¢ Dy (P

1
SCgrg (py(k_l) va( )-f- +2k1> +C(A)2_k_1 |V77i|2‘

VO‘F%

Since p < 1 we obtain

S k
dii|2dvoly < C (2—1%5 / Vit 2+ )
.., ddvole<c(@ [ vt
4

k—1
<C(@) (S_logpz/p v +rg @) )SC@)SI‘)&’%-
3
4

Therefore, if we let T:=log p% € (0,00) which depends on A only, then we have

sup r_T/ |Vii|? < 0.
pED1/2(0),r§7’g r(p)

The Holder continuity of 7 then follows from standard knowledge of the Morrey-Campanato
spaces (see for instance [153, Theorem 3.5.2] and [2]). O
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If the Gauss map is continuous, then one can write the image of ¢ as a graph.

Lemma 5.1. Let gE S Wizlfm(Dz,lRm) (m>3). Assume the Gauss map 1i is continuous, then there
exist an open neighborhood U C D? of 0, a W2>2NW* homeomorphism ¥ : U—%¥ (U) CIR?, and
feW22(¥(U),R™2) such that upon rotating and relabeling the coordinate axes if necessary,
we have

$o¥ 1 (xy,x0) = (x1,x2, f(x1,%2)), forall (x1,%) € ¥ (U).
Thus @ is locally the graph of a W*? map.

Proof. Upon rotating and relabeling the coordinate axes, we assume 7i(0) =e3/A\---Aey,
where (ey,---,e,) denotes the canonical oriented basis of R™. By (5.14), we have

A2 <det(g;j) = |0:1¢ N2 |* < A%, (5.41)

Since i is continuous, there exists a neighborhood Uy of 0 such that |77 —7(0)| < § on Uj.
By definition of the Gauss map, we have the following inequality on Uj:
< 91N

1
= —,e1Ney y=1+ *ﬁ—*ﬁ(O),ElAEZ > —.
014 N2 > < )73

Writing (,75 =(®y,---, Py, ), on the other hand we obtain

814_5/\82&5 — 21—1
< ‘81(]7/\8247‘ 17762 | 19 2¢| ( i ])ISZ,]SZ ( i ])1§1,]§2
It follows that det(0;®;)1<jj<> > (2A) ! on U;. Then by Lemma 4.1, there exists an open
neighborhood U C U of 0 such that ¥ := ($1,®;) is injective on U with y-1cwlen
W22(¥(U),IR?). We obtain that for any (x1,x;) € ¥(U), there holds

$o¥ 1 (x1,x2) = (x1,%0,P30F L (1, %), , P 0¥ L (x1,%2)). O

Consequently, a weak Willmore immersion is locally a graph, and we can prove
smoothness under the graph coordinates.

Corollary 5.1. Let ¥ be a 2-dimensional closed smooth manifold, ¢ € Wizrfm(Z,R?’). Then we

have ¢ is a graph near §(p) for any p €L, and ¢ € C™ under the graph coordinates.

Proof. Let p € Z. Then by Theorem 5.7 and Lemma 5.1, upon affine transformation on
R™ if necessary, we can without loss of generality assume p =0 € R? and ¢(x1,x2) =
(x1,%2,f(x1,%2)) on D? for some function f € W22(D?,IR"~2). Define S, R as before. Recall
that by (5.37) and Theorem 5.5, we have the following system of elliptic equations

(AgS=xg(dii AdR), (5.42a)
AgR=x¢ (dR x dii+dSAdii), (5.42b)
2H =+ (S AdF+dRAAF), (5.420)

| dgdii = —d (2H ¢ d) +dii Adii. (5.42d)
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Moreover, by Theorems 5.6 and 5.7, there exist T € (0,1) and « € (0,1) such that

H,VR,VS,Viie M{Z(D?), iieCYt(D?). (5.43)

loc

Using the expression of ¢ by f, we have

(—01f,—02f 1)
VIFIVIE

Hence by direct computation we see that Vf,V¢ € C
Cra(D?).

loc

By [148, Equation. (1.5)] and standard estimates on the Riesz potential [1, Proposi-
tion 3.2(ii)], we obtain MV (D?)—W~1P(D?) for any pe(2,3=L). Now since x, (diiAdR) €

’1-1
M}77(D?), we have ¢ (diiAdR) € ngcl’p(Dz) for some p >2. Applying [31, Theorem 3.1]
to the equation (5.42a) then yields VS € L’ (D?). Similarly, we have VR € Ly (D?),
and hence by (5.42c), H € L{, (D?). Moreover, since d(2H x,d¢) € ngcl P(D?), combin-
ing (5.42d) and (5.43) with a similar argument as above implies Vii € Lf o (D?). It follows
that

ii= (5.44)

0,0
loc

(D?). In particular, g = g; €

2p

4 -1,2 ,
i IOt
ngcl’q (D?) forany4<gq<oo  otherwise.

Hence by (5.42a) and [31, Theorem 3.1] again, we have
LG-b
vse{d

Lq

loc

(D?)  ifp<4,
(D?) otherwise.

The same also holds for VR, Vi, H, and after finitely many iterations, we get S,Riie
WllO’Z(Dz) for any q < co. By computing Vi in the expression (5.2), we get f € WIZO’Z(Dz)
hence ¢ € W, (D?).

Now return to Eq. (5.42a)—(5.42d). The right hand side of each equation is in quo . (D?)
for any g < oo, and since S,R,7, g€ Wllo’Z(Dz), by [38, Theorem 4.1] and the proof of [66,
Theorem 8.8], we obtain S,R,7i € WIZO’Z(DZ), and then (,75 € WIBO’Z(DZ)... We finally get Jf cC®
under the graph coordinates. O

6 Generalized Willmore functionals for 4-dimensional subman-
ifolds

In this part we implement the approach introduced by the third author in [167] for the
Willmore energy in order to deduce conserved quantities for critical points to scaling
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invariant Lagrangians in 4 dimension. The motivation being that, with the help of this
conservation laws, one can hope to develop a strategy to devise a proof of the smooth-
ness of weak critical points. The interpretations by Bernard [14] of the conservation laws
found in [167] as being the Noether currents associated to the generators of the invari-
ance group has enlightened the field of the analysis of conformally invariant Lagrangians
of immersions. The computations of these conservation laws in dimension 4 have been
first realised by Bernard in [15]. Here, we present these computations for the simpler
Lagrangien [|dH| édvolg. The proof of the regularity of the critical points has been first
given in a joint work of the three authors together with Bernard in [16].

Definition 6.1. Let ® € W;i (B*R®). We define the energy

L1
E(®) ;:2/B4|dH|§,dvolg.

The map ® is said to be a weak critical point of E if for any @ € C=°(B*,R®), there holds

EE(@—HLB)

dt =0.

t=0

The Noether current associated to translations.

We first compute the Euler-Lagrange equation satisfied by weak critical points of E. Sim-
ilar to the 2-dimensional case, this divergence-form equation is also a consequence of
the pointwise invariance of |dH| §dvolg by translations in the ambient space, see [15, Sec-
tion A.2].

Lemma 6.1. An immersion ® € W>2 (B4, R%) is a weak critical point of E if and only if the

mmm

following equation holds in D'(B*R>@ A\*T*B*):
dxg (z<dcf>,dH>gdH— %d(ﬁAgH)+Angﬁ— \dH@dq?) =0. (6.1)

Proof. Let g€ W2

>~ (B%R°) and @ € C®(B* R°). We consider the variation

$r = P+tm.
Similar to Section 5.1, we denote g; == gg , detg: = det( gij,@), etc. The same computation
as in (5.3)—(5.7) implies

(d e
%gt] = —8" g% (k- 05+ 05 - 0x),
t=0
d 1 1 ii - —
ﬁ(detgt) 2| =(detg)2g"0;w-0;¢, (6.2)
t=0
d _1 1 ij( — ijny . —
4%Ht = (detg) 28i<(detg)2g (n-ajw)> +8"0;1i-0;W.
t=0
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We obtain the pointwise a.e. variation

d
%(!dHt

(4

= 2(d®,dH),- <dH/dw>ng018_2(*gdH)/\d<;tHt‘t_0>

+|dH |38 (0;@-0:¢) dvoly. (6.3)

dvolg,)

’2
8t t=0

d ) d
:OBZHa]H+2<dH,d (5 Ht)t:O) >g> dvoly +|dH]; — dvol L:o

dt

t

Now for a € L°NW??2(B*) and f € L?(B*), we write
10;0;f =0;9;(af)—0;(f0;a) —9;(fd;a)+ f9;9;a.
We have the following estimates:
Haiaj(af)}lwa,Z(le) <lafllr2es) <llall ooy | f Il 2(me)s
10i(£3ja |14 oy S NFOjaN g oy S UV Lot Flli2go.
||faiaja||L1(B4) < HfHLZ(B‘l) ||V2”||L2(B4)~

Hence there exists a universal constant C > 0 such that for all a € L°NW??(B*) and T €
W~224+L1(B*), it holds that

aT [lw-22411(4) < Cllallonmez ) | Tllw-22411(5o)- (6.4)
Combining (6.2)—(6.4), we obtain in W=224-L1(B* A*T*B*) that

d
T (|dHi 5, dvolg,)

2
|g, t=0

o . d
=2 ((dd),dH>g- <dH,dw>g+AgHEHt ’t_()) dvolg

d I
+2d<dth‘t_o*gdH>+|dH|§g](8]-w-8iqb)dvolg
- (—2 (d®,dH) - (dH,d)g+33:(AgH) g 1i-30— S A H g ain-a]-w) dvol,
1 - - d 2 l] = .—»
tixg (5 OHA-dD+2 5 Hy|  dH)+[dH][3g" (2;-0,)dvoly

3 1 1o
—(—2(d®,dH);dH~+7id(AgH) — 5 AgHdii+ |dH| gd¢,dw>gdvolg

1 . d
+d>x<g(—EAan-dquZaHt’t:OdH). (6.5)
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We define
— - 1 — — e
V:=2(d®,dH)gdH— S d(fiAgH)+AgHeri — [dH|3d¢
=2(d®,dH) dH — End(AgH) +5 Ay Hdii— [dH[3d¢. (6.6)
Then we have

VeW 224+ 1B, R°®T*B*)

From (6.5) it follows that in W32+ W~11(B*, A*T*B%),

d, o L 1. d
a(\dHt\gtdvolgt)‘tzoz(*gV)/\dw—l—d*g(—EAan-dw—i—ZaHt‘t:OdH)
o - - 1 Lo o d
_w-d*gV—d*g(v-w+§Aan.dw—2%Ht(tZOdH). 6.7)

As in (5.13), for @ € C®°(B*,R%) we obtain

a1

a15(<pt)‘t:0 > (V).

Therefore, we conclude that ¢ € W2 (B*R%) is a weak critical point of E if and only if

d*gV:O. O

Let § € Wi?fm
embeddings

(B*,R%) be a weak critical point of E, and define V as in (6.6). By the
! (B4) N W—l,(4/3,oo) (B4) N W—Z,(Z,oo) (B4)
(Lemma 3.12), we obtain
£,V EW 22 (B4 RS0 \ T*B*).
By weak Poincaré lemma (see for instance [44, Cor. 3.4]) and Lemma 6.1, there exists

T

LeW 122 (B RS \ T"BY)
such that

dxgL=xgV. (6.8)
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The Noether currents associated to dilations and rotations.

Since |dH \édvolg is pointwise invariant under dilations and rotations, we can apply
Noether theorem to find the corresponding conservation laws as in Theorem 5.3. The

. . . - LA
operators Lo and L are defined in (3.4), and we define bilinear maps A, L, in the same way
as in (3.3): the upper operators act on the AR5-factors, and the base operators A, L, act
on the A T; B*-factors.

Proposition 6.1. Let ¢ € W>2 (B*,R®) be a weak critical point of E. Then there exists

mm
i’ c Wfl,(Z,oo) (B4,]R5®/\2 T* B4)

satisfying (6.8) and moreover, we have

dxg (LigdP+d(H?)) =0, (6.9a)
dg (—Ligd®—ZAgHTINAD) =0. (6.9b)

Proof. To prove (6.9a), we first consider the variation ¢; = (1+1)¢ with

o="25 | =5
= =0 4
Denote H; and g; as in the proof of Lemma 6.1. Since |dHy| ét dvolg, =|dH| édvolg, combin-
ing (6.7)—(6.8), we obtain that

d
0= (|dH 3 dvol,)|

2
|g* t=0

— _dx (V B LA Hi-ds 2% H ’

o 8 278 dr’ ! t=0

:—d(@’-d*gi—det(t:O +gdH )

dH)

dt
:d((* E)Ad¢’+zth) 8 dH). (6.10)
g dt” 'li=o 8
By (6.2), we have

LT

1, B
— 07 D:h— —
dt ‘tzo 4g 0ifi-0j¢p H.

Then it follows from (6.10) together with (3.7) that

dg (Ligdd+d(H?)) =—d((+L) Adp—2H xgdH) =0.
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Next, we prove (6.9b). For 4 € A>R® we define ¢; by

{dt¢t HL(Pt, teR,
$o=¢.
For this variation, the equation (6.7) remains valid. Since %@ . q_b't =0, we have |4)t |>= |q>\2

for all t € R. Hence, there exists Q; €SO(5) depending only on 7 and ¢ such that ¢; = Qo
on B*. Consequently, we have |dH;|3,dvolg, = |dH |3 dvol, for all t € R. Using the identity

dL(bAC) =C-(dLb) for b,E€R5, it follows that

d
0= (a2 dvoly)|
- 1 R
= — g (Vo AgHii-ddo—25 H| _ dH)
:—d(( L§)-dw T+ LA Hii- (@LdF)— 2dHt’ dH)
§7 7 27¢ dt =0
- 1 d
= —d(§AdxgL+ S AgHAGAT ) +24( 3 f‘t_odH>
:—ﬁLd<( ) Adg— LA Hﬁ/\d¢7>+2d<dH’ dH) 6.11)
§ 278 dt o ’ '
By (6.2), we compute
d — — — . —
4aHt‘t:O:*gd(n-*gdw)—I—dnLgdw

:L_Z'L_<>kgd(*gd(ﬁ/\ﬁ)+d$l/_\gdﬁ>
= (4 g (AN (g )+ Ly
= (i ydf+dg ydii) =0,
Since 7€ A\’R% is arbitrary, by (6.11) and (3.7) we then obtain
dg (—Eﬁgdcﬁ—%AgHﬁAch) :d((*gz)ﬁda—%AgHﬁAdqé) —0.
This completes the proof. O

By the embedding results in Lemma 3.12, for any index 1 <j <4 and any maps a €
L®NW'4(B*) and f € L>®(B*), we have

103l ) < 1250 sy CILF Bl g
<|lafll 2o gy +Cllojall sl fll L2 (B2

<Cllallemna s f Iz
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Hence, there exists a universal constant C >0 such that for all a € L°NW'#(B*) and T €
W—1(2%)(B%), it holds that

H“T||wf1,<2,oo>(34) < CH“HL“’OWM(B‘*)OHTHW*1r(2'°°>(B4)' (6.12)
Using the inequality (6.12), we obtain that
rg (Ligdf+d(H2)) e W12 (B4 \'T7B1),
g (~ 1L %Agﬂmdci) ew 12 (B4 A\'RO \'T7BY).
We define the codifferential d*s as in (3.1). Then by Proposition 6.1 and the weak Poincaré

lemma [44, Cor. 3.4], there exist S € L>®(B*, A2 T*B*) and R € L>®(B* A\’R*® A2 T*B*)
such that

d*sS=—Lr dp—d(H?),

- A - 1 . (6.13)
dsR=—L1L,dd— EAgHﬁ/\dCD.

Following Remark 2.1, it is natural to ask in 4 dimension this time the following question.

Open Question 6.1. Interpret variationally the following equations: Suppose there exists L in
W—L(22) (B4 R®@ \>T*B*) such that

dg (Ligdp+d(H?)) =0,
6.14)
A a1 (
dg (—Ligd®—ZAgHTiNAD) =0.

Does the system of equations (6.14) correspond to Euler-Lagrange equations related to the vari-
ations of the Dirichlet Enerqy of the mean curvature under some constraint? Recall from Re-
mark 2.1 that in 2 dimension the corresponding system of equations is equivalent to the Conformal
Willmore Equations obtained by taking variations of the Willmore equations with some constraint
on the underlying conformal class induced by the metric.

Now we deduce the counterpart to (5.19¢c) for weak critical points of E.
Lemma 6.2. With the above notations there holds

2AGHi— (d(H?),d®) g = (d"sR) LedD+d*s SLydD. (6.15)

HPartly due to the fact that |[dH |§dvolg is not conformally invariant, we do not obtain a divergence-form
identity as in (5.27).
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Proof. Applying the identity (3.6) to L acting on AIR®, we have
(L0,d®) Cydd = — (Lgd®) Lyd® — Lo, (dpAdP) = — (Liod®) Lydd.
We also have
(i AdD) o d® = d, (7i-dF) —ii (dProdP) = —4ii.
Therefore, by (6.13) we obtain
(d*R)CodD+d*sSLydd = —%AgH(ﬁAdcﬁ) CodD—d(H?)Lydd
=2A Hii—(d(H?),d®),.
This completes the proof.

We summarize our results of this section in the following theorem.

Theorem 6.1. Assume ¢ € W (B*R%) is a critical point of the functional

mmm

L1
E(®) ;:2/34 (dH dvol,.

Then there exist

179

(6.16)

(6.17)

Lew 12~ (B RO \*T*BY), Sel>®(B, \'T*BY), Rel>*(BLA\'RPe\'TBY)

such that the following system holds:

drgL=1%, (2 (dD,dH) o dH — %d(ﬁAgH) +A Hdii— \dH|§d<i5),
d*sS=—Lrgdp—d(H?),

- - - 1 -
45 R=—T L dd—AHiindS,

(d*sR)CdD+d*sSLydd =20 Hii— (d(H?),dD).

(6.18)

As mentioned at the begining of this section, this set of identities and Noether currents
obtained through the application of Noether theorem is the starting point to the proof of

the regularity of weak immersions @ critical points to E ([16]).
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