
Journal of Nonlinear Modeling and Analysis https://global-sci.com/jnma

Volume 8, Number 2, April 2026, 431–452 DOI:10.12150/jnma.2026.431

Solvability for a Class of Logarithmic Type Initial

Conditions of Hadamard Fractional Differential

System on an Infinite Interval∗

Chengbo Zhai1,2,† and Liting Bai1

Received 25 January 2025; Accepted 5 June 2025

Abstract This paper investigates a class of Hadamard fractional differential
system involving logarithmic type initial conditions on an infinite interval.
Based on some obtained properties of the Green’s functions, Schauder fixed
point theorem and Banach contraction mapping principle, we establish the
existence and uniqueness results for the system. Finally, we illustrate examples
which show our main results.
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1. Introduction

We examine a system comprising nonlinear Hadamard fractional differential equa-
tions (HFDEs for short){

Dp
1+x(t) + f(t, x(t), Dq−1

1+ y(t)) = 0, t ∈ (1,∞),

Dq
1+y(t) + g(t, x(t), Dp−1

1+ y(t)) = 0, t ∈ (1,∞),
(1.1)

supplemented with some logarithmic type initial conditions{
limt→1(log t)

2−px(t) = limt→∞ Dp−1
1+ x(t) =

∑m
i=1 aix(ηi),

limt→1(log t)
2−qy(t) = limt→∞ Dq−1

1+ y(t) =
∑n

j=1 bjy(ζj),
(1.2)

where Dv
1+ is the Hadamard type fractional derivative of order v ∈ {p, q}, p, q ∈

(1, 2], f, g ∈ C([1,∞) × R × R,R), 1 < η1 < η2 < · · · < ηm < ∞, 1 < ζ1 < ζ2 <
· · · < ζn < ∞, ai(i = 1, 2, . . . ,m), bj(j = 1, 2, . . . , n) denote positive real constants
with

1−
m∑
i=1

ai(
(log ηi)

p−1

Γ(p)
+ (log ηi)

p−2) > 0,
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1−
n∑

j=1

bj(
(log ζj)

q−1

Γ(q)
+ (log ζj)

q−2) > 0.

For variables in infinite intervals, we have to consider different function spaces and
infinite integrals. Therefore, we need the following assumptions:
(A1) f : [1,∞)×R×R → R, satisfies the a-Caratheodory conditions, that is

(i) t → f(t, 1+(log t)σ+2

(log t)2−p x, 1+(log t)σ+2

log t y) is measurable on [1,∞) for every (x, y) ∈ R2;

(ii) (x, y) → f(t, 1+(log t)σ+2

(log t)2−p x, 1+(log t)σ+2

log t y) is continuous on R2 for all t ∈ [1,∞);

(iii) for any r > 0, there exists a function φr(t) ≥ 0 with
∫∞
1

φr(t)
dt
t < ∞, such

that

f(t,
1 + (log t)σ+2

(log t)2−p
x,

1 + (log t)σ+2

log t
y) ≤ φr(t) for t ∈ [1,∞), |x|, |y| ≤ r.

(A2) g : [1,∞)×R×R → R, satisfies the a-Caratheodory conditions, that is

(i) t → g(t, 1+(log t)σ+2

(log t)2−q x, 1+(log t)σ+2

log t y) is measurable on [1,∞) for every (x, y) ∈ R2;

(ii) (x, y) → g(t, 1+(log t)σ+2

(log t)2−q x, 1+(log t)σ+2

log t y) is continuous on R2 for all t ∈ [1,∞);

(iii) for any r > 0, there exists a function ϕr(t) ≥ 0 with
∫∞
1

ϕr(t)
dt
t < ∞, such

that

g(t,
1 + (log t)σ+2

(log t)2−q
x,

1 + (log t)σ+2

log t
y) ≤ ϕr(t) for t ∈ [1,∞), |x|, |y| ≤ r.

(A3) f(t, 0, 0), g(t, 0, 0) ̸≡ 0 on any subinterval of [1,∞);
Fractional calculus is an important branch of mathematics, which is used to

study the differentiation and integration of any real order or complex order, and
can be used to solve many problems which are difficult to be solved by integral
calculus. In the past few decades, fractional differential equations (FDEs for short)
have been widely used in physics, mechanics, chemistry, economics, biomedicine and
other fields, which are mainly used to describe the behavior of complex systems,
describe the properties of complex media mechanics, describe molecular diffusion be-
havior, establish nonlinear economic models, describe biomedical signals and so on,
see [1–4]. So far, several different fractional derivatives have been proposed, for ex-
ample, the Riemann-Liouville, Caputo, Hadamard, and Caputo-Fabrizio fractional
derivatives, see [5–13, 24]. Different derivative operators are often used according
to their different structures. In this paper, we mainly study FDEs with Hadamard
type derivatives. In order to gain insight into the many applications of fractional
calculus in different fields, we refer the reader to [14–17,25–41].

In [22], Nyamoradi and Ahmad applied the Leggett-Williams fixed point theorem
and the concept of iterative positive solutions to prove the existence of at least two
or three positive solutions for the following HFDE:{

Dς
1+x(t) + υ(t)f(t, x(t)) = 0, t ∈ (1,∞),

limt→1(log t)
2−ςx(t) = limt→∞ Dς−1

1+ x(t) =
∫∞
1

τ(s)x(s)dss ,
(1.3)

whereDς
1+ is the Hadamard fractional derivative of order ς ∈ (1, 2], f : (1,∞)×R →

R, υ : (1,∞) → (1,∞) are continuous functions, 0 <
∫∞
1

υ(s)dss < ∞, τ ∈ L1(1,∞)
and

Ψς =

∫ ∞

1

(
(log s)ς−1

Γ(ς)
+ (log s)ς−2

)
τ(s)

ds

s
< 1.


