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Abstract. In this paper, we consider an eigenvalue problem for a class of nonlinear
operators containing p(-)-Laplacian and mean curvature operator with mixed bound-
ary conditions. More precisely, we are concerned with the problem with the Dirichlet
condition on a part of the boundary and the Steklov boundary condition on an an-
other part of the boundary. We show that the eigenvalue problem has infinitely many
eigenpairs by using the celebrated Ljusternik-Schnirelmann principle of the calculus of
variation. Moreover, in a variable exponent Sobolev space, there are two cases where
the infimum of all eigenvalues is equal to zero and is positive.
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1 Introduction

In this paper, we consider the following eigenvalue problem with mixed boundary con-
ditions

—div]a(x,Vu(x))]=0, in Q,
u(x)=0, onTy, (1.1)
n(x)-a(x,Vu(x))=Ag(x,u(x)), onTs.
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Here () is a bounded domain of RN (N >2) with a Lipschitz-continuous (C%! for short)
boundary I satisfying that

I'; and T, are disjoint non-empty open subsets of I such that T; U, =T, (1.2)

and the vector field n denotes the unit, outer, normal vector to I'. The function a(x,¢) is a
Carathéodory function on QxR satisfying some structure conditions associated with an
anisotropic exponent function p(x). Here we say that a(x,¢) is a Carathéodory function
on QO xRN, if for a.e. x €, the map RN > & a(x,€) is continuous and for every € RV,
the map Q)3 x> a(x,¢) is measurable on Q). The operator u+— div[a(x, Vu(x))] is more

general than the p(-)-Laplacian A, u(x)=div [| Vu(x) |V(x)*2Vu(x)] and the mean cur-

vature operator div [(1—{— | Vu(x)|?) v (x)72)/2Vu(x)] . This generality brings about diffi-
culties and requires some conditions.

We impose the mixed boundary conditions, that is, the Dirichlet condition on I'; and
the Steklov condition on I';. The given data g:I'> XxIR — R is a Carathéodory function
satisfying some structure conditions and A is a real number.

The study of differential equations with p(-)-growth conditions is a very interesting
topic recently. Studying such problem stimulated its application in mathematical physics,
in particular, in elastic mechanics (Zhikov [1]), in electrorheological fluids (Diening [2],
Halsey [3], Mihdilescu and Radulescu [4], Rtzicka [5]).

However, since we find a few papers associate with the problem with the mixed
boundary condition in variable exponent Sobolev space as in (1.1) (for example, Ara-
maki [6,7]). We are convinced of the reason for existence of this paper.

The purpose of this paper is to solve eigenvalue problem (1.1) for a class of operators
containing p(-)-Laplacian and the mean curvature operator. According to some assump-
tions on g, we use the Ljusternik-Schnirelmann principle in the constrained variational
method. See Ljusternik and Schnirelmann [8] and Szulkin [9].

When p(x) = p = const., there are many articles for the p-Laplacian. For example, see
Lé [10], Anane [11], Friedlander [12]. For the p-Laplacian Dirichlet eigenvalue problem,
we can see the following properties hold.

(1) There exists a nondecreasing sequence of non-negative eigenvalues {A,} tending
to oo as n— oo.

(2) The first eigenvalue A, is simple and only eigenfunctions associated with A1 do not
change sign.

(3) The set of eigenvalues is closed.

(4) The first eigenvalue A; is isolated.

On the contrary, recently many authors study the p(-)-Laplacian. In particular, Fan
[13] has studied the eigenvalue problem for the p(-)-Laplacian with zero Neumann boun-
dary condition in a bounded domain, and Fan et. al. [14] has studied the eigenvalue
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problem for the p(-)-Laplacian Dirichlet problem. Mihailescu and Radulescu [15] have
studied nonhomogeneous quasilinear eigenvalue problem with variable exponent. In
Deng [16], the author treats only the p(-)-Laplacian in the case I'1 =@. This paper is an
extension to more general class of operators than [16].

In this paper, we will deal with the mixed boundary value eigenvalue problem (1.1)
for a class of operators involving the p(-)-Laplacian and the mean curvature operator
which is a new topic. We will show that there exist infinitely many eigenvalues {A;, )}
tending to co as n — oo for fixed a > 0. Moreover, we will derive that under some condi-
tion, the infimum A, of all eigenvalues of (1.1) is equal to zero, so there does not exist a
principal eigenvalue and the set of eigenvalues is not closed. We also show that under
some condition on the function g in (1.1), there is a case where A, is positive.

The paper is organized as follows. In Section 2, we recall some results on variable
exponent Lebesgue-Sobolev spaces. In Section 3, we give the setting of problem (1.1)
rigorously and a main theorem (Theorem 3.1) on the eigenvalue problem (1.1). In Section
4, we present some sufficient conditions for A, =0 and A, >0, respectively.

2 Preliminaries

Throughout this paper, let () be a bounded domain in RN (N >2) with a C%!-boundary
I' and Q) is locally on the same side of I'. Moreover, we assume that I' satisfies (1.2).

In the present paper, we only consider real vector spaces of real valued functions
over R. For any space B, we denote BN by the boldface character B. Hereafter, we use
this character to denote vectors and vector-valued functions, and we denote the standard
inner product of vectors a = (ajy,---,ay) and b= (by,--,by) in RN by a-b= Zfilaibi and
|a| = (a-a)'/2. Furthermore, we denote the dual space of B by B* and the duality bracket
by () B+ 5-

We recall some well-known results on variable exponent Lebesgue and Sobolev spa-
ces. See Fan and Zhang [17], Kovacik and Racosnik [18], Diening et al. [19] and references
therein for more detail. Furthermore, we consider some new properties on variable ex-
ponent Lebesgue space. Define C(Q)) = {p;p is a continuous function on Q}, and for any
p€eC(Q), put

pT=p"(Q)=supp(x) and p~=p (Q)= inf p(x).
xeQ xeQ)
For any p € C(Q)) with p~ >1 and for any measurable function # on (), a modular (for
this notation, see [19, Definition 2.1.1]) p,,(.) =p,(.) q is defined by

oy ()= [ Ju(x)PVdx,

The variable exponent Lebesgue space is defined by

LY (Q) = {u;u: ) — R is a measurable function satisfying Pp() (1) <oo}
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equipped with the (Luxemburg) norm

||uHLP(')( )—lnf{T>0 Pp()( ><1}

Then LP()(Q) is a Banach space. We also define, for any integer m >0,
wmrt)(Q) = {u e LPO(Q); 9*ue L'V (Q) for |a| < m}
where a= (a1, an) is a multi-index, |a|=YN | a;, 9*=0{'---93" and 9;=0/9x;, endowed
with the norm
H“me,p(-)(g): Z ||alxu||LP(')(Q)

|a[<m

Of course, WOr() Q)= Lp() Q).
The following three propositions are well known ([14], Fan and Zhao [20], Zhao et
al. [21]).

Proposition 2.1. Let p € C(Q)) with p~ >1, and let u,u, € LP)(Q) (n=1,---). Then we have
the following properties.
(@) [l ppoy o) <1(=1,>1) <:>pp(.)(u) <1(=1,>1).

. +
(i) 12l oy > 1= 1l f,0 () S0pey () < Nullfy g
(i) ||u||m<»(m<1:»|rur|Lp<.>(Q)st(.><u>s .
(iv) limpy oo [t — 14| o) () = 0 = limy 000 (10 —11) =0.
(V) [l o) () — 00 @as m—> 00 <=,y (1) —> 00 as n— 0.

The following proposition is a generalized Holder inequality.

Proposition 2.2. Let p € C4 (Q), where C4(Q):={peC(Q);p~ >1}. For any ue LP1)(Q)
and ve LV ) (Q), we have

1 1
01 < (5= ) Illaroylollrio oy <2l ol

Here and from now on, for any p € C,.(Q), p'(-) denotes the conjugate exponent of p(-), that is,
p(x)=p(x)/(p(x) 1) for xc Q.

For p € C4(Q), define
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Proposition 2.3. Let Q) be a bounded domain of RN with C’A-boundary and let p€ C (Q) and
m >0 be an integer. Then we have the following properties.

(i) The spaces LP")(Q) and W™P() (Q) are separable, reflexive and uniformly convex Banach
spaces.

(i) If q(-) € C(Q) with q~ > 1 satisfies q(x) < p(x) for all x € Q, then W"™P()(Q) —
W40)(Q)), where — means that the embedding is continuous.

(iii) If g (x) € C(Q) with q~ >1 satisfies that q(x) < p* (x) for all x € Q), then the embedding
W) (Q) = LI10)(Q) is compact.

Next we consider the trace (Fan [22]). Let € be a bounded domain of RN with a CO1-
boundary I and pe C(Q) with p~ > 1. Since W71)(Q) c W11 (Q), the trace 7 (u) =u] . to

I of any function 1 in W?()(Q) is well defined as a function in L'(T). We define
Tr (WLP(') (Q)) = (TrWl"’(')) (I = {f,f is the trace to I' of a function F € W'#() (Q)}
equipped with the norm
LWl (mewnrey () :inf{ [Fllwreo ) F € W0 (Q) satisfying F‘r:f}

for f € (TrWL”(')) (T'), where the infimum can be achieved. Then we can see that the

space (TrWl'P(')) (T) is a Banach space. In the later we also write F| =g by F=gonT.
Moreover, for i =1,2, we denote

(TrWL”(')> (T;) = { f

ife (TrWl"’(')> (r)}

equipped with the norm
HgH(TrW]/P(‘))(I’,») :inf{ Hf”(TrWl/P(‘))(I’);fe (Trwl’p(')) (T') satisfying f‘rizg}/

where the infimum can also be achieved, so for any g€ (TrWl'P (')) (T;), there exists F €
WP (Q) such that F\ri:g and HFHWLV(-)(Q) = ||8H(Trw1,p<->)(r,-)-

Let g€ C4(I'):={q€C(I);q~ >1} and denote the surface measure on I' induced from
the Lebesgue measure dx on () by do,. We define

L1O(r) = {u ; u:I'— R is a measurable function with respect to do

satisfyin u(x q(x)dax<oo
ymng
r
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and the norm is defined by

||uHLq(»)(r) :inf{T>O;/r

and we also define a modular on L70)(T) by

u(x)

X
T

q(x)
dUX S 1 7

ot ()= [ ()1 dor
Similarly as Proposition 2.1, we have the following proposition.

Proposition 2.4. Let g€ C(T) with g~ >1, and let u,u, € LV)(T). Then we have the following
properties.
(i) H”HL4<~>(1") <1(=1,>1) <:>Pq(~),1“(u) <1(=1,>1).

.o - +
i) 200y > 1= il ) < g0 (00) < [

. + -
iii) H“HM(-)(r) <l= H“qum(r) <pg)r(u) < ”uHZq(-)(r)'
iv) HMHHM(')(F)_>O<:>Pq(-),l"(un)_>0'
V) [[nl Loty (ry = 00 = gy, r (1) —> 0.

(
(
(
(

The Holder inequality also holds for functions on T

Proposition 2.5. Let g€ C(T') with g~ > 1. Then the following inequality holds.

J1£080) 1o <20 Al lgll oy forall £eL1(T), geLIOD).

Proposition 2.6. Let Q) be a bounded domain of RN with a C-boundary T and let p€ C, (Q)).
If fe (TrWl'P(')> (T), then f € LPC)(T) and there exists a constant C >0 such that

||fHLp(<>(r) < CHfH(TrWLv(-))(r)-

In particular, If f € (TrWl"’(')) (T), then f € LPC)(T;) and

£ 1oy S CIf N emewrpony @y fori=1,2.

For pe C4(Q), define
(N=Dp(x) .
pa<x>{ Nopx) ¢ PN
0, if p(x)>N.

The following proposition follows from Yao [23, Proposition 2.6].
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Proposition 2.7. Let p € C1(Q). Then if g € C;(T) satisfies q(x) < p°(x) for all x €T, then
the trace mapping W'P()(Q)) — L1C)(T) is well-defined and compact. In particular, the trace
mapping W) (Q) — LPC)(T) is compact and there exists a constant C >0 such that

1]l 50 (ry < Cllullyrsir - for ue WOH(Q).

Now we consider the weighted variable exponent Lebesgue space. Let p C(Q) with
p~ >1and let a(x) be a measurable function on Q) with a(x) >0 a.e. x € ). We define a
modular

pra )= [ a(x)|u(x)7Pdx

for any measurable function u in () . Then the weighted Lebesgue space is defined by
LZ((:)) (Q) = {u;u is a measurable function on Q) satisfying p(,(.q(.)) (#) <o}

equipped with the norm

H”HL&(:))(Q) :mf{T>0;/Qa(x)

Then LZ (()) (Q)) is a Banach space.
We have the following proposition (Fan [24, Proposition 2.5]).

u(x)

X
T

p(x)
dx<1 ;.

Proposition 2.8. Let p € C(Q) with p~ >1. For u, u, € LZ((:)) (Q), we have the following.
(i) For u#0, ||uHL:(<..)>(Q) =T<=P(p()a()) (&) =1
(ii) HMHLP((-.))(Q) <1(=1,>1) = P(p(-)a(-)) (u)<1(=1,>1).

e ‘ 1 p7
() 1) > 1= [l

.
<P(p( 1) () < [[ull?
a(-)

a()
. + _
<1V) HuHLi’(())(Q) <l= HuHIZp(())( Sp(p(),u())(u) < HMHILJ;:(())(Q)

(V) im0 Hun _MHL”((_'))(Q) :0<:>lil’nn_>oop(p(_),a(,)) (un —u) =0.

(Q) Q)

0)

<Vi) Hu””LZ((:))(Q) —» 00 as n—>oo<:>p(p(_),u(.))(un) —» 00 as n—» 0.

The author of [24] also derived the following proposition ([24, Theorem 2.1]).

Proposition 2.9. Let Q) be a bounded domain of RN with a C%-boundary and p € C, (Q)).
Moreover, let a € L*() (Q)) satisfy a(x) >0a.e. x€ Qand a € C. (Q). If g€ C(Q) satisfies

- _
1<g(x) < e p*(x) forallxeQ,

then the embedding W'P()(Q)) — LZE; (Q) is compact.
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Similarly, let g € C(T') with g~ >1 and let b(x) be a measurable function with respect
to o on T with b(x) >0 c-a.e. x €. We define a modular

Pl ()= b)) 1) dor
Then the weighted Lebesgue space on I' is defined by
LZE; (I') = {u;u is a c-measurable function on I' satisfying ()b () < oo}

equipped with the norm

ulx)

q(x)
HuHng:;(r):1nf{T>0;/rb(x) deﬁl}-

Then LZE% (T) is a Banach space.
Then we have the following proposition.

Proposition 2.10. Let g€ C(T') with g~ >1. For u, u, € ngg (T'), we have the following.
() 1l ) <1(=121) =g 0(8) <1(=1,1).
.o q7
) el g, > 1= el

g+
(iii) HuHLZE:;(r)<1:>||u||LZ§:;(r)Sp(q(-),b(.)),l“(u)< u )

(iV) lim;; 00 || Uy—U || LZE; () =0<—= limn*)oop(q(,),b(,))/r (un — u) =0.

.
<P ) Sl o
b(-

(n) Or)

(V) HunHLZE:;(F) —r 00 as n—>00<:>p(q(.),b(.)),r(”n) — o0 asn— oo,

The following proposition plays an important role in the present paper.
Proposition 2.11. Let Q) be a bounded domain of RN with a C®'-boundary T and let peC. (Q).
Assume that 0<be LPC)(T), e C(T). If r€ C(T) satisfies

1<r(x)< %pa(x) forall x€T,

then the embedding W'P()(Q) — LZ((:)) (T) is compact.
Proof. Let uc W'?()(Q). Set h(x)=p'(x)r(x). From the hypothesis, we have (x) < p?(x)

for all x €T. By Proposition 2.7, the embedding W'?()(Q0) < L"()(T') is compact. Since
lu(x)|"®) € LF'C)(T), it follows from the Holder inequality (Proposition 2.5) that

/rb(x)|u(x) "®do, <2([b]| Lge)ry I Ju| ") 60y < 0o
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Hence W'?1)(Q) C LZ(()) (T'). We show that the embedding W'?()(Q) — LZ((; (T) is com-

pact. Let u, — 0 weakly in W'?()(Q)). Then u, — 0 strongly in L"()(T). Since
(), |un| /\un )|r®) dcfx—/|un )|"*)de, —0,
we have |||u,|"")|| o 0 from Proposition 2.10 (iv). Therefore, we have
J o Nn (e <201l oy 1l sy 0.

Thus it also follows from Proposition 2.10 (iv) that ||u, || —0,s0 W0 (Q) <—>LZ(') (T)

(-
L)

is compact.
Now we consider the Nemytskii operator.

Proposition 2.12. Let g € C(Q) with g~ >1 and a be a measurable function with a(x) >0 for
a.e. x € (). Assume that

(F.1) A function F(x,t) is a Carathéodory function on Q) xR.

(F.2) The growth condition holds: there exist c€ LT () (Q)) with c(x)>0a.e. x€Q, g1 €C(Q)
with q; > 1, and a constant ¢y >0 such that

1 4
|F(x,t)] <c(x)4cra(x)n® |t|n® fora.e. x€Qand all t€R.

Then the Nemytskii operator N : LZE% (Q) surs F(x,u(x)) € L1C)(Q) is continuous and there
exists a constant C >0 such that

q() (N ())<C(Pq1<>( )+P<q<->,a<->>(”>) for all u € L[ ().

In particular, if q1(x) =1, then N: LZE% (Q) — LY(Q) is continuous.

For the proof, see Aramaki [25, Proposition 7].
Remark 2.1. This proposition is an extension of [7, Proposition 2.12].

Similarly we have the following proposition.

Proposition 2.13. Let r € C(I2) with r~ >1 and b be a o-measurable function with b(x) >0
o-a.e. x €Ty. Assume that

(G.1) A function G(x,t) is a Carathéodory function on T, X R.

(G.2) The growth condition holds: there exist d € L''()(T,) with d(x) >0 o-a.e. x €Ty,
r1 € C(T2) with r1>1, and a constant dy > 0 such that

r(x)
ae)

G (x,t)| <d(x)+d1b(x)7 [t|1®  for g-ae. x€T, and all tER.
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Then the Nemytskii operator N : LZ(()) (T2) 20+ G(x,0(x)) € L"")(T2) is continuous and there
exists a constant C >0 such that

0r ()1, (Ng(v)) <C (Pn(-),PZ (@) +d10(r()b()),1 (U)> forallve LZ(('.)) (I2).

))(Fz) — LY(T) is continuous.

PN

In particular, if r1(x) =1, then Ng: Lz
Now define a space by

X:{vewl'P(')(Q); v=00n rl}. 2.1)

Then it is clear to see that X is a closed subspace of W'?()(Q), so X is a reflexive and
separable Banach space. We can see the following Poincaré-type inequality (Ciarlet and
Dinca [26]).

Proposition 2.14. Let Q) be a bounded domain of RN with a C'-boundary and let p € C4 (Q).
Then there exists a constant C=C(Q,N,p) >0 such that

[l o) () SCNVull oy ) forallueX.
In particular, | Vu HL,,(,)(Q) is equivalent to [[u [ w1y ) for u € X.

For the direct proof, see [6, Lemma 2.5].
Thus we can define the norm on X so that

lollx=IVollppoq) forveX, (2.2)

which is equivalent to [|o|yy1,() () from Proposition 2.14.

3 Assumptions and the main theorem

In this section, we state some assumptions and a main theorem.

Let p € C4 (Q)) be fixed. Assume that the following (A.0)-(A.5) hold.

(A.0) A:Q xRN =R is a function satisfying that for a.e. x € (), the function A(x,"):
RN > &+ A(x,§) is of Cl-class, and for all £ €RY, the function A(-,&): Q> x+ A(x,&) is
measurable. Moreover, suppose that A(x,0) =0 and put a(x,{) =VzA(x,¢). Then a(x,{)
is a Carathéodory function.

In the following (A.1)-(A.3), ¢,ko,k1 >0 denote some constants, a function hp€ Lr'e) (Q)
is non-negative and h; € L{, _(Q) with h1(x) >1 for a.e. x€ Q.

(A1)|a(x,&)| <c(ho(x)+hy(x)|E]PH)-1) for all € RN and a.e. x € Q).

(A.2) Ais p(-)-uniformly convex, that is,

+ o1
A(%E5T) b (0lg 1P <

1
ar A(xr§)+§A(xr’7)
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for all &€ RN and a.e. x€ Q.
(A.3) kol (x)|&|P™) < a(x,&)-E< p(x)A(x,&) forall € RN and a.e. x€ Q.
(A4) (a(x,&)—a(x,n))-(E—n)>0forall {ye RN with £y and a.e. x€ Q.
(A5) A(x,—&) = A(x,¢) forall RN and a.e. x€ Q.

Remark 3.1. (i) The condition (A.1) is more general than that of Mashiyev et al. [27] who
considered the case i1 (x) =1. In our case, to overcome this we have to consider the space
Y defined by (3.1) later as a basic space rather than the space X defined by (2.1).

(ii) (A.3) implies that A is p(-)-sub-homogeneous, that is,

~— —

A(x,s8) < A(x,f,‘)s”(x) for any (',‘E]RN, ae. x€Qands>1. (3.1)
For the proof, see Aramaki [28, (4.14)].
Example 3.1. (i) A(x,&)= % |&[P) with p~>2, he LL (Q) satisfying h(x)>1a.e. x€Q.

(ii) A(x,6)= % ((1+ ]C!z)p(x)/z—l) with p~ >2, he LP'()(Q) satisfying h(x) >1 a.e.
xe).
Then A(x,{) and a(x,5) = VzA(x,§) of (i) and (ii) satisfy (A.0)-(A.5).

Remark 3.2. In Example 3.1, when h(x) =1, (i) corresponds to the p(-)-Laplacian and (ii)
corresponds to the prescribed mean curvature operator for nonparametric surface.

For the function h; € L} (Q) with h;(x) >1 for a.e. x € (), we define a modular on X
by

Op()m () (0) = /th(X) |Vo(x)|P¥dx  forveX,

where the space X is defined by (2.1). Define our basic space

Y =Y(0) = {0€X; y( () (0) <o} (3.2)

equipped with the norm

HUHY:inf{T>O} P(p(1n () (%) Sl}.

Proposition 3.1. The space (Y,||-||y) is a separable and reflexive Banach space.

For the proof, see Aramaki [29, Proposition 3.4].
We note that C3°(Q)) C Y. Since h1(x) >1 a.e. x € (), it follows that

1
’pv(p(.),hl(.))(v) =0p() <h1”<') VU) zpp(,)(Vv) forvey

1
hl”(') Vo

||vr|Y=] > Vol oy =llellx  foroey. (33)

LrO)(Q)
From (3.3) and Proposition 2.1, we have the following proposition.
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Proposition 3.2. Let p € C1(Q) and let uu, €Y (n=1,---). Then the following properties
hold.

1)Y= Xand ||u||x <|uly.

i) [|ully >1(=1,<1) <= 0(p()m () () >1(=1,<1).

i) il > 1= [} <P 0 () < 1l

V) im0 Hun —u Hy =0<—= limnﬁmﬁ(p(,),h] ) (Mn —u) =0.

(

(

(

. + ~ —

EIV) ully <t=>[[ull} <B(p(m () () < llullf

(Vi) [Jun|ly — o0 as ”—>°°<:>ﬁ(p(-),hl(.))(un)—>0° as 71— oo,

We assume the following (g.0)-(g.2) on the function g in (1.1).
(g.0) g(x,t) is a Carathéodory function on T'; xR and there exist 1 <b € LP()(T;) with
peCy(I,) and re Cy (I,) satisfying
x)—1
:B( ) ] ( x)

forall xeTl»

such that
|g(x,t)|gd(1+b(x)|t|f<x>—1) for c-a.e. x€T and t€R

for some constant 4 > 0.
(g.1) For o-a.e. x€T, g(x,t) is an odd function with respect to f € R.
(g2) 0<g(x,t)t=r(x)G(x,t) for o-a.e. x €T and ¢ >0, where

t
G(x,t) :/ ¢(x,s)ds foro-ae. xeTpand t€R.
0

We note that from (g.2), we obtain the homogeneity of G with respect to ¢, that is,
G(x,t)=G(x,1)|t]"™). (3.4)

Indeed, from (g.2), we have é((’;ss)) = r(s—x) for o-a.e. x€I'; and s>0. Taking that G(x,t) is an
even function with respect to t into consideration, for ¢t > 0, if we integrate this equality
from 1 to t, we easily get (3.4).

For example, a function g(x,t)=b(x)|t|"¥)=2t, where b is a function as in (g.0), satisfies
(8:0)-(8:2).

Here we introduce the notions of a weak solution and an eigenfunction for the prob-
lem (1.1).

Definition 3.1. (i) We say that a pair (1,A) €Y X R is a weak solution of (1.1), if
/ a(x,Vu(x))-Vo(x)dx=A | g(x,u(x))v(x)do, forallveY. (3.5)
Q I

(ii) Such a pair (u,A) €Y x R with u#0 is called an eigenpair, A is called an eigenvalue and
u is called an associated eigenfunction.



Eigenvalue Problem for a Nonlinear Operator 13

Define functionals on Y by
D(u) :/ A(x,Vu(x))dx, K(u) :/ G(x,u(x))doy forueY. (3.6)
QO Iy

It follows from (A.5) and (g.1) that @ and K are even functionals, that is, ®(—u) =®(u)
and K(—u)=K(u) foralluey.
Lemma 3.1. (i) We have

ko - ~
Pt () S @) < (2ol ) 1920 0) +Bipt0.,0) (1))

for u €Y, where c and ko are the constants in (A.1) and (A.3).
(ii) We have

u+v ~
o ( > > +k1p(p(,),h1(.))(u—v) < ECP(L!)—FECP(U)

forall u,v €Y, where ky is the constant in (A.2), in particular, ® is convex, that is, ®((1—1)u+
) <(1-7)P(u)+7P(v) for all u,v €Y and T €[0,1].

Proof. (i) easily follows from (A.3) and the Holder inequality (Proposition 2.2). (ii) easily
follows from (A.2) and the continuity of A(x,§) with respect to ¢. O

Proposition 3.3. (i) ® is coercive, that is, ® (1) — o0 as ||u||y — oco.
(ii) @ is sequentially weakly lower-semicontinuous on'Y.
(iii) ® € C(Y,R) and we have

(@’(u),v)wly:/Qu(x,Vu(x))-Vv(x)dx foru,vey. (3.7)

Proof. (i) follows from Lemma 3.1 (i) and Proposition 3.2 (iii). (ii) follows from [28,
Proposition 4.4 (iii)]. (iii) follows from [28, Proposition 4.1]. O

Proposition 3.4. If u,—u weakly in Y and ® (u, ) —P(u) as n— oo, then we have & (“254) —0
as n— 00, S0 U, — u strongly in Y.

Proof. Assume that the conclusion is false. Then there exist ¢9>0 and a subsequence {u,, }
of {u,} such that ® (”"'{”) > ¢o for all n/. From Lemma 3.1 (i), there exists a constant
C(e0) =C(eo,p) >0 such that

.

Y

Uy —Uu

. i
+Cleo) (Il —ully vl —ullf ).

N
Uy —1U P

2

Uy —U
2

Uy —Uu
2

Y Y
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Here and from now on, aVb=max{a,b} and aAb=min{a,b} for real numbers a and b.
Hence
+ - _€
Cleo) [t —ull§ Vllatw —ull§ >,
so by Proposition 3.2 (v), there exists a subsequence of {u,/} (still denoted by {u,/}) and
c1> 0 such that klﬁ(p(.),hl(_)) (u,y —u) > cq. Hence it follows from Lemma 3.1 (ii) that

Uy +U 1 1
<= ' — .
d)( 5 >+c1_2¢(un)+2<b(u)

Since (u,y+u)/2— u weakly in Y and @ is sequencially weakly lower semi-continuous,
we have

®(u)+cq <liminfd <un/2—|—u> +c1 < %liminfcb(un/) +%<I>(u) =d(u).

n'—o0 n'—oo

This is a contradiction. Thus ®((u,—u)/2)— 0 as n— co. By Lemma 3.1 (i), we can see
Uy—u

’glat O(p(-) () (Y1) —0 as n — co. Thus from Proposition 3.2 (v), u, — u strongly in
. O

Proposition 3.5. (i) ® € Wy, that is, if u, — u weakly in Y as n— oo and liminf, P (1) <
D (1), then there exists a subsequence {u, } of {uy,} such that u,, — u strongly in'Y as n' — oo.
(ii) @ is bounded on every bounded subset of Y.

Proof. (i) Let u, — u weakly in Y as n — oo and liminf, ,co®(u,) < P(u). Since P is
sequentially weakly lower semi-continuous from Proposition 3.3 (ii), we have ®(u) <
liminf, 0o ® (1), so liminf, P (1) =P (). Hence there exists a subsequence {u,, } of
{u,} such that lim,; o P (u,) =P (u). By Proposition 3.4, u,, — u strongly in Y.

(ii) easily follows from Lemma 3.1 (i). O

Proposition 3.6. (i) @’ is strictly monotone in Y, that is,
(@' (u)—®'(v),u—v)y-y>0 forall u,veY with u#v.
Moreover, @' is bounded on every bounded subset of Y and coercive in the sense that

!
im0y
fully—oo  |lully

(ii) @' is of (S+)-type, that is, if u, — u weakly in Y and

limsup(®' (uy ), un — )y y <0,

n—oo

then u, — u strongly in'Y.
(iii) The mapping ®:Y — Y* is a homeomorphism.
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For the proof, see [25, Proposition 21].
For the functional K defined by (3.6), we have the following proposition.

Proposition 3.7. Under the hypotheses (g.0), we have the following.
(i) KeCY(Y,R) and

<K/(M),’U>y*,y:/ g(x,u(x))v(x)doy foru,vey. (3.8)

I

(ii) K is sequentially weakly continuous in'Y.
(iii) K": Y — Y* is weakly-strongly continuous, that is, if u, — u weakly in Y as n— oo, then
K'(uy) — K'(u) strongly in Y* as n— co.

Proof. Since (i) and (ii) follow from [28, Propositions 4.2 and 4.4], we only derive (iii). Let
u, —u weakly in Y. Then

(K’(un)—K/(u),v>y*,y:/rz(g(x,un(x))—g(x,u(x)))v(x)dcrx forvey.

From Proposition 2.11 and (g.0), the embedding W'?()(Q)) — LZ(()) (T'2) is compact. Since
Y < X < W) (QQ), there exists a constant C >0 such that

o < '
HUHL;(‘))(FQ) <Cllv|ly forallveY

By the Holder inequality (Proposition 2.5), for any v €Y,
[ (K" (1n) =K' (u),0)y+ x|
1
S/r b(x) ™| g (x (%)) = g (x,u(x))[b(x) " [o(x) | dory

<2)1b(-) 7" g (1)) =g () oo ey 1T [0 0 -

Since )
N o .- , — " < ,
6 T00) 1) = ol g0,y <Cllel

we have

K ) =K' () - <2C|[b(-) ) |3 -, uu()) =8 (DI oy

We want to show that ||K’(u, ) —K'(u)
to show that

v+ —0as n—o0o. By Proposition 2.4 (iv), it suffices

-1 -1

oriyr, (BC)TEC () =b(-) T g(u(-)) =0 asn—co, (3.9)

We can see that
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— [ b(x) T g (xa (x)) g (x)|” Pdo.

I

Since u, — u weakly in Y and the embedding Y — LZ(()) (T) is compact, we can see that

u, — u strongly in LZ(())(Fz) From [7, Theorem A.1], there exist a subsequence {u,,}

of {u,} and f e L"0)(Iy) such that b(x)" ™y, (x) = b(x)/"®u(x) c-ae. x €T, and
1b(x)"" @, (x)| < f(x) for o-a.e. x €T,. Since b(x) >0 and g is a Carathéodory function,
Q(x,uy (x )) —>g(x u(x)) o-a.e. x€l's. From (g.0) and b(x) >1, we have

b(x) 7 |2, (6) — g ()"

<Cib() T (140 ()0 () () 1)

1 <b(x) o +h(x) ™)~ ) <|un,(x)|r(x)+|u(x)|r(")>>
<C (1+b(x) (\un,(x)‘r(x)+|u(x)|r(x)))

<2C; (14 F(x)@ for some positive constant Cj.
p

-

<

)

The last term is an integrable function in () independent of n’. Thus by the Lebesgue
dominated convergence theorem, we have

Pr' (), (b(-)’%g(-,un/(-)) —b(')mg(-,u(-))) —0asn’— oo.

From the convergent principle (Zeidler [30, Proposition 10.13]), we see that (3.9) holds,
so ||K' (1) =K' (1) ||y+ — 0 as n — oo. O

Remark 3.3. From (3.7)-(3.8) and Definition 3.1, we can see that (u,A) € Y xR is a weak
solution of the problem (1.1) if and only if

@' (u) =AK'(u). (3.10)

In particular, we have (®'(u),u)y« y=A(K'(u),u)y+y. If (u,A) is an eigenpair of (1.1), then
it follows from (A.3) and (g.2) that

(@ (u),u)y+y :/ a(x,Vu(x)) Vu(x)dx
0
>ko [ ()| V()P = kollull) Al >0
0
and so

(K (1), 1)y y = / ¢(x,u(x))u(x)doy >0,

I
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so we have
o (P) )y
(K'(u),u)y=y

This means that any eigenvalue of the problem (1.1) is positive.

>0. (3.11)

In order to solve the eigenvalue problem (3.10), we apply the constrained variational
method. We take @ as an objective functional and K as a constraint functional. For any
fixed « >0, put

My={ueY;K(u)=ua}. (3.12)

If u € M,, then from (g.2),
<K’(u),u>y*,y:/ g(x,u(x))u(x)deZr’/ G(x,u(x))doy=r"K(u)=r"a>0, (3.13)
I, I

so K'(u) #0. Hence M, is a C'-submanifold of Y with codimension one. Moreover, M, is
a weakly closed subset of Y. Indeed, let u; € M, and u; —u weakly in Y as j — oo. Since K
is sequentially weakly continuous from Proposition 3.7 (ii), & = K(u;) — K(u), so u € M,.

It is well known that (#,A) € Y xR with K(u) =a >0 solves (3.10) if and only if u is a
critical point of ® with respect to M,, that is,

(@ (u),h)y+y=0 forall h€ T,M,,

(for example, [30, Proposition 43.21]). Here T,,M, is the tangent space of M, at u € M,
and we can see that

TuMy,=Ker(K'(u))={veY;(K'(u),0)y:y=0}.

Let P:Y — T, M, be the natural projection. Note that the bounded linear map K'(u):Y —
R is surjective. We denote the restriction of ® to M, by ® = CD‘ M and the derivative

d®(u) € Y* of ® at u € M, can be defined by (d®(u),0)y- y = (®'(u),Pv)y-y forveY.

For u € M,, put w= (®')~}(K'(«)). Then since we have (3.13), we see that K’ (u) #0.
From (A.5), the functional ® is even, so ®' is odd and so ®'(0) =0. Since (®')~! is
injective, we have w 0. From strict monotonicity of &’ (Proposition 3.6 (i)),

(K'(u),w)yy = (K'(u), (@)1 (K' (1)) )y y = (@' (w),w0)y+ y > 0. (3.14)
Hence since w=(®') ! (K'(u)) € TM, we can see that
Y:TuMa@{ﬁ(cp’)—l(K’(u));ﬁeR}.

For every v € Y, there exists a unique B € R such that v = Pv+B(P") ! (K'(u)). Since
PveT,M,=XKer(K'(1)), we have

<K/(“)/U>y*,y = ,3<K,<”)I(CDI)71 (K,(”)) >y*,y'
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Thus from (3.14), we can write

o (K(0)y
(K (), (@) (K ()

Now we have
<dd~>(u),v>Y*’Y = <®’(u),Pv>Y*’Y

—(® (1) v . "(u <K/(M>IU>Y*,Y N—=1 /11 "
(@)}, {0, (@) (K ) )
iy (@@ K@)y

‘<q’< )= R ), (@) K () )y & >w'

Thus we have N
dd(u) =0 (u)—A(u)K'(u),

where N

(@' (u), (@) THK(u)))y.

(K (u) (@) 71K (1)) )y y

Proposition 3.8. For any a >0, the functional ®: M, — R verifies (PS)-condition, that is, if

any sequence {1y} C My such that ®(u,) — c €R and ||dD(uy)] y-—>0as n— oo, then {u,}
contains a convergent subsequence.

Mu)=

Proof. Let {u,} C M, satisfy that ®(u,) — ¢ and d®(u,) — 0 in Y* as n — co. Then, since
(A.3) produces

k k + -
q)(un):@(un)zpi/ghl(X)IVun(X)!”(x)derﬁllﬂnl\@ Alluallf

{u,} isbounded in Y. Since Y is a reflexive Banach space from Proposition 3.1, there exist
a subsequence {u,} of {u, } and up €Y such that u,y —uy weakly in Y. By Proposition 3.7
(i) and (iii), K’ (u,) = K'(u9) in Y* and K(u,s) — K(ug) as n — oo. Thereby, 1o € M,. Put
w,y=(®") (K (u)). Since K' (14, ) =K' (u9) #0 in Y* from (3.13), we see that w, —w #0

in Y, where wy = (®') "1 (K'(up)). Thus
<K, (L{n/), (CD/) -1 (K/(u”')»}(*,y: <d>'(wn/),wn/ >Y*,Y_> <®/(WQ),WO>Y*’Y> 0. (315)

On the other hand, we have

’<q>,(”n/)'(®/)7l(K/(”n’)»y*,y‘: ‘<¢/(”n’)'wﬂ’>y*,y‘§ HCDI(”H’)

Since u,; — 1y weakly in Y, {u,,} is bounded in Y, so by Proposition 3.6 (i), ||®’(u,)
is bounded. Hence, there exists a constant ¢; >0 such that

(@ (1), (@) 1K (1)) )y | < 2 (3.16)

wn/Hy.

Y*

Y*
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From (3.15) and (3.16), {A(u,)} is bounded in R. Passing to a subsequence, we may
assume that A(u,/) — Ap for some Ay € R. Since d®(u,/) — 0 in Y*, we see that &’ (u,,)—
A(u ) K (u,1) — 0 as n’ — oo. Hence, since K’ (u,) — K’ (ug) in Y*,

D (1) = (D (s ) — Ay ) K (1)) +A () K (110) = MoK (119)  in Y* as n’ — oo.
Therefore, we see that u,y — (®') 1 (AoK' (1)) strongly in Y as n’ — oo. O

Here we recall the notion of genus which is introduced in Rabinowitz [31, Chapter 7]
or [30, Section 44.3]. Let E be a real Banach space and let £ denote the family of subsets
ACE\{0} such that A is closed in E and symmetric with respect to 0, that is, x€ A implies
—x€A. For ©@# A €€, define the genus of A to be n>1 (denoted by y(A)=n) if there is a
map @€ C(A,R"\{0}) with ¢ odd and 7 is the smallest integer with this property. When
there does not exist a finite such n, set y(A) = co. Finally set (@) =0.

The main properties of genus will be listed in the next proposition.

Proposition 3.9. Let A,B € &. Then the following properties hold.
(i) If there exits an odd map f € C(A,B), then y(A) <v(B).
(ii) If AC B, then y(A) <(B).
(iii) 7 (AUB) <7(A)+7(B).
(iv) If A is compact, then y(A) < oo and there exists 6 >0 such that if we put

Ns(A) ={x€E;||lx— Al|:=inf{||x—y[;y € A} <5},

then Ng(A) € € and v(Ns(A)) =7(A).
(v) If Q) is a bounded neighborhood of 0 in R", and there exists a mapping h: A — 0Q with h
an odd homeomorphism, then y(A) =n.

For the proof, see [31, Lemma 7.5 and Proposition 7.7] or [9, Proposition 2.3]. We note
that it can be easily seen that when A€ £, A # @ if and only if y(A) > 1.

Let X, = {H C M,;H is compact and symmetric}, y(H) be the genus of H € ¥,, and
define

— inf & —1,...). 3.17
€)= ey 0, SUP (u) (n ) (3.17)

The following proposition is due to [9, Corollary 4.3].
Proposition 3.10 (Ljusternik-Schnirelmann principle). Assume that M is a closed symmetric

Cl-submanifold of a real Banach space B and 0 ¢ M. Let f € C1(M,R) be an even functional and
bounded from below. Define

c]-:Hirellf_jilelgf(u) forj=1,2,--,
where
I';={H C M;H is compact, symmetric and y(H) >j}.

If Ty #Q for some k>1 and f satisfies (PS) -condition for c:=c=cpi1="--=c, with1<m<k,
then f has at least k—m+-1 distinct pairs of critical points.
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Since Y is a separable reflexive Banach space, it is well known that there exist {e, } 5> ; C
Y and {f,}°, C Y* such that (fy,em)y+y =0um, where &, is the Kronecker delta and

Y =span{ey,ez,---} and Y =span{fi, fo,---}.

Define spaces
n [e°]
Y;=span{e;}, Zn:@Yj, Wn:@Y]-.
j=1 j=n

If we apply Propositiorl 3.10 with B=Y, M=M, and f —=®, then we obtain the follow-
ing lemma. We note that ® is bounded from below on M, and satisfies (PS)_-condition
with respect ot M, for any ¢ € R by Proposition 3.8.

Lemma 3.2. For any m € N, we have 'y, # . Thus we see that all c(,, , defined by (3.17) are
critical values of ® with respect to M, and

—00 < C(y0) SC(ns1) <00 forevery n€IN.
Proof. For any fixed m €N, we claim that
c(m):=inf{K(u);u € Zy,||u|y=1}>0. (3.18)

Indeed, assume that c(1) =0. Then there exists a sequence {u;} C Z, such that [|u;[|y =1
and

OSK(uj)g}. (3.19)
Since {u;} is bounded in Y, there exist a subsequence {u; } of {u;} and up €Y such that
uyp — up weakly in Y as j' — oo. Since (fi,uy)y+y =0 for any k>m, we have (fi,uo)y+y =0,
so we see that up € Z,,. Since dimZ,, =m <oo, uy — ug strongly in Z;,, so in Y. Thereby
|luo|ly =1, so we can see that K(ug) > 0. On the other hand, letting j — o0 in (3.19), we see
that K(u9) =0. This is a contradiction.

For 0£u € Z,,, since ||u/ ||u|ly|ly =1, it follows from (3.18) and (3.4) that

c(m) SK(HL?H}/) :/F2G(x,1)

:/ 1 G(x,u(x))do: ;K(u).

<
X = —
T2 (a1 ]l Al

Thus we have K(u)>c(m) ||ul|}, Allull, forall u€ Z,,. In particular, a=K (u) >c(m) ||ul|} A
||u|]¢ for u e Z,,NM,. Therefore, Z,,NM, is a bounded and closed subset of Z,,, so is
compact by dimZ,, < co. Let G={u=uje;+---+umey € Zy;K(u) <a}. Then G can be
identified with an open neighborhood of 0 in R by a trivial odd homeomorphism. Since

the identity map: Z,,N M, —9G is an odd homeomorphism, using Proposition 3.9 (v), we
have y(Z,NMy)=m, so Iy, #D. d
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It follows that the following lemma holds.

Lemma 3.3. Assume that a functional ¥ :Y — R is sequentially weakly continuous and satisfies
¥ (0)=0. Then for any fixed r >0,

lim sup |[¥(u)|=0. (3.20)

"W, fully <r
Proof. Put dy=sup,cyy, 1, < ¥ ()| Then there exists u; € Wy with [|uj|y <r such that
lim; 0 |'¥ (1j)| =dy. Since Y is a reflexive Banach space, there exist a subsequence {u; }
of {u;} and u™ €Y such that uj —u" weakly in Y. Hence Hu(”) |y SHminfj e [[up|ly <
r. Since W, is a closed subspace of Y, W, is weakly closed, so u") € W,. Since ¥ is
sequentially weakly continuous, [¥(u;)| — [¥(u")| as j'— . Thereby [¥(u™)|=d,.
Since clearly d,11 <d, for all n € N, lim,_,cod, = do > 0 exists. Since {u(”)} satisfies
Hu(”) HY <r, there exists a subsequence {u(”l)} of {u(”)} and uy € Y such that u) U
weakly in Y, so ||uo||y <r. Since again ¥ is sequentially weakly continuous, |¥ (u("))|=
dy — [¥(ug)| =dp. Since Y is reflexive, we can look upon 1y € Y** =Y. Therefore, for any
fi €Y, since u) e W,,, we have

<uO/fj>Y**,Y* = <fj,1,[0>y*,y = nl/li}‘;o <fj,1,{(n ) >Y*,Y = O
Thus we have uy=0, so dg="Y(0) =0, that is, (3.20) holds. O

Proposition 3.11. We have limy,_,coinf, ey, nm, |1 ||y =o0.

Proof. Suppose that the conclusion is false. Then there exist ¢; >0 and u,, C W, M, such
that ||u, ||y <c; for large n € IN. Then

sup  |K(u)| > [K(un)| =a.

ueWy, ||lully <cy

Therefore,
lim  sup  |K(u)|>lim |K(u,)|=a>0.
n%oouGWn,HMHYSQ n—00 "
If we apply Lemma 3.3 with ¥ =K, this is a contradiction. ]
Proposition 3.12. We have
lim ¢(;; 4) = 00. (3.21)

n—00

Proof. By Proposition 3.11, for any c > 1, there exists 19 € IN such that for any n >ng and
u€Wy,NM,, ||u||ly >c. Forany HeX,, y(HNZ,_1) <n—1. On the other hand, we have
codimW, =n—1. Hence for H € ¥, with v(H) >n, HNW, is non-empty. Indeed, since
H=(HNZ,_1)U(HNW,), it follows from Proposition 3.9 (iii) that

n<y(H) <y(HNZy—1)+7(HOW,) <n—1+7y(HNW,),
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so Y(HNW,) >1. Hence HNW,, #®. For n > ny, using (3.17), we have

=  inf o
Cna) Hezal,rvl(H)ZHilelg (v)

= inf max su ®(u), su &D(u)

HGZQ,’}/(H)ZH {ueHﬁ(YIian) MEHQIZ)n,l

> inf sup  P(u)> inf sup P(u)
HeZwy(H)2nyegn(y\z,_1) Hexuy(H)2nye Haw,

>  inf sup k%ll””f}_Zkficp_'
Hezm’y(H)ZnueHﬂWn p

Thus we get (3.21). O

We are in a position to state the following theorem.

Theorem 3.1. Assume that (A.0)-(A.5) and (g.0)-(g.2) hold and fix « > 0. Then for every

n €N, ¢ ) defined by (3.17) is a critical value of ® with respect to the submanifold M, such
that
0< Cna) < C(n+1,0) <o and Cna) —> 00 SN — 0.

Moreover, the problem (1.1) has infinitely many eigenpair sequences { (1 4),A(n,0)) } Such that
K(iu(m)) :a,q)(iu(nra)) =C(na) and 0</\(n,¢x) — 00 as n—» 00,

Proof. Taking Proposition 3.10, (3.10)-(3.11) and Proposition 3.12 into consideration, it
suffices to derive that A, ,) — 0o as n— co. It follows from (g.2) that

<K/ (u(”,tx))/u(n,a) >Y*,Y < T+K(u(n,a)) —rta.

Hence

(' () tima Dy o (P (W) i) Dy v
(K" () ) )y y i

Assume that A, .y <M for all n€N. Thenby (3.22), (D' (1t 4)) U (na) )y y <MrTa=:c,.
From (A.3), we have ’

Awa) = (3.22)

~ x 1 C2
Pl () (i) = /th(X) V730 (30) [P0 < (1 (1 010)) ) Dy y <

In particular,

(i),

U () Hy <c3 for all n €N with some constant c3 >0. Then from Lemma 3.1

Cnay =P (tna)) < (20ll oy 1m0y +Pp () (Henay) ) S

for some constant c4 > 0. This contradicts to Proposition 3.12. O

Remark 3.4. We do not know whether the problem (1.1) only has eigenvalue sequence of
the form {/\(n,a) }.
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4 The infimum of all the eigenvalues

In this section, we consider the infimum of all the eigenvalues of the problem (1.1). We
show that there exist two cases where the infimum is equal to zero or positive according
to the hypoetheses on the variable exponent.

Put A={A;A is an eigenvalue of the problem (1.1)} and A.=infA. For a subset ACQ
and 6 >0, put B(A,6) = {x € RN;dist(x,A) <4}, Ba(A,6)=B(A,6)NQ and Br,(A,d) =
B (A ,0 ) NI.

Here, for xo € Q, if A= {x}, then we write B({x0},6), Ba({x0},0) and Br,({x0},9)
by simply B(x0,6), Ba(xo,0) and Br,(xo,0), respectively. Assume that (A.0)-(A.5) and
(g.0)-(g-2) hold.

Lemma 4.1. For 6,a >0, if we define
Bs(u) :/ ()| Vu(x)|P@dx  foruey,
Ba(T2,6)

then
B(sw):= inf Bs(u)>0.

ueM,

Proof. First we note that Y < Y (B (I2,6)) and B; is a modular on Y (B (T2,6)). As-
sume that B ,) =0. Then there exist {u, } C M, such that Bs(u,) — 0 as n — co. Hence
Hun HY(BQ(ITzﬁ)) —0Qasn — 0, where HuHY(BQ(i,§)) :lnf{T > 0,,35 (%) S 1}

On the other hand, we have

/  G(x,un(x))doy 2/ G (%1t (x))doe = K (1) =2 >0,
0Bn(T'2,9)) T,

Since K is continuous on Y (B (I'2,6) ), we can see that K(u,,) —K(0) =0. This is a contra-
diction. O

Lemma 4.2. For a >0, let ug be an eigenfunction associated with Ay 4. Then

D (uo) = c(1,) =Inf{D(u);u € My }.
Proof. Put by =inf{®(u);u € My}. Since c(14) :ianeZM(H)zlsupueHQND(u), if ue H and
Hex, C M, with y(H) >1, then ®(u) =®(u) > b,. Thus C(1,0) > ba-

By the definition of b,, there exists a sequence {u, } C M, such that b, =lim,_,coc P (1y,).
For large n, by+1> ®(u,) > k0||un\|€+/\|]un||§i. Thus {u,} is bounded in Y. So there
exist a subsequence {u,} of {u,} and u, €Y such that u,, — u, weakly in Y. Thereby,
P (uy) <liminf, o P(1,y) = by. Since M, is a weakly closed subset of Y, u, € M,, so
® (1) >by. Thus we have @ (u, ) =b,. By (A.5), ®(£u.)=b,. Let Hy={=%u.}, then clearly
7(Ho) =1. Therefore, ¢(1 4y <sup, .y P(u) =by. Thus we have c(y o) =ba. O
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Remark 4.1. We assume the following more restrictive condition instead of (A.3). (A.3')
koh1(x)|E|P™) < a(x,&)-E=p(x)A(x,E) for a.e. x€ Q and all F€RN.

We note that (i) in Example 3.1 satisfies this condition, but (ii) does not satisfy this
condition.
Under (A.0)-(A.2), (A.3), (A4)-(A.5) and (g.0)-(g.2), we have

pr
/\(n+1,oc) > WA(TI,D&)‘ (4.1)

In particular, if p(x) = p=const. and r(x) =r=const., then A(,41,4) > A(y0)-

Proof. Let uy be the eigenfuntion associated with the eigenvalue A(,, ,) n=1,---. From the
hypotheses (A.3), (g.2) and Theorem 3.1, we have

At ta) = (D (ung1) Uns1) vy _ /Qu(x,VunH(x)) Vit (x)dx
(n+1,0) (K'(tp41),Unt1) vy / (%, 1()) 1ty 11 (x)doy
I

/QP(X)A(X,VMH_H (x))dx

p~®(uni1) _ p- p-
o (n+1a) = (n,)
/ r(x)G(x,uy41(x))doy rK(up1)  rte rta
I,

On the other hand, from (g.2) we have

S(e) oA Tun(x))dx a(x, Vit (x))- Vit (x)dlx

1
Cna) =& = Z“/S)p(x)
’ K(un) '/FZG(x,un(x))d(Tx /r2 r(lx)g(x,lln(x))”n(x)dax

>r*¢x (D (un),Un)yey rﬂx)\
—pt (K(un)un)yy  pT ()

Thus we obtain the conclusive estimate (4.1). O

From now on, we suppose that more restrictive assumptions on the given function g.

(g.0") and (g.0) holds with r(x) = p(x).

(g.2') and (g.2) holds with r(x) =p(x), thatis, 0< g(x,t)t=p(x)G(x,t) for o-a.e. x€TI’,
and all 0 #¢t€R.

For example, a function g(x,t) =b(x)|t|"¥) =2t with a function b(x) satisfying the con-
dition in (g.0) with r(x) = p(x) verifies (g.0"), (g.1) and (g.2’).

Theorem 4.1. Assume that (A.0)-(A.5), (g.0"), (g.1) and (g.2") hold, moreover, suppose that
there exists 5> 0 such that p(x) = p=const. for all x € B (T'2,6). Then we have A > 0.
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Proof. Let u be the eigenfunction associated with A of the problem (1.1). Then K(u) > 0.
In fact, let K(u) =0. Since (@' (u),u)y+y =A(K'(u),u)y~y, it follows from (g.2’) that

/Qa(x,Vu(x))-Vu(x)dx:A rzg(x,u(x))u(x)dax:/\p F2G(x,u(x))dax:/\pK(u):O.

Hence from (A.3) we have
o:/ a(x,Vu(x))-Vu(x)dxzko/ i (x) | Wt () [P
Q @)

Thus we have Vu(x) =0 a.e. x € (). From Proposition 2.14, we have u =0 a.e. in (). This
is a contradiction.

We show that there exists ty >0 such that uq:= %u €M;. Indeed, since g(x,t)t=pG(x,t)
for (T-a e. x€T and all t € R, we can write G(x,t) = G(x,1)|¢|? from (3.4). Hence K(u) =
Jr, G(x,1)[u(x)|Pdoy. Thus K(%)=1t"PK(u) for t >0. Here we can see that K(}) —0 as

t— o0 and K (%) — o0 as t —+0. Since K ( ) is continuous with respect to t € (0,00), there
exists to >0 such that K(%) =1,s0uy:=%e M.
Now since K(u1) =1, it follows from EA 3) and Lemma 4.1 that

/\:/éa(x,vu(x)).Vu(x)dx § /Bn(rm“("'vu(x))'V“(x)dx

[ sutpude, [ glru(x)ulx)de
Fz FZ
ko (%)W u(x) [Pdx ko/ (x|l Vu (x) Pdx
~_ JBal T2,6) _ _ /Ba(l9)
p/ (x,u(x))doy p/ G(x,toup(x))doy
I
kot! / (@) Vin(rdy ;
B (T2,0
= THaled) =2 ()| Vi (x)Pdx= "B 1) >0
ptg/ G(x,uq(x))doy P JBa(T29) P
I
Thus we have A, =infA > %ﬁ(&/l) >0. O

From the absolute continuity of integral, we obtain the following lemma which is
needed later.

Lemma 4.3. Let ucY be given. Then for any e >0, there exists 5o >0 such that for any 0<J <y,
Bu(0) 3:/ _ A(x,Vu(x))dx<e.
Ba(T2,9)

Theorem 4.2. Let (A.0)-(A.5), (g.0"), (g.1) and (g.2") hold. Assume that there exist § >0 and
xo € I'y such that the following (i)-(iii) hold.



26 J. Aramaki / J. Partial Diff. Egs., 39 (2026), pp. 1-30

(i) p(x) =p=-const. for all x € Br, (x0,0).

(i) p(x) <p forall x € Ba(x,9).

(iii) hy € LY (Bq(x0,0)), where hy is the function of (A.1)-(A.3).
Then we have lima_m)\(m) =0,s0 A, =0.

Proof. Replacing ¢ >0 with smaller one, if necessary, we may assume that B(xo,6)NI'CT5.
Choose 0 <u € C®(Q) such that u(x) =1 for x € Bq(xp,6/4) and u(x) =0 for x € Q\
B (x0,0/2). We note that it follows from (iii) that u €Y. By Lemma 4.3, for any ¢ >0, there

exists &y € (0,0 /4) such that for any 61 € (0,dp),

/ _ A(x,Vu(x))dx<e/(2c),
B (T2,01)

where
pt

c=
- G(x,u(x))doy
p /'BI*2 (X[),(S/Z) ( ( ))

>0.

Since p € C(Q), it follows from (ii) that for any x € Bn(x0,6/2)\ B(I'2,60), we can see that

p(x)—p<p* (BQ(xo,(S/Z)\B(Fz,(SO)) —p:=—g9<0.

We note that p(x)=p on suppunI’. If we define h(t) =K(tu) =tPK(u), then h is differen-
tiable in (0,00) and K’ (t) = ptP~'K(u) >0, so h is strictly monotone increasing and clearly
h(t) =0 as t — +0 and h(t) — o0 as t — co. Hence for any a >0, there exists a unique
t(a) >0 such that f(a)u € M,. Clearly t(x) -0 as « —+0 and ¢(a) — co0 as « — co. So there
exists ap > 1 such that for any a € (xp,0), max{l, (28_16(13(1/!))1/80} <t(a). Let ug be the
eigenfunction associated with Ay ). Then we have

. /Qu(x,Vuo(x))-Vuo(x)dx ) /Qp(x)A(x,Vuo(x))dx ) pro(ug) | prd(up)
(1,#) - pr(Llo

) pa

/ g(x,uo(x))uo(x)dox p= | G(x,up(x))doy

rz 1_‘2

By Lemma 4.2, since ® (1) =c(q,o) =inf{ P (u);u € My }, we have ®(up) <P (t(a)u). Hence

To simplify the symbols, put

B, =Bq <x0,g> \Bn(I»,81), B>=Ba (xo,g) NBa(Ta,61).
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Thus using (3.1), we have

<p+/QA(x,t((x)Vu(x))dx

M) <
p~ | G(x,t(a)u(x))doy
I,
p A(x,t(2)Vu(x))dx+p™ | A(x,t(a)Vu(x))dx
By B,
p*/ o G(x,t(a)u(x))doy
p / A(x,Vu(x))dx+p* / JA(x,Vu(x))dx
p*t(oc)i’/ G(x,u(x))doy
Br, (x0,3)
p+/ Ha)P )P A (x, Vu(x))dx + p* / 0P A(x, Viu(x))dx
By
- G(x,u(x))doy
S (x,u(x))
§ct(zx)_go/ A(x,Vu(x))dx+c/ A(x,Vu(x))dx
Ba(x0,5)\Ba(T'2,01) Ba(T1,61)
-
Therefore, A(l,a) < e for all @ > wg. Since £ >0 is arbitrary, we have lima%m)x(m) =0. O

We can also derive the next theorem.

Theorem 4.3. Let (A.0)-(A.5), (g.0'), (g.1) and (g.2) hold. Moreover, suppose that there exist
an open subset V in T’ with VC T, 6>0and EERN\V such that for all x€V, I,:={x+7&;T€E

0,0)} CQ), where or 2% Moreover, suppose that
= O PP

(A) pT(V)>p™ (V).

(B) p(x)>p(y) forall xeV,y € L.

(C) hy € LY(Uyev Iy), where hy is the function of (A.1)-(A.3).
Then we have hma%oo)\(lla) =0,50 Ay, =0.

Proof. Forc,d>0, put p°={x€V;p(x)>pT(V)—c} and p*={x+7¢,;x€p’,T€(0,d)},

and ¢y = (pT(V)—p*(aV))/16(>0). Then clearly p*o C p¥0. Choose a non-negative
function u€C*® (Q) such that u(x)=1 for x€ p*0*%/4 and u(x)=0 for x€ )\ p3*?/2. Then
it follows from (C) that u € Y. For any € >0, define 6; =¢6/8. Then if x € pBe0x0/2\ p2eoxdr
then

p(x)—pt(V)<p™* (P880X5/2\p2£(’x‘51) —pT(V):=—2¢1 <0.
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Similarly as the proof of Theorem 4.2, there exists ag > 1 such that for any a > ag, there
exists #(a) such that K(f(a)u) =« and

2e 1ptd(u)
p/pﬁ G(x,u(x))doy

max-< 1, <t(a).

Using again (3.1), we have
A(xHa) Vie(x))dx /p&oxg\pzwlt(‘x)p(x)A(x,Vu(x))dx
/ Ha)P G (x,u(x))do
pe
Lot 0072 A, )l
/ Ha)? V)= G (x, u(x) o
pel

oW,
/ G(x,u(x))doy  2PT
P

~/}78€0Xg\}9280 X681
/ G(x,t(a)u(x))doy
I

<t(a)™®

On the other hand, since p¢ C p¢ if ¢ </, p20*% C p*0*%1, Hence if x € p*0*%, then
u(x)=1,so Vu(x)=0. Hence we have

/pkoxél A(X,t(a)vu(x))dx =0.

Thus we have

+
A )<P+CI>(t(zx)u) - p ngoxg\pZEWlA(x,t(a)vu(x))dx
T pK(t(a)u) P~ | GlxHau(x))doy
Pt /25 %6 A(x,t(a) Vu(x))dx
B p 0%

p [ Gl tau(x)do,

+

<-<e

N[ ™

Therefore, we have lima%oo)\(ll,x) =0,s0 A, =0. O

Remark 4.2. (1) If p(x) = p =const. in (), then it is well known that A. =A(; ,) =A; and
so A, is a principal eigenvalue.

(2) For a variable exponent p(x), under some assumptions, A, =0. This means that
under some assumptions, there does not exist a principal eigenvalue and the set of eigen-
values is not closed.

(3) For a variable exponent p(x), under some assumptions, we have A, >0.
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