JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS doi: 10.4208/jpde.v39.n1.2
J. Part. Diff. Eq., Vol. 39, No. 1, pp. 31-50 March 2026

Monotonic Behavior of Positive Solutions for
Semi-Linear Parabolic Equations with Uniformly
Elliptic Non-local Operators in Half-Space

GUO Qing and ZHANG Yuhang*
College of Science, Minzu University of China, Beijing 100081, China.

Received 27 June 2023; Accepted 14 October 2024

Abstract. We address the problem given by the following partial differential equation:
some semi-Linear parabolic equations with uniformly elliptic non-local operators in
Half-Space. Initially, we establish a generalized weighted average inequality and a
maximum principle in unbounded domains, which are crucial for the sliding method.
Then, we employ sliding to demonstrate the monotonicity of bounded positive solu-
tions. In this paper, we will remove the monotonicity assumption of the kernel func-
tion a(x) by using the sliding method. The techniques employed in the process of this
method have applications to other problems related to uniformly elliptic operators.
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1 Introduction and main results

In this paper, our focus lies on investigating the monotonicity of positive solutions to the
following problem:

W)+ (D)l =f(hu(xt)),  (uh) ERLXR,
u(x,t)>0, (x,t) ER" xR, (1.1)
u(x, 1) =0, (x,t) € (R"\R") xR,

*Corresponding author. Email addresses: yuhang_0621@163. com (Y. Zhang), guoqing0117@163. com (Q. Guo)

http:/ /www.global-sci.org/jpde/ 31



32 Q. Guo and Y. H. Zhang / J. Partial Diff. Eqgs., 39 (2026), pp. 31-50

where the weighted fractional Laplacian (—A); represents a uniformly elliptic non-local
operator, defined as the following weighted operator

_ a(x—y)(u(x) —u(y))
(_A)lslu(xlt) - CH,SP'V’ R ’x_y|n+25 d]/, (12)
with 0 <s <1 and 0 < A; <a(x) < A,. Here, P. V. denotes the principal value of the

integral. In order to make the integral on the right side of (1.2) well defined, we suppose
ue CrHR™) N Los with
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The first equation in problem (1.1) is a variant of the equation:

d

S D+ (=0 u(x ) = f(u(xt), (13)
where u(x,t) represents the chemical concentration, f(u) characterizes the kinetics, and
(—A)® denotes the diffusion coefficient defined as [1]:

u(x)—u

(=A)*u(x)=CpsP.V. ]Rn\)(c—)yw(gs)dy' (1.4)

Equation (1.3), known as the fractional reaction-diffusion equation, is widely used

to study anomalous diffusion due to its ability to capture various phenomena [2]. Sev-

eral results, including monotonicity and symmetry of solutions to the reaction-diffusion

equation with (—A)?, have been established by scholars. Corresponding results for local

or non-local elliptic equations are obtained in [3-12]. For the study of positive solu-

tions of the fractional parabolic equations with respect to space variables, one can refers
to [13-21].

In contrast to (—A)°, the operator (—A)j emerges from jump L'evy processes [22]
and finds applications in stochastic control problems [23-26]. When a =1, (—A)j re-
duces to the well-known fractional Laplacian (—A)*. Additionally, as s approaches 1, the
fractional Laplacian (—A)® converges to the standard Laplacian —A [24]. Caffarelli and
Silvestre [27] has deduced the C1* regularity result for the purely non-local Isaacs equa-
tions by the method of compactness and perturbation, where the Isaacs equations are in
the form of

(=D)au(x)=f(u),
with a(x,y) satisfying 0 < Ay <a(x) < A, V,a <Cly|~! and be continuous in x for a
modulus of continuity independent of y.

Previous work by [15] established the monotonicity of positive solutions for (1.3)
using the moving plane method. However, for problem (1.1), due to the monotonic-
ity requirement on the operator kernel a(x—v)/|x—y|"*?, one needs to assume that
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a(x—y) is monotonically decreasing with respect to |x—y| when applying the moving
plane method [24]. In contrast, the sliding method can overcome the limitation imposed
on (—A)j. By employing the sliding method, Meng et al. [28] obtained monotonicity and
non-existence results for solutions to semi-linear elliptic equations involving the operator
(—A)S. However, to the best of our knowledge, there have been no monotonicity results
available for the fractional parabolic problem involving d;4(—A)3, except for the one-
dimensional symmetry and monotonicity results for the fractional semi-linear parabolic
equation obtained through the sliding method [16].

In order to use the sliding method, we first obtain the following generalized average
inequalities and the maximum principle in unbounded domains.
Theorem 1.1 (A generalized weighted average inequality). Let u(x,t) € C' (R;C;;}(R")N
Lys). For each fixed t € R, if u(x,t) attains its maximum at a point X in R", then for any r >0,
we have

CO 25 —
> .
Cn,sAl (x,t) +/ u(y,t)du(y) >u(x,t), (1.5)

where BE(X) is the complement of B,(X) in R",

1
1
— d
/Bi(O) ypEY

dp(y) =1.
/m )

Co=

is a positive constant, and

Now, we establish a maximum principle in unbounded domains.

Theorem 1.2 (A maximum principle in unbounded domains). Let Q) CIR" be an open set,
possibly unbounded and disconnected, and for any x° € R" satisfying

B Qr
QM

>0. 1.6
Am B ()] (1.6)

Assume that u(x,t) € C! (]R CH(R") ﬂ£25> is bounded from above, and satisfies

loc

8871: (x,t)+(—A)5u(x,t) <0,  atthe points in QxR where u(x,t) >0,

u(x,t) <0, in Q°xR.

(1.7)

Then
u(x,t)<0 in QxR. (1.8)
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Remark 1.1. The maximum principle is a basic factor to derive the monotonicity and
symmetry of solutions by virtue of the sliding method. In [16], Chen and Wu deduced
the monotonicity of entire positive solutions of the fractional parabolic equation

W e )+ (~A u(xt) = f(u(x ), (xR xR

where as the key ingredient, they established a generalized weighted average inequality
and proved a maximum principle of unbounded regions. Here in this present paper,
we extended these two theorems to the fractional parabolic equation involving a more
general non-local operator (—A)$ in parallel.

Next, we consider the following problem

W)+ (D)l =f(tu(xt)), (o) ERIXR,

u(x,t)>0, (x,t) eR% XR.

(1.9)

To derive the monotonicity along x,-direction, the following result is needed.

Theorem 1.3. Let u(x,t) €C' (R;C};! (R")NLas) be a bounded solution of (1.9). Assume f(t,r)
is continuous and satisfies (a) There exists y >0 such that for any t€R, f(t,r)>0 when re(0,u),
while f(t,r) <0 when r> p.

Suppose that u(x,t) <p for (x,t) € (R"\R".) xR, then u(x,t) < for (x,t) e R’ xR.

Remark 1.2. Note that in [16], Chen assumed u(x,t) < u directly. Moreover, since they
were working on the whole space RY, it is not necessary to handle the regularity near the
boundary, which is imperative in our problem on the half space.

Combining the generalized weighted average inequality with maximum principle in
unbounded domains, we will apply the sliding method to derive the following mono-
tonicity of the solutions for problem (1.5) based on the above theorem.

Theorem 1.4. Let u(x,t) € C' (R;C;L(R")N Las) be a bounded solution of (1.1) satisfying

loc

inf R". 1.1
tlg]Ru(x,t)>0, Vxe R (1.10)

u(x’,xp,t) IoEe, y uniformly in t € R. Assume that % (x,t) is bounded, f(t,r) is continuous
and satisfies (a) and the following condition:

(b) For any fixed t € R, f(t,u) is non-increasing for u € [u—o,u| with some 6 > 0.

Then u(x,t) is strictly monotone increasing in x,,.

Remark 1.3. The condition that aa—”t‘ (x,t) is bounded is only to ensure that u is uniformly
continuous with respect to the time variable ¢ (see the proof for more details). Therefore,
this condition can actually be relaxed directly to the condition that u is uniformly contin-
uous with respect to t, or can be replaced by any condition that can ensure such uniform
continuity, such as the existence of the limit of solutions at infinity in ¢.
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Remark 1.4. Various interesting solutions generated by the nonlinear term of the equa-
tion, i.e., pattern generation, have attracted a lot of attention. Classical problems such as
f(u)=u—u?yields the Ginzburg-Landau equation [29], while f(u)=u(1—u)(u—a) with
0 <wa <1 yields the Zeldovich equation [30]. One can refer to [31] for the special case of
f(u) =u?—u. Note that the functions f(u) =u—u> and f(u) =u?—u> are two typical
examples of satisfying conditions (a) and (b). If the function f(t,u) at the right hand side
of the equation monotonically decreases with respect to u, the situation becomes sim-
ple (one can refer to [16]). In addition, Chen etc. in [17] derived the monotonicity and
non-existence of the solutions for the problem

Ju

g(x,t)—i—(—A)su(x,t) =xuP(x,t), (x,t)eR"XR,

where 0 <s <1 and 1 < p < co by using the modified method of moving planes.

The rest of the paper is organized as follows. In section 2, we give the proof of the
generalized weighted average inequality (Theorem 1.1) and the maximum principle in
unbounded domains (Theorem 1.2). In addition, a comparison principle is also given in
order to facilitate the later proofs. In section 3, we prove Theorems 1.3 and 1.4, showing
the monotonicity by sliding.

2 The generalized average inequality, maximum principle in
unbounded domains and comparison principle

2.1 The proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1: For a given t, suppose u(x,t) gets the maximum at X. Applying
the definition of the fractional uniform elliptic operator, we get

(- B)u(E0) =CosP V. [ ”(x_y)i”_(;"il;”(y’t))dy

Lo, [ MWED-uy)

BE(%) ly_y’n-i-Zs
B B 1 u(y.t)
_C”'sAl”(x’t)/Bf(x> Ty C”’SAI/ 0 o=y =

CnsA1 u(x,t) u(y,t)
T C, _Cn,sAl/C( = >-d

This shows that formula (1.5) is true and theorem 1.1 is proved. O

Proof of Theorem 1.2: Assume that (1.8) does not hold. Since u(x,t) is bounded from
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above in () xR, we can find a positive constant M such that

sup u(x,t):=M>0.
(x,H)eQxR

The value of u(x,t) in QxR is less than or equal to M, while the value of u(x,t) outside
the region () X R is less than 0.

The supremum of u(x,t) may not be attained since the region Q) xR is unbounded, so
it can be divided into two cases. In a relatively simple case, the value of u(x,t) reaches M
at a certain point. Set this point as (,f), so that %—”t‘ (%,t) =0 and hence

(—A)Su(x,t) <O0.

From the condition on (2 (1.6), we get that
u(y,t dy

must be strictly less than M, which, by (1.5), means u (Y,f) is strictly less than M, a con-
tradiction.
In the other case, the supremum M cannot be attained, and a sequence (xj ,tj) COxR
can be taken to satisfy
u(x,t;)) =M as j—roco.

Meanwhile, we choose some nonnegative monotonically decreasing sequence {¢;} such
that
u(x,tj) =M—g;>0.

Since u vanishes in ()¢, by regularity and without loss of generality, we may assume that
dist{x/,Q)°} > 1. We construct an auxiliary function

vj(x,t) =u(x,t)+eni(x,t),

x—x =t

where 17]~(x,t) =7 ( o ) , 1 is arbitrary and fixed, and 7 (x,t) satisfies

1, ifx|<t, o<y,
n(xt)= .
0, if|x|>1, [t|>1.

Denote ‘
t—t/
1,25

X—Xj

Qr(xf,t]-) = {(x,t):

According to the definition of vj(x,t), there holds that

<1},

r

vj (xj,t]') =M>0,



Semi-linear Parabolic Equations Involving a Weighted Fractional Laplacian 37

while for (x,t) € (R" xR)\Q; (¥/,t;),
vi(x,t) <M.

Therefore, Uj(x,t) reaches the maximum value in Q, (xf,tj). Set the maximum point as
(¥/,;). Then v;(¥/,F;) satisfies

M+sj20j(7j,fj): sup  vj(x,t)>M>0. (2.1)
(x,F)eR" xR

Next, we also have

v (¥,5) —v; (v )

Ao (¥ F) =
(—A);0;i(¥,t)) =C,sP.V. R g dy>0 (2.2)
and 3
U i 1) —
5 (F/8) =0
Therefore,
ou,_ ;- ovj . _ ani| Cg;
(A I = | (A ) e | <« 2T
ot (%) ot (#4) —¢j ot |~ 1>’ (23)
which, combined with (1.7) and (2.2), implies
L L L ou, - Ce; Ce;
0< (=AY (¥, ) = (—8);u (T ;) +e(—8)am; (¥ ) < =5 (F.4) +— <
Then c c c
0 — T 0 €j
CnsAlrzs(_A)f’vj(x't) < CnsA1rZSrT§C8j' (2.4)
Applying (2.1) and Theorem 1.1 to v; at (fj ), we get
Co r®(—A)50; (¥ T‘)—i—Corzs/ G\ (v.5) dy>v;(¥,f) >M (2.5)
Cus Al I Bi(at) [T -y T I '

for any r >0 with
1

- .
—— 4
/Bi(O) [z

We are sufficed to estimate the upper bound of the term

v (v.1)
C 2s/ iV g
or 5e () W_y n+2s 4Y

Co=
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in (2.5). Applying (1.6), we obtain

Br (T \B, , 15 () NOE X c
i PR \Bry 2 (@)00] 1 (B0
s [Bx (7] = NE]

This means that there is a positive constant p and a large enough number R; such that

[BR (%) \Bg, 45 (¥) NO|
[Bx(¥)]

>p>0, (2.6)

when R > R;. Since r is arbitrary, by (2.1) and (2.6), we take r=R;/ /2 to have

vi(¥.t))
Cor® N
or B;(yj) ‘fj_]/|n+25 Y
2 v (vt M+e;
:C R n2 / / / J d
0< ]/f) ( BR]/\/,(x] ﬁQ‘x] n+2s y s x] Qe |x] ‘n+25 Y
M-re 0 (1)
- ——-d / g
/c V(x] )NQe ‘x] |Vl+25 y+ ¢ V{f(x] )nQe ‘x] n+2s Y
2s M-+¢; Me;
<Co(R; / T 4y—Co (R 2 / e N
O( /\[> xf }x] y‘n+25 Y 0< ]/[) Bl”{j/%(fj)ﬁﬂf Y]._y‘,ﬁ_zs Y
" M+e¢;
—M+ej— O(R]/f / e Ty
% x X —y‘
M-+¢;
<M Co(Ri/ / Mty
+ej— 0( ] ) BR.(Y/)\BR,/%(Yj))ﬁQC y]'_y‘nJrZS Yy

2
SM—I—S]'—Co(R'/\;Vi) S(M_|_ )R (n+2s)

(Br, () \By, vz (%)) ) N
<M-ej— (M+e])co<R,/f) R; "2 p| B (%)
=(1-0)(M+z¢;), (2.7)

where 0 is a positive constant satisfies 0 < <1. Combining (2.4) and (2.7), it holds that
M<Cej+(1-6)(M+g;),

which is obviously impossible when j is large enough and leads to a contradiction. Thus
the proof of Theorem 1.2 is completed. O
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2.2 A comparison principle

Lemma 2.1 (A comparison principle). Let I' be a bounded domain in R". Assume that u,v

ecCt (]R ci(r )ﬂ£ZS> , u—v is lower semi-continuous on T and satisfy

{Z(xt)—k( AYgu(x,t)> gzt}(xt)—k( AYo(xt), (3t €TXR, 8
u(x,t) 20(xt), (x,t) ET xR,

then u>v,(x,t) €T xIR. Futher more, if u(x%ty) =v(x%ty) at some (x%t)) €T xR, then
u(x,ty) =v(x,to) almost everywhere in x € R™.

Proof. Let w(x,t) =u(x,t)—v(x,t). Assume that the conclusion is not true. Since w is
lower semi-continuous on I, one can find a point w(x%t)) € [ xR such that w(x?,ty) <
minrxrw(x,t) <0. Then by the definition of (—A)$ and the second inequality in (2.8), we
have

0 (410 (-8 ()~ ()10

a(x—y) ((u(x" ko) —u(y,to)) — (0(xt0) —v(y, o))

:0+Cn,sP.V. R |X0—y|"+25 d]/
w(x%t0) —w(y,to)

=C,sP.V. Rna(x—y) Oy d
w(x%t0) —w(y,to)

SCH,SP.V./FCa(x—y) P> d

<0.

That is a contradiction to the first inequality in (2.8). Hence we derive u(x,t) >v(x,t),(x,t)
eI'xR.
Once there exists (x%,f) €' xR such that w(x%t)) =0, then

aazf(x o)+ (=A)5u(x’,tg) — (—A)50(x%t)

alx— uxo,t —u(y,ty)) — Uxo,t —o(y,t
~0+CoPV. [ Sl (Gl |xgy_;|)n)+zs(( )=o),
<0.

However, the first inequality in (2.8) shows

?;;(x )+ (—A)Su(x,t) — ‘;’(x 1) —(—A)S0(x,t) >0.

Then according to w(x,t) > 0, we have w(x,ty) =0 almost everywhere in R”, that is
u(x,tp) =v(x,tp) in R". O
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3 Monotonicity

Proof of Theorem 1.3: Without loss of generality, we assume that y =1 in the conditions
(a) and (b), and keep this assumption unchanged in the rest of our paper. We first claim
that u(x,t) <1 forall (x,t) e R XxRR.

Otherwise, if u(x,t) >1 somewhere, the contradiction can be deduced. We denote the
component of the set where u(x,t) >1by Q. Let w(x,t) =u(x,t)—1. According to the
continuity of f and condition (a), we have f(t,1)=0and f(t,u(x,t)) <0 for (x,t) €Q, then

a;:(x,t) +(=A)w(x,t)= ?,?(xlt) +(=A)u(x,t)=f(tu(x,t)) <0, (xt)eQ.

Since w(x,t) <0 for (x,t) € Q°, according to the theorem 1.2, we know that u(x,t) <1in Q,
which contradicts the assumption. So the claim is concluded. O

Proof of Theorem 1.4: For T >0 and
x=(x',x,) with x' = (x1,---,x,-1) € R* 1,
set
ur(x,t) =u(x%,t), x*=x+7e, withe, =(0',1),

and
wr(x,t) =u(x,t)—uc(x,t).

Our proof will be carried out in three steps. First, we show that for a T large enough, one
has
w-(x,t) <0, (xt)eR] xR, (3.1)

which provides a starting position to slide the domain. Then, we decrease T to its limit
position where (3.1) still holds, and define

T =inf{t|w.(x,t) <0}, (x,t)€R] xR.

We prove 1) =0, which means that u(x,t) must be strictly monotone increasing in x,
uniformly for t €IR.
Step 1. We prove that for a sufficiently large 7, one has

w-(x,t) <0, (x,f)€R] xR. (3.2)
According to the condition on u, there is a large enough 2 > 0 to make

u(x,t)>1-05 for x,>a, (x,t)eR" xR, (3.3)
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From condition (b), (3.3) means that f is non-increasing when x, > a. If (3.2) is not true,
then there is a positive constant M such that

sup  w(x,t)=M>0. (34)
(xt)eRE xR

Construct an auxiliary function

wT(x,t):wT(x,t)—i.

We will apply the maximum principle in unbounded domains (Theorem 1.2) to deduce
W (x,t) <0, (xt)eR} xR,

which is a contradiction.
Since u(x,t) — 1 as x, — +o0 uniformly in f, we can choose a constant 7 > a large
enough so that

M
wr(x,t)§7 for x,>v, (x',t) ER" xR,

which means
W (x,t) <0 for x,>7, (¥',f) eR"I'xR. (3.5)

Denote
H=R"1x(0,7).

Then (3.5) yields
W (x,t) <0, (x,t)eH XR. (3.6)

Hence @+ (x,t) satisfies the external condition of Theorem 1.2.
Next, we check whether @ (x,t) satisfies the condition of differential equation in H x
R. By the definition of @ (x,t) and (1.1), we have

(30) 4 (D)5 (3, = 0 (3, 1) 4 ()0 (3,1

=f(tu(xt)) = f(Euc(x,t)). (37)

If 0 < x, <a, since T>a, then x,, +T > a. It can be seen from (3.3) that there is

01t
ot

u(x,t) >uc(x,t)>1-9

at the points where w-(x,t) >0, which together with condition (b), the monotonicity
assumption on the function f, implies that

fltu(xt) < f(tue(x,t)), 0<xy<a, (x,t)eR" xR, (3.8)

at the points where w(x,t) > 0.
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If x,, > a, It can be seen from (3.3) that there is
u(x,t) >uc(x,t)>1-9

at the points where w+(x,t) > 0, therefore, by the monotonicity assumption (b) on the
function f similarly, we have

fltu(x,t) < f(tuc(x,t), x,>a, (x,t) ER" xR, (3.9)

at the points where w(x,t) > 0.
Combining (3.7)-(3.9), we have

aw’[

W(x,t) +(—A);w-(x,t) <0 at the points in H xR where w+(x,t) >0,

which together with (3.6) satisfies the conditions of Theorem 1.2. Thus we use the maxi-
mum principle in unbounded domains to derive

W (x,t) <0, (x,t)€R] xR.

That is,

we(x,t)<—, (xt)eR] xR,

a contradiction to the fact SUP (. )eRr?, <R Wz (x,£)=M>01n (3.4). Therefore,
w-(x,t) <0 forany T>a and (x,t) €R’. xR (3.10)

was proved. The proof of step 1 has been completed.
Step 2. In the first step, the inequality (3.10) provides a starting position for sliding.
In this present step, we decrease T from a and prove that for any 0 <7 <a, we still have

w.(x,t) <0, (x,t)eR xR. (3.11)
In order to prove (3.11), we introduce
T =inf{7|w.(x,t) <0}, (xt)€eR] xR,
and prove 1) =0 by contradiction. Precisely we prove that if 75 >0,
we(x,1) <0, (xt)eR} xR, T€(10—¢ )

is still true after appropriately decreasing 1y, which is violate to the definition of .
(i) We first prove that

sup W, (x,t) <0 (3.12)
0<xp<a,(x't)ER*1xR



Semi-linear Parabolic Equations Involving a Weighted Fractional Laplacian 43

on x, € (0,a), and then we can get

sup w(x,t) <0, Vte(t—e 1]
0<xy<a,(x',t)ER"1xR

for a small constant ¢ >0 due to the continuity of w+(x,t) with respect to 7.
Suppose (3.12) is false, then

sup W, (x,t) =0.
0<xy<a,(x',t)ER"1xR
Take some .
{(x,t;))} C (R"'x[0,a]) xR
such that

we, (¥/,t)) =0 as j—co. (3.13)
There exists some non-negative sequence {¢;} such that
we, (2,1) = —¢;. (3.14)

We now prove that ¥/ is away from {x, =0} by constructing a sub-solution. Denote
00 = {x, =0}. First, we introduce a function ¢(x) = (1— |x|2)i with

[(=A)2p(x)|<C, VxeBi(0).

For z €90}, we set
r, =dist(z+19e,,,0Q)).

Then for any z€0(), there exists a ball B:=B,, (z+Ten) CQ. Let ¢y, (x) =¢ (=), then

[(=A)spr. (x)|<C, VxeB, (z+zoen). (3.15)
For some fixed Ry >2a >0, we set

E={xeR :dist(x,0Q2) > Ro}.
Then according to (3.3), u(x,t) >1—0 when x € E. Denote 1—d=¢;. Let ECCE, take
ne€CY(E), 0<n(x)<1, and 5(x)=1 on E.
We construct a sub-solution
u(x,t) =nu(x,t)+edr.(x),

since BNE =0 when Ry is large enough, it can be deduced that

2‘; (x,t) = ;7‘?;: () =0, (xt)cBxR (3.16)
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and

(—A)au(x,t)
_Cpopv. [ Az —ulyt) 4

R’ [x—y|"2
eppv. [ ) e () uly ) e )
e ey
_ —a(x—y)nu(y,t)
_Cn,sP-V-</C |x—y‘”+25 dy
(x y €¢rz / x y 8q>72 ) €¢rz (y))
+C"r5P'V'</C |x—y[+2 d + |x—y|n+2s dy
~ _Alﬂu(y/ ) s
< I R A _
<C( [ T dy o). (o
<C(Ce— A1Cgyt1). (3.17)
We can choose ¢ < slAlCROC_l :=¢o, then (3.17) yields
(—A)u(x,t) <0, (xt)EBXR, (3.18)

which combines (3.16) give that

ou

5, (0 +(=8)u(x 1) <0, (xt)EBXR.

In addition, we have u(x,t) > u(x,t) for (x,t) € B x R. Thus according to the comparison
principle (Lemma 2.1), for any z € d(), t € R, we have

Uy, (z,t) =u(z+1060,t) > U(z+T0€08,1) > cpyz (z+710en) >Cq, >0,

-2
which yields
Wy (z,t) = —u(z+T106H,1) < —Cr, <0, Vz€Q. (3.19)

From (3.13) and (3.19), we conclude that x/ is away from o), which allows us to assume
Bi(x/) CIR™. without loss of generality. Let

ni(x,t)=n (x—xj,t—tj)
with 77(x,t) € CF(R" xR),

1, if x| <3, <3,
W(xrt): . 2
0, if|x|>1, |t[>1,



Semi-linear Parabolic Equations Involving a Weighted Fractional Laplacian 45

and construct auxiliary function
wi(x,t) =wqg (x,t) +em;(x,t). (3.20)

Denote

Q' (¥ t)):= {(x,t)“x—xj} <1,

Itis easy to prove that the perturbed function w;(x,t) takes the maximum value in Q' (x/ ).
We will deduce a contradiction accordingly. More specifically, by (3.14), (3.20) and the
definition of w;(x,t), it holds that

t—t|<1}.

ZU]' (xj,t]') =0.
But for (x,t) € (R%. xR)\Q'(x/,j), in view of 7;(x,t) =0, one has
wi(x,t) <O0.

Thus wj(x,t) attains its maximum value in Q' (x ,tj) at a certain point denoted by (fj ),
ie.,
ei>wj(¥, )= sup wj(x,t)>0. (3.21)
(xt)eR% xR

Then we introduce an auxiliary function of translation
wi(x,t) =w; (x+%,t+1;),
so that (3.21) can be written as

e;>w;(0,0)= sup wj(x,t)>0. (3.22)
(xt)eR} xR

Then we have

a(x—y) (@;(0,0) —;(y,0))

(—A)5w;(0,0)=CysP.V. " S dy >0 (3.23)

and
; (0,0)=0 3.24
w 7 — U. ( . )

Therefore, from
we, (¥,t) =0, as j—oo,

which is deduced by the definition of w;(x,t) in (3.20) and (3.21), we get
0=(~4)5,(0,0)
:(—A)ZZUTO (y]j]) +£]'(—A)Zl’]j (y]j])

S agvtro (Yj,fj) +f(fj,u (fjlfj)) _f(fj/uro (y]'/fj)) +£j(_A)Z’7j (ijj)
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ow; onj . _ o - o o i
=== (0,0)+ej (&, 1) +f (5, (T ) — f (Fux (F1)) +e(— )i (F5)
<Cej+f(t;,u(¥}))—f(ug (¥ F)) =0, asj—soo. (3.25)

In addition, the generalized weighted average inequality (Theorem 1.1) implies

Co
Cn,sAl

w;(y,0)
¢(0) |y|mt2s

P (= A)5;(0,0) + Cor™ / dy>w;(0,0) forany r>0 (3.26)
B

with
1

1 7
—-d
/an =Y
which together with (3.22) and (3.25) yields that for any finite r >0,

Co=

w;(y,0) .
/85(0) e dy—0, asj—oo.

Since ‘ , ‘

W;(y,0) =w; (y+2,;) =wx (y+7) +&jm; (y+ 7).
by the definition of 77;, we know that there is a constant 7>0 such that 7;=0 and w;(y,0) =
Wy, (y+% ,t7) <0 for any |y| >7. Furthermore, for any fixed r >7>0, we have

w;(y,0) =0, yeB;(0), asj—oo. (3.27)

Since u(x,t) is uniformly continuous, the Arzela-Ascoli theorem can be used to show
that uj(x,t):=u(x+¥,t+1;) has a convergent sub-sequence (still denote by itself), which
satisfies

ui(x,t) »ue(x,t), (xt)€R] xR, asj—oco.

Combining the above formula and (3.27), we obtain
Uoo(X,0) — (Ueo )7, (x,0) =0, x€B;(0).
Hence for any k€IN and any fixed »r >7 >0, we have

Uoo (x',2,0) =thoo (X', 200 +T0,0) =1hoo (X, 204 +270,0)
== (¥, xy+k1,0), x€B(0). (3.28)
However, from the asymptotic assumption that

Xp—r+00 . .
Uoo (x',x,0) “——1 uniformly in x"= (x1,--,x,_1)

and
Uoo (x',24,0) =0 for x,<0,



Semi-linear Parabolic Equations Involving a Weighted Fractional Laplacian 47

we obtain ue (x',x,,0) =0 with x,, <0 and ue (x,x,+k70,0) — 1 when taking k sufficiently
large , which contradicts (3.28). Hence (3.12) holds.
(ii) If 70>0, to deduce a contradiction, we are to prove that there exists a constant ¢ >0
such that
we(x,t) <0, (xt)eR] xR, V7Te(m—¢T0). (3.29)

According to the continuity of w+(x,t) with respect to 7, (3.12) yields that there exists a
small constant e >0 such that

sup we(x,t) <0, TE(T9—¢T)- (3.30)
0<x,<a,(x't)eR*1xR

Therefore, we only need to show

sup w(x,t) <0, TE(T9—¢T0) (3.31)
xp>a,(x ) ER"1XR

We verify (3.29) by contradiction. Suppose (3.31) is not true, then there exists some 7 €
(To—¢, 1] and a constant M >0 such that

sup wr(x,t):=M>0. (3.32)

xn>a,(x' ) ER" 1T xR
Similar to the first step, we construct an auxiliary function

M
vr(x,t) :=wr(x,1) >
In view of the asymptotic condition (b) on u, a sufficiently large constant v > a can be

found such that
M

we(x,t) < o X >y, (x,f)eR"IxR. (3.33)

Let
G={(x,xnt) ER"'xRE xRla<x, <M, (x,t)eR"'xR}.

Then combining (3.30), (3.33) and the assumption that u(x,f) =0 for (x,t) € R"\R xR,
we obtain
ve(x,t) <0, (x,t)€G"XR, (3.34)

which means that the exterior condition of the maximum principle in unbounded do-
mains (Theorem 1.2) is satisfied.

Next we consider the differential inequality in G satisfied by v;(x,t). Since for any
7€ (10—¢), (¥,t) ER""! xR, we have

M
u(x,t) > uT(x,t)+? >uc(x,t)>1-96
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at the points in G x R where v (x,t) >0 when a < x,, < M, then there is
f(tu(x,t)—f(tur(x,1) <0, a<x, <M, (x',t) eR" xR

due to the monotonicity of f(x,u) (condition (b)). Hence by using (1.1) at the points in
G xR where v (x,t) >0, we obtain

aavtr(x/t)Jr(—A)ZvT(x,t) :a;UtT (1) + (=A)Swe (x,t)
=f(tu(xt))— f(tu(x,t) <O, (3.35)

which combines with (3.34) and the maximum principle in unbounded domains (Theo-
rem 1.2) imply that

v (x,t) <0, (xt)eREXR, VTE(T9—¢,10)].

That is M
we(x,t) < EX (x,t) eR". xR, VT € (10—¢,T0),

which is a contradiction with the assumption (3.32). Hence, (3.31) is true and (3.29) has
been proved. We derive (3.11) and the proof of Step 2 is completed.

Step 3. In this step, we prove that u(x,t) is strictly increasing along the x,-direction.
From Step 1 and Step 2, we obtain

wr(x,t) <0, (x,t)€RY xR, VT>0.
To show that u(x,t) is strictly increasing along the x,-direction, we are sufficed to prove
we(x,t) <0, (x,t)eR] xR, VT>0. (3.36)

Otherwise, if (3.36) is not valid, then there exists a point (xo,to) €R’l xR and 19 >0 such
that
we, (x°,t0) =0, (3.37)

that is, wy, (x,t) attains the maximum value at (xo,to) in R% xR and

oWy,
ot

(x%,t9) =0. (3.38)

Then, by the definition of the fractional Laplacian and (1.1), we have

0= (1o, (%, 10)) — (b0t (+,10)) = 22 (a2, ) +(— )0, (. 10)

_ —a(x—y)ws (y,to)
=CusP V. [ =t




Semi-linear Parabolic Equations Involving a Weighted Fractional Laplacian 49

Since a(x) > A; >0, it follows that
wr,(y,t0) =0, yeR",
that is, for any k € N, we have

u(y',ynto) =u(y , yn+10.t0) =u(y ,yn+27,t0) = -=u(y,yn+ktw,t), x€R". (3.39)
However, by the asymptotic assumption of u(x,t), we also have

Xy — 400 . .
Ueo(X',x,0) ——1 uniformly in x" = (xq,---,x,_1)

and
Ueo (x',24,0) =0,  for x, <0.

Hence, (3.39) gives a contradiction and we obtain (3.36), which implies that u(x,t) is
strictly increasing along the x,-direction. O
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