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1 Introduction

We will consider the following simplified version of the nematic Ericksen-Leslie model
for liquid crystal flows:

ut+(u·∇)u+∇P=ν∆u−λ∇·(∇d⊗∇d), in R3×(0,T),
dt+(u·∇)d=γ(∆d− f (d)), in R3×(0,T),
∇·u=0, in R3×(0,T),
u(x,0)=u0(x),d(x,0)=d0(x), in R3,

(1.1)

where u is the velocity field, P is the scalar pressure and d represents the macroscopic
molecular orientation field of the liquid crystal materials. The (i, j)th entry of ∇d⊗∇d
is given by ∇xi d·∇xj d for 1 ≤ i, j ≤ 3. Moreover, f (d) = 1

η2 (|d|2−1)d. Without loss of
generality, we assume that they are all one, since ν,λ,γ and η are positive constants.
We set ∇h =(∂x1 ,∂x2) as the horizontal gradient operator, ∆h = ∂2

x1
+∂2

x2
as the horizontal
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Laplacian, ∆ and ∇ are the usual Laplacian and the gradient operators respectively. Here
we use the classical notations

(u·∇)d=
3

∑
i=1

ui∂xi d, ∇·u=
3

∑
i=1

∂xi ui,

and for sake of simplicity, we denote ∂xi by ∂i. The hydrodynamic theory for liquid
crystals was derived by Ericksen and Leslie ([1,2]) in the 1960’s. Lin and Liu [3] proved a
global existence theorem of weak solutions for the simplified Ericksen-Leslie equations,
and the local well-posed results for strong solutions are also established.

When the orientation field d equals a constant, the above equations become the in-
compressible Navier-Stokes equations. Many regularity results on the solutions to the
three-dimensional Navier-Stokes equations have been well studied, where they proved
the strong solution can not blow up, see e.g., [4–13] and the references therein. Similarly,
there are also some interesting results for liquid crystal system, see [3, 14–28]. Recently,
Zhao, Wang and Wang [25] has established the regularity of the weak solutions to 3D
liquid crystal equations as follows:

uh ∈Lp(0,T;Lq(R3)), 2
p
+

3
q
≤ 1

2
, q≥6. (1.2)

Zhao and Li [26] showed the following regularity criterion for the liquid crystal system
(1.1) and that is

u3,∇hd∈Lp(0,T;Lq(R3)), 2
p
+

3
q
≤ 3

4
+

1
2q

, q>
10
3

. (1.3)

Motivated by their ideas, we extend their regular results in Besov Space. Our main results
can be stated in the following:

Theorem 1.1. Let u0 ∈ H1(R3), d0 ∈ H2(R3), (u,d) be a strong solution of (1.1) on [0,T) for
some 0<T<∞. Suppose that one of the following conditions is ture:

(i) u and d satisfies the following condition

∇uh,∇∂3d∈L
6

5−2s
(
0,T;Ḃ−s

∞,∞
(

R3)), with 0< s<1. (1.4)

(ii) u and d satisfies the following condition

∇u3,∇h∇d∈L
8

5−2s
(
0,T;Ḃ−s

∞,∞
(

R3)), with 0< s<1. (1.5)

Then (u,d) is regular up to time T.
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2 Preliminaries

We begin this section with some notations and Lemmas, which is useful for us to prove
the main results. In order to define Besov spaces, we first introduce the Littlewood-Paley
decomposition theory. Let S

(
R3) be the Schwartz class of rapidly decreasing function,

given f ∈S
(

R3), its Fourier transformation F f = f̂ is defined by

f̂ (ξ)=
∫

R3
e−ix·ξ f (x)dx,

and its inverse Fourier transform F−1 f = f̌ is defined by

f̌ (x)=(2π)−3
∫

R3
eix·ξ f (ξ)dξ.

More generally, the Fourier transform of any f ∈S ′(
R3), the space of tempered distribu-

tions, is given by 〈
f̂ ,g
〉
=
〈

f , ĝ
〉
,

for any g∈S(R3). The Fourier transform is a bounded linear bijection from S ′
to S ′

whose
inverse is also bounded. We fix the notation

Sh =

{
ϕ∈S ,

∫
R3

ϕ(x)xγdx=0,|γ|=0,1,2,···
}

.

Its dual is given by

S ′
h =

S ′

S⊥
h
=

S ′

P ,

where P is the space of polynomial. In other words, two distributions in S ′
h are identified

as the same if their difference is a polynomial. Let us choose two nonnegative radial
functions χ,φ∈S

(
R3) supported in B=

{
ξ∈R3 :|ξ|≤4/3

}
and C=

{
ξ∈R3 :3/4≤|ξ|≤8/3

}
respectively, such that

∑
j∈Z

φ(2−jξ)=1, ∀ξ∈R3\{0},

and
χ(ξ)+∑

j≥0
φ(2−jξ)=1, ∀ξ∈R3.

Let h=F−1φ and h̃=F−1χ, and then we define the homogeneous dyadic blocks ∆̇j and
the homogeneous low-frequency cut-off operator Ṡj as follows:

∆̇ju= φ
(
2−jD

)
u=23j

∫
R3

h
(
2jy
)
u(x−y)dy,



94 J. T. Feng, H. L. Guo and L. L. Zhao / J. Partial Diff. Eqs., 39 (2026), pp. 91-106

and
Ṡju=χ

(
2−jD

)
u=23j

∫
R3

h̃
(
2jy
)
u(x−y)dy.

Informally, ∆̇j is a frequency projection to the annulus
{
|ξ|∼2j}, while Ṡj is a frequency

projection to the ball
{
|ξ| ∼ 2j}. And one can easily verify that ∆̇j∆̇k f = 0 if |j−k|⩾ 2.

Especially for any f ∈L2(R3), we have the Littlewood-Paley decomposition:

f =
+∞

∑
j=−∞

∆̇j f .

We now give the definitions of Besov spaces. Let s∈R,p,q∈[1,∞], the homogeneous Besov
space Ḃs

p,q
(

R3) is defined by the full-dyadic decomposition. We say that f ∈ Ḃs
p,q
(

R3), if
f ∈S ′

h and
+∞

∑
j=−∞

(2js∥∆̇j f ∥Lp)q <∞,

with the norm

∥ f ∥Ḃs
p,q
=


(

+∞

∑
j=−∞

2qjs∥∆̇j f ∥q
Lp

) 1
q

, 1≤q<∞,

sup
j∈Z

2js∥∆̇j f ∥Lp , q=∞.
(2.1)

It is of interest to note that the homogeneous Besov space Ḃs
2,2
(

R3) is equivalent to the
homogeneous Sobolev space Ḣs(R3).
Lemma 2.1. ([29]) Let B be a ball and C an annulus. A constant C exists such that for any
nonnegative integer k, and couple (p,q) in [1,∞]2 with 1≤ p≤q, and any function u of Lp(Rd),
we have

supp û⊂λB⇒ sup
|α|=k

∥∂αu∥Lq ≤Ck+1λ
k+d
(

1
p−

1
q

)
∥u∥Lp ,

supp û⊂λC⇒C−k−1λk∥u∥Lp ≤ sup
|α|=k

∥∂αu∥Lp ≤Ck+1λk∥u∥Lp .
(2.2)

By the energy inequality, for the Leray-Hopf weak solutions to (1.1) (For example,
see [21]), we have

∥u∥L∞(0,T;L2)+∥u∥L2(0,T;H1)+∥d∥L∞(0,T;H1)+∥d∥L2(0,T;H2)≤C, (2.3)

for all 0< t<T.
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3 Proof of the main result

Proof of Theorem 1.1. Firstly, we deal with (i). By (3.8) in [25], we have

1
2

d
dt
(
∥∇u∥2

L2+∥∆d∥2
L2

)
+∥∇∆d∥2

L2+∥∆u∥2
L2

=−2
∫

R3

3

∑
i,k=1

∂kui∂k∂id·∆d dx+
∫

R3
∇(|d|2d)·∇∆d dx+∥∆d∥2

L2

+
∫

R3

2

∑
i=1

3

∑
j,k=1

ui∂iuj ·∂k∂kujdx+
∫

R3

2

∑
j=1

3

∑
k=1

∂3∂ku3uj∂kujdx

+
∫

R3

2

∑
j=1

3

∑
k=1

∂ku3uj∂3∂kujdx+
∫

R3

2

∑
i,j=1

3

∑
k=1

ui∂i∂kuj∂kujdx

−
∫

R3

2

∑
j=1

3

∑
k=1

uj∂j∂ku3∂ku3dx= I1+ I2+···+ I8. (3.1)

Next we come to estimate every term.

I1=−2
∫

R3

2

∑
i=1

∂kui∂k∂id·∆d dx−2
∫

R3
∂ku3∂k∂3d·∆d dx

≤C
∫

R3

2

∑
i=1

|ui|
∣∣∇3d

∣∣∣∣∇2d
∣∣dx+C

∫
R3

∣∣∇2u
∣∣|∂3d|

∣∣∇2d
∣∣dx+C

∫
R3
|∇u||∂3d||∇∆d|dx

≤C
∫

R3
|uh|

∣∣∇3d
∣∣∣∣∇2d

∣∣dx+C
∫

R3

∣∣∇2u
∣∣|∂3d|

∣∣∇2d
∣∣dx+C

∫
R3
|∇u||∂3d||∇∆d|dx. (3.2)

Just as (3.12) in [25], similarly for the term I2, we have

I2=
∫

R3
|d|2∇d∇∆d dx+2

∫
R3
(d·∇d)(d·∇∆d)dx≤ 1

10
∥∇∆d∥2

L2+C∥∆d∥2
L2 . (3.3)

For the term I4− I8,

I4+···+ I8≤C
∫

R3
|uh||∇u|

∣∣∇2u
∣∣dx. (3.4)

Combining (3.2)-(3.4), we have

1
2

d
dt
(
∥∇u∥2

L2+∥∆d∥2
L2

)
+∥∇∆d∥2

L2+∥∆u∥2
L2

≤C
∫

R3
|uh|

(∣∣∇3d
∣∣∣∣∇2d

∣∣+|∇u|
∣∣∇2u

∣∣)dx+C
∫

R3
|∂3d|

(∣∣∇2u
∣∣∣∣∇2d

∣∣+|∇u||∇∆d|
)

dx

+
1
10

∥∇∆d∥2
L2+C∥∆d∥2

L2 = I I1+ I I2+ I I3+ I I4. (3.5)
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We estimate I I1 and I I2 by the method just as [13, Theorem 1.1]. For I I1, by the Littlewood-
Paley decomposition, we decompose uh as follows:

uh =
+∞

∑
j=−∞

∆̇juh = ∑
j≤[δ]−1

∆̇juh+ ∑
j≥[δ]

∆̇juh, (3.6)

where δ is a real number determined later, and [·] denotes the integer part of δ. Therefore,
we have

I I1=C
∫

R3
∑

j≤[δ]−1
|∆̇juh|(|∇3d||∇2d|+|∇u||∇2u|)dx

+C
∫

R3
∑

j≥[δ]

|∆̇juh|(|∇3d||∇2d|+|∇u||∇2u|)dx= I I11+ I I12. (3.7)

In what follows, we estimate I I11 and I I12. For I I11, by the Hölder’s and Young’s inequal-
ities, as well as Lemma 2.1, we have

I I11≤C ∑
j≤[δ]−1

∥∆̇juh∥L∞(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C

 ∑
j≤[δ]−1

2
3
2 j

∥uh∥L2(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C2
3
2 ([δ]−1)∥uh∥L2(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C2
3
2 [δ]∥uh∥L2(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C23δ∥uh∥2
L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
10

∥∇∆d∥2
L2+

1
8
∥∆u∥2

L2 , (3.8)

in the last inequality, we haved used the fact that [δ]≤ δ. As to I I12, we take the same
strategy to I I11, by the definition of norm of the Besov space, for any 0< ε<1, we have

I I12≤C ∑
j≥[δ]

∥∆̇juh∥L∞(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C ∑
j≥[δ]

2−εj2(−1+ε)j∥∆̇j∇uh∥L∞(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C

 ∑
j≥[δ]

2−εj

∥∇uh∥Ḃ−1+ε
∞,∞

(∥∇∆d∥L2∥∆d∥L2+∥∇u∥L2∥∆u∥L2)

≤C2−2ε[δ]∥∇uh∥2
Ḃ−1+ε

∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
10

∥∇∆d∥2
L2+

1
8
∥∆u∥2

L2

≤C2−2εδ∥∇uh∥2
Ḃ−1+ε

∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
10

∥∇∆d∥2
L2+

1
8
∥∆u∥2

L2 , (3.9)
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in the last inequality, we have used the fact that δ−1< [δ]. Inserting (3.8) and (3.9) into
(3.7) to obtain

I I1≤C2−2εδ∥∇uh∥2
Ḃ−1+ε

∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+C23δ∥uh∥2

L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
5
∥∇∆d∥2

L2+
1
4
∥∆u∥2

L2 . (3.10)

As to I I2, we take the same strategy to I I1, using the Littlewood-Paley decomposition,
we decompose ∂3d as follows:

∂3d=
+∞

∑
j=−∞

∆̇j∂3d= ∑
j≤[η]−1

∆̇j∂3d+ ∑
j≥[η]

∆̇j∂3d, (3.11)

where η is a real number determined later, and [·] denotes the integer part of η. Therefore,
we have

I I2=C
∫

R3
∑

j≤[η]−1
|∆̇j∂3d|

(
|∇u||∇∆d|+|∇2u||∇2d|

)
dx

+C
∫

R3
∑

j≥[η]

|∆̇j∂3d|
(
|∇u||∇∆d|+|∇2u||∇2d|

)
dx

=I I21+ I I22. (3.12)

In what follows, we estimate I I21 and I I22. For I I21, by the Hölder’s and Young’s inequal-
ities, as well as Lemma 2.1, we have

I I21= ∑
j≤[η]−1

∥∆̇j∂3d∥L∞(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)

≤C

 ∑
j≤[η]−1

2
3
2 j

∥∂3d∥L2(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)

≤C2
3
2 ([η]−1)∥∂3d∥L2(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)

≤C2
3
2 [η]∥∂3d∥L2(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)

≤C23η∥∂3d∥2
L2

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
10

∥∇∆d∥2
L2+

1
8
∥∆u∥2

L2 , (3.13)

in the last inequality, we have used the fact that [η]≤ η. As to I I22, by the definition of
norm of the Besov space, for any 0< ε<1, we have

I I22≤C ∑
j≥[η]

∥∆̇j∂3d∥L∞(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)

≤C ∑
j≥[η]

2−εj2(−1+ε)j∥∆̇j∇∂3d∥L∞(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)
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≤C

 ∑
j≥[η]

2−εj

∥∇∂3d∥Ḃ−1+ε
∞,∞

(∥∇u∥L2∥∇∆d∥L2+∥∆u∥L2∥∆d∥L2)

≤C2−2ε[η]∥∇∂3d∥2
Ḃ−1+ε

∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
10

∥∇∆d∥2
L2+

1
8
∥∆u∥2

L2

≤C2−2εη∥∇∂3d∥2
Ḃ−1+ε

∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
10

∥∇∆d∥2
L2+

1
8
∥∆u∥2

L2 , (3.14)

in the last inequality, we have used the fact that η−1< [η]. Inserting (3.13) and (3.14)
into (3.12) to obtain

I I2≤C23η∥∂3d∥2
L2

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+C2−2εη∥∇∂3d∥2

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
5
∥∇∆d∥2

L2+
1
4
∥∆u∥2

L2 . (3.15)

Then combining (3.5)-(3.15), we have

1
2

d
dt
(
∥∇u∥2

L2+∥∆d∥2
L2

)
+∥∇∆d∥2

L2+∥∆u∥2
L2

≤C2−2εδ∥∇uh∥2
Ḃ−1+ε

∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+C23δ∥uh∥2

L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+C2−2εη∥∇∂3d∥2

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+C23η∥∂3d∥2

L2

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
2
∥∇∆d∥2

L2+C∥∆d∥2
L2+

1
2
∥∆u∥2

L2 . (3.16)

Next, we choose δ such that

2
3
2 δ∥uh∥L2(∥∆d∥L2+∥∇u∥L2)=2−εδ∥∇uh∥Ḃ−1+ε

∞,∞
(∥∆d∥L2+∥∇u∥L2),

then we have

C2−εδ∥∇uh∥Ḃ−1+ε
∞,∞

(∥∆d∥L2+∥∇u∥L2)≤C∥uh∥
ε

3
2 +ε

L2 ∥∇uh∥

3
2

3
2 +ε

Ḃ−1+ε
∞,∞

(∥∆d∥L2+∥∇u∥L2).

We choose η such that

2
3
2 η∥∂3d∥L2(∥∇u∥L2+∥∆d∥L2)=2−εη∥∇∂3d∥Ḃ−1+ε

∞,∞
(∥∇u∥L2+∥∆d∥L2),

then we have

C2−εη∥∇∂3d∥Ḃ−1+ε
∞,∞

(∥∇u∥L2+∥∆d∥L2)≤C∥∂3d∥
ε

3
2 +ε

L2 ∥∇∂3d∥

3
2

3
2 +ε

Ḃ−1+ε
∞,∞

(∥∇u∥L2+∥∆d∥L2).

Integrating in time, combing above inequalities and the energy inequality (2.3), (3.16)
becomes

∥∇u∥2
L2+∥∆d∥2

L2+
∫ t

0

(
∥∇∆d∥2

L2+∥∆u∥2
L2

)
dτ
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≤∥∇u0∥2
L2+∥∆d0∥2

L2+C+C
∫ t

0

[
∥∇uh∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(∥∆d∥2
L2+∥∇u∥2

L2)

+∥∇∂3d∥
3

3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)]
dτ. (3.17)

If we set s=1−ε, then we have

3
3
2 +ε

=
6

5−2s
, with 0< s<1.

By Gronwall’s inequality, we finally obtain

∥∇u∥2
L2+∥∆d∥2

L2 ≤
(
∥∇u0∥2

L2+∥∆d0∥2
L2+C

)
×exp

[
C
∫ t

0

(
∥∇uh∥

6
5−2s
Ḃ−s

∞,∞
+∥∇∂3d∥

6
5−2s
Ḃ−s

∞,∞

)
dτ

]
, (3.18)

by condition (1.4), we get the H1 norm of the strong solution u and the H2 norm of the
strong solution d are bounded. This completes the proof of (i).

Now we prove(ii). By (3.24) in [26], we have

1
2

d
dt
(
∥∇hu∥2

L2+∥∇h∇d∥2
L2

)
+∥∇h∇u∥2

L2+∥∇h∆d∥2
L2

≤C
∫
|u3||∇u||∇h∇u|dx+C

∫
|∇hd||∇h∇2d||∇hu|dx

+C
∫
|u3||∇h∇2d||∇2d|dx+C

∫
|u3||∇h∇d||∇h∇2d|dx

+C
∫
|∇hd||∇2d||∇h∇u|dx+

∫
|∇u||∇hd||∇h∇2d|dx

+C
∫
|∇h∇u||∇hd||∇h∇d|dx+

( 1
14

∥∇h∆d∥2
L2+C∥∇h∇d∥2

L2

)
≤C

∫
|u3|

(
|∇u||∇h∇u|+|∇h∇2d||∇2d|

)
dx

+C
∫
|∇hd|

(
|∇2d||∇h∇u|+|∇u||∇h∇2d|

)
dx

+
( 1

10
∥∇h∆d∥2

L2+C∥∇h∇d∥2
L2

)
=J1+ J2+ J3. (3.19)

We estimate J1 and J2 just like the method of [13, Theorem 1.1]. For J1, by the Littlewood-
Paley decomposition, we decompose u3 as follows:

u3=
+∞

∑
j=−∞

∆̇ju3= ∑
j≤[α]−1

∆̇ju3+ ∑
j≥[α]

∆̇ju3. (3.20)
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Where α is a real number determined later, and [·] denotes the integer part of α. Therefore,
we have

J1=C ∑
j≤[α]−1

∫
R3
|∆̇ju3|

(
|∇u||∇h∇u|+|∇h∇2d||∇2d|

)
dx

+C ∑
j≥[α]

∫
R3
|∆̇ju3|

(
|∇u||∇h∇u|+|∇h∇2d||∇2d|

)
dx= J11+ J12. (3.21)

In what follows, we estimate J11 and J12. For J11, using the Hölder’s and Young’s inequal-
ities, as well as Lemma 2.1, we have

J11≤C ∑
j≤[α]−1

∥∆̇ju3∥L∞(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C

(
∑

j≤[α]−1
2

3
2 j

)
∥u3∥L2(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C2
3
2 ([α]−1)∥u3∥L2(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C2
3
2 [α]∥u3∥L2(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C23α∥u3∥2
L2

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2 , (3.22)

in the last inequality, we have used the fact that [α]≤ α. As to J12, by the definition of
norm of the Besov space, for any 0< ε<1, we have

J12≤C ∑
j≥[α]

∥∆̇j u3∥L∞(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C ∑
j≥[α]

2−εj2(−1+ε)j∥∆̇j∇u3∥L∞(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C

(
∑

j≥[α]

2−εj

)
∥∇u3∥Ḃ−1+ε

∞,∞
(∥∇u∥L2∥∇h∇u∥L2+∥∇h∆d∥L2∥∆d∥L2)

≤C2−2ε[α]∥∇u3∥2
Ḃ−1+ε

∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2

≤C2−2εα∥∇u3∥2
Ḃ−1+ε

∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2 , (3.23)

in the last inequality, we have used the fact that α−1< [α]. Inserting (3.22) and (3.23)
into (3.21) to obtain

J1≤C23α∥u3∥2
L2

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+C2−2εα∥∇u3∥2

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+

1
4
∥∇h∇u∥2

L2+
1
5
∥∇h∆d∥2

L2 . (3.24)
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As to J2, by the Littlewood-Paley decomposition, we decompose ∇hd as follows:

∇hd=
+∞

∑
j=−∞

∆̇j∇hd= ∑
j≤[β]−1

∆̇j∇hd+ ∑
j≥[β]

∆̇j∇hd. (3.25)

Where β is a real number determined later, and [·] denotes the integer part of β. Therefore,
we have

J2=C ∑
j≤[β]−1

∫
R3
|∆̇j∇hd|

(
|∇2d||∇h∇u|+|∇u||∇h∇2d|

)
dx

+C ∑
j≥[β]

∫
R3
|∆̇j∇hd|

(
|∇2d||∇h∇u|+|∇u||∇h∇2d|

)
dx= J21+ J22. (3.26)

In what follows, we estimate J21 and J22. For J21, using the Hölder’s and Young’s inequal-
ities, as well as Lemma 2.1, we have

J21= ∑
j≤[β]−1

∥∆̇j∇hd∥L∞(∥∆d∥L2∥∇h∇u∥L2+∥∇u∥L2∥∇h∆d∥L2)

≤C

(
∑

j≤[β]−1
2

3
2 j

)
∥∇hd∥L2(∥∆d∥L2∥∇h∇u∥L2+∥∇u∥L2∥∇h∆d∥L2)

≤C2
3
2 ([β]−1)∥∇hd∥L2(∥∆d∥L2∥∇h∇u∥L2+∥∇u∥L2∥∇h∆d∥L2)

≤C2
3
2 [β]∥∇hd∥2

L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2

≤C23β∥∇hd∥2
L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2 , (3.27)

in the last inequality, we have used the fact that [β]≤ β. As to J22, by the definition of
norm of the Besov space, for any 0< ε<1, we have

J22≤C ∑
j≥[β]

∥∆̇j∇hd∥L∞(∥∆d∥L2∥∇h∇u∥L2+∥∇u∥L2∥∇h∆d∥L2)

≤C ∑
j≥[β]

2−εj2(−1+ε)j∥∆̇j∇h∇d∥L∞(∥∆d∥L2∥∇h∇u∥L2+∥∇u∥L2∥∇h∆d∥L2)

≤C

(
∑

j≥[β]

2−εj

)
∥∇h∇d∥Ḃ−1+ε

∞,∞
(∥∆d∥L2∥∇h∇u∥L2+∥∇u∥L2∥∇h∆d∥L2)

≤C2−2ε[β]∥∇h∇d∥2
Ḃ−1+ε

∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2

≤C2−2εβ∥∇h∇d∥2
Ḃ−1+ε

∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
8
∥∇h∇u∥2

L2+
1
10

∥∇h∆d∥2
L2 , (3.28)

in the last inequality, we have used the fact that β−1< [β]. Inserting (3.27) and (3.28)
into (3.26) to obtain

J2≤C23β∥∇hd∥2
L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+C2−2εβ∥∇h∇d∥2

Ḃ−1+ε
∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
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+
1
4
∥∇h∇u∥2

L2+
1
5
∥∇h∆d∥2

L2 . (3.29)

Then combining (3.19)-(3.29), we have

1
2

d
dt
(
∥∇hu∥2

L2+∥∇h∇d∥2
L2

)
+∥∇h∇u∥2

L2+∥∇h∆d∥2
L2

≤C23α∥u3∥2
L2

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+C2−2εα∥∇u3∥2

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+C23β∥∇hd∥2

L2

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+C2−2εβ∥∇h∇d∥2

Ḃ−1+ε
∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
+

1
2
∥∇h∇u∥2

L2+
1
2
∥∇h∆d∥2

L2+C∥∇h∇d∥2
L2 . (3.30)

Next, we choose α such that

2
3
2 α∥u3∥L2(∥∇u∥L2+∥∆d∥L2)=2−εα∥∇u3∥Ḃ−1+ε

∞,∞
(∥∇u∥L2+∥∆d∥L2),

then we have

C2−2εα∥∇u3∥Ḃ−1+ε
∞,∞

(∥∇u∥L2+∥∆d∥L2)≤C∥u3∥
ε

3
2 +ε

L2 ∥∇u3∥

3
2

3
2 +ε

Ḃ−1+ε
∞,∞

(∥∇u∥L2+∥∆d∥L2).

We choose β such that

2
3
2 β∥∇hd∥L2(∥∆d∥L2+∥∇u∥L2)=2−εβ∥∇h∇d∥Ḃ−1+ε

∞,∞
(∥∆d∥L2+∥∇u∥L2),

then we have

C2−εβ∥∇h∇d∥Ḃ−1+ε
∞,∞

(∥∆d∥L2+∥∇u∥L2)≤C∥∇hd∥
ε

3
2 +ε

L2 ∥∇h∇d∥

3
2

3
2 +ε

Ḃ−1+ε
∞,∞

(∥∆d∥L2+∥∇u∥L2).

Integrating in time, combing above inequalities and the energy inequality (2.3), we have

∥∇hu∥2
L2+∥∇h∇d∥2

L2+
∫ t

0
∥∇h∇u∥2

L2+∥∇h∆d∥2
L2dτ

≤C+C
∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
+∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∆d∥2

L2+∥∇u∥2
L2

)
dτ. (3.31)

Besides, referring to (3.34)-(3.38) in [26], we have

1
2

d
dt
(
∥∇u∥2

L2+∥∆d∥2
L2

)
+∥∆u∥2

L2+∥∇∆d∥2
L2

=
∫
(u·∇)u·∆udx−2

3

∑
i=1

∫
∇ui∂i∇d·∆d dx−

∫
∆ f (d)·∆d dx

=E1+E2+E3, (3.32)
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and

E1≤C∥∇hu∥L2∥∇u∥
1
2
L2∥∇h∇u∥L2∥∆u∥

1
2
L2 . (3.33)

E2≤C
∫
|∇hd||∇2u||∇2d|dx+C

∫
|∇hd||∇u||∇∆d|dx+C

∫
|u3||∇3d||∇2d|dx

≤C
∫
|∇hd|

(
|∇2u||∇2d|+|∇u||∇∆d|

)
dx+C

∫
|u3||∇3d||∇2d|dx

=E21+E22. (3.34)

E3≤
1
8
∥∇∆d∥2

L2+C∥∆d∥2
L2 . (3.35)

For E2, just like (3.20) and (3.25) using the Littlewood-Paley decomposition, we decom-
pose ∇hd and u3 respectively,

E21≤23λ∥∇hd∥2
L2

(
∥∇2d∥2

L2+∥∇u∥2
L2

)
+2−2ελ∥∇h∇d∥2

Ḃ−1+ε
∞,∞

(
∥∇2d∥2

L2+∥∇u∥2
L2

)
+

1
2
∥∆u∥2

L2+
1
8
∥∇∆d∥2

L2 . (3.36)

E22≤23µ∥u3∥2
L2∥∆d∥2

L2+2−2εµ∥∇u3∥2
Ḃ−1+ε

∞,∞
∥∆d∥2

L2+
1
4
∥∇∆d∥2

L2 . (3.37)

Combining (3.32)-(3.37), we obtain

1
2

d
dt

(∥∇u∥2
L2+∥∆d∥2

L2)+∥∆u∥2
L2+∥∇∆d∥2

L2

≤C∥∇hu∥L2∥∇u∥
1
2
L2∥∇h∇u∥L2∥∆u∥

1
2
L2+23λ∥∇hd∥2

L2(∥∇2d∥2
L2+∥∇u∥2

L2)

+2−2ελ∥∇h∇d∥2
Ḃ−1+ε

∞,∞
(∥∇2d∥2

L2+∥∇u∥2
L2)+23µ∥u3∥2

L2∥∆d∥2
L2

+2−2εµ∥∇u3∥2
Ḃ−1+ε

∞,∞
∥∆d∥2

L2+
1
2
(∥∆u∥2

L2+∥∇∆d∥2
L2)+C∥∆d∥2

L2 . (3.38)

Then we choose λ such that

2
3
2 λ∥∇hd∥L2

(
∥∇2d∥L2+∥∇u∥L2

)
=2−ελ∥∇h∇d∥Ḃ−1+ε

∞,∞

(
∥∇2d∥L2+∥∇u∥L2

)
,

thus we have

C2−ελ∥∇h∇d∥Ḃ−1+ε
∞,∞

(
∥∇2d∥L2+∥∇u∥L2

)
≤C∥∇hd∥

ε
3
2 +ε

L2 ∥∇h∇d∥

3
2

3
2 +ε

Ḃ−1+ε
∞,∞

(∥∇2d∥L2+∥∇u∥L2).

We choose µ such that

2
3
2 µ∥u3∥L2∥∆d∥L2 =2−εµ∥∇u3∥Ḃ−1+ε

∞,∞
∥∆d∥L2 ,

then we have

C2−εµ∥∇u3∥Ḃ−1+ε
∞,∞

∥∆d∥L2 ≤C∥u3∥
ε

3
2 +ε

L2 ∥∇u3∥

3
2

3
2 +ε

Ḃ−1+ε
∞,∞

∥∆d∥L2 .
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Integrating in time, combing above inequalities and (3.31), then (3.38) becomes

∥∇u∥2
L2+∥∆d∥2

L2+
∫ t

0
∥∆u∥2

L2+∥∇∆d∥2
L2dτ

≤C+
(

sup
0≤s≤t

∥∇hu∥L2

)(∫ t

0
∥∇u∥2

L2dτ
) 1

4 ×
(∫ t

0
∥∇h∇u∥2

L2dτ
) 1

2
(∫ t

0
∥∆u∥2

L2dτ
) 1

4

+C
∫ t

0
∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇2d∥2

L2+∥∇u∥2
L2

)
dτ+C

∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

∥∆d∥2
L2dτ

≤C+C

{∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
dτ

+
∫ t

0
∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
dτ

}(∫ t

0
∥∆u∥2

L2dτ
) 1

4

+C
∫ t

0
∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇2d∥2

L2+∥∇u∥2
L2

)
dτ+C

∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

∥∆d∥2
L2dτ. (3.39)

By the Hölder’s and Young’s inequalities, it follows that

∥∇u∥2
L2+∥∆d∥2

L2+
∫ t

0
∥∆u∥2

L2+∥∇∆d∥2
L2dτ

≤C+C

{∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
dτ

} 4
3

+C

{∫ t

0
∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇u∥2

L2+∥∆d∥2
L2

)
dτ

} 4
3

+C
∫ t

0
∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇2d∥2

L2+∥∇u∥2
L2

)
dτ+C

∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

∥∆d∥2
L2dτ

+
1
4

∫ t

0
∥∆u∥2

L2dτ

≤C+C
∫ t

0

(
∥∇u3∥

4
3
2 +ε

Ḃ−1+ε
∞,∞

+∥∇h∇d∥
4

3
2 +ε

Ḃ−1+ε
∞,∞

)(
∥∇u∥2

L2+∥∆d∥2
L2

)
dτ

+C
∫ t

0
∥∇h∇d∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

(
∥∇2d∥2

L2+∥∇u∥2
L2

)
dτ+C

∫ t

0
∥∇u3∥

3
3
2 +ε

Ḃ−1+ε
∞,∞

∥∆d∥2
L2dτ. (3.40)

Thanks again to the energy inequality, we get

∥∇u∥2
L2+∥∆d∥2

L2+
∫ t

0
∥∆u∥2

L2+∥∇∆d∥2
L2dτ

≤C+
∫ t

0

(
∥∇u3∥

4
3
2 +ε

Ḃ−1+ε
∞,∞

+∥∇h∇d∥
4

3
2 +ε

Ḃ−1+ε
∞,∞

)(
∥∇u∥2

L2+∥∆d∥2
L2

)
dτ. (3.41)
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If we set s=1−ε, then we have

4
3
2 +ε

=
8

5−2s
, with 0< s<1.

Therefore, by Gronwall’s inequality, we finally obtain

∥∇u∥2
L2+∥∆d∥2

L2 ≤Cexp

(
C
∫ t

0
∥∇u3∥

8
5−2s
Ḃ−s

∞,∞
+∥∇h∇d∥

8
5−2s
Ḃ−s

∞,∞
dτ

)
, (3.42)

by condition (1.5), then we completes the proof of (ii).
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