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Abstract. In this work, we study the regularity of the Cauchy problem for the free
transport equation, and by using the inverse Wigner transformation, we reduce this
problem to the Cauchy problem of a class of linear homogeneous hyperbolic Schrödin-
ger equation. We prove firstly the analytical smoothing effect of Cauchy problem for
Schrödinger type equation if the initial datum is exponential decay. Finally we prove
the directional propagation of the exponential decay and also analytic regularity for
free transport equation.
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1 Introduction and main result

We consider the following Cauchy problem for free transport equation{
(∂t+v · ∇x) f =0,
f |t=0= f0∈L2(R2n

x,v
)
.

(1.1)

It is well known that the transport equation transports the singularity and regularity
of the initial datum which follows the characteristic x±tv. In this work, we prove the
following results.
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Theorem 1.1. Assume that e2|x|2− 1
2 ∆v f0 ∈ L2(R2n

x,v
)
, then the Cauchy problem (1.1) admits a

unique solution f (t,x,v), which satisfies: For any 0< T, there exists A > 0, such that for any
α∈Nn,

∥(x−tv)α f (t)∥2
L2(R2n

x,v)
≤A|α|+1α! ,

∥(∂v+t∂x)
α f (t)∥2

L2(R2n
x,v)

≤A|α|+1α! .

This implies that the solution of the Cauchy problem (1.1) is exponential decay in the
direction x−tv, and analytic in the direction ∂v+t∂x. Our motivation is to study the
Cauchy problem of spatially inhomogeneous kinetic equation:{

(∂t+v·∇x) f =Q( f , f ),
f |t=0= f0,

where the collision operator Q( f , f ) is Boltzmann operator or Landau operator ([1, 2]).
For the spatially inhomogeneous problem, the kinetic derivation (∂t+v·∇x) is the main
difficulty for the analysis of above Cauchy problem, since the nonlinear terms is diffi-
cult to study by using characteristic method, so in this work, we will transform the free
transport equation to a hyperbolic type Schrödinger equation. For this way, we define
the inverse Wigner transformation as following

u(x,y)=W−1( f )(x,y)=
∫

Rn
f
(

x+y
2

,v
)

eiv · (x−y)dv,

and the usual Wigner transformation

f (x,v)=W(u)(x,v)=
1

(2π)n

∫
Rn

u
(

x+
x′

2
,x− x′

2

)
e−iv · x′dx′.

Then the Cauchy problem (1.1) reduces to the following Cauchy problemi∂tu(t,x,y)+
1
2

∆xu(t,x,y)− 1
2

∆yu(t,x,y)=0,

u|t=0=u0(x,y).
(1.2)

This is a special case of the following Schrödinger equation,i∂tu(t,x,y)+δ
1
2

∆xu(t,x,y)+δ
′ 1
2

∆yu(t,x,y)=λF(x,u,∂u),

u(0,x,y)= φ(x,y).
(1.3)

When δ=δ
′
=1, Eq. (1.3) reduces to the following type nonlinear Schrödinger equationsi∂tu(t,x)+

1
2

∆xu(t,x)=λF(x,u,∂u), in (R×Rn),

u(0,x)= φ(x), in Rn.
(1.4)


