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Abstract. In this work, we study the regularity of the Cauchy problem for the free
transport equation, and by using the inverse Wigner transformation, we reduce this
problem to the Cauchy problem of a class of linear homogeneous hyperbolic Schrédin-
ger equation. We prove firstly the analytical smoothing effect of Cauchy problem for
Schrodinger type equation if the initial datum is exponential decay. Finally we prove
the directional propagation of the exponential decay and also analytic regularity for
free transport equation.
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1 Introduction and main result

We consider the following Cauchy problem for free transport equation

(@0 - Vi) f=0,
{f|t0=fo€L2(]R32€flv), (1.1)

It is well known that the transport equation transports the singularity and regularity
of the initial datum which follows the characteristic x=+tv. In this work, we prove the
following results.
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Theorem 1.1. Assume that 228 fo € L*(IR3"), then the Cauchy problem (1.1) admits a
unique solution f(t,x,v), which satisfies: For any 0 < T, there exists A >0, such that for any
aeIN",

H(x—=t0)" F() T2,y < AN Hat,
190+ 10x)" £ () |17z man) < A Hal
This implies that the solution of the Cauchy problem (1.1) is exponential decay in the

direction x—tv, and analytic in the direction d,+tdy. Our motivation is to study the
Cauchy problem of spatially inhomogeneous kinetic equation:

{(af+v-vx>f=Q<f, ),
fli=o= fo,

where the collision operator Q(f, f) is Boltzmann operator or Landau operator ([1, 2]).
For the spatially inhomogeneous problem, the kinetic derivation (d;+v- V) is the main
difficulty for the analysis of above Cauchy problem, since the nonlinear terms is diffi-
cult to study by using characteristic method, so in this work, we will transform the free
transport equation to a hyperbolic type Schrédinger equation. For this way, we define
the inverse Wigner transformation as following

y’v) eiv . (xfy)dvl

) =W ) = [ £ (55
f(x,v):W(u)(x,U):(er)n/'Iu(x%—Jg,x—g) e ™ ¥ dy,

Then the Cauchy problem (1.1) reduces to the following Cauchy problem

and the usual Wigner transformation

. 1 1
i (t,%,) + 5 Mt (t,0,) — 5 Byu(txy) = (1.2)
uli=o=1uo(x,y).

This is a special case of the following Schrodinger equation,

1Ayu(t,x,y) =AF(x,u,0u),

2 2

u(0,xy)=¢(x,y).

1 /
{iatu(t,x,y)—MAxu(t,x,y)+5 (1.3)

When 6 =6 =1, Eq. (1.3) reduces to the following type nonlinear Schrodinger equations

| 1 ‘ n
{18tu(t,x)+2Axu(t,x) =AF(x,u,0u),  in (RxR"), (1.4)

u(0,x)=¢(x), in R™.
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The Schrédinger equation arises in various physical applications, such as an axially nonu-
niform plasma channel, high power laser beams involved in laser plasma experiments
and nonlinear optics ([3-5]). There are many papers on the Cauchy problem for nonlin-
ear Schrodinger equations. Existence of a solution on the Cauchy problem for nonlinear
Schrodinger equations has been investigated. We refer the reader to [6,7] and their ref-
erences. H.Z. Cong, L.F. Mi and Y.F. Shi have investigated the long-time stability of so-
lutions for nonlinear Schrodinger equation in [8]. Smoothing of a solution on the cauchy
problem for Schrodinger equations has been obtained. We refer the reader to [9,10] and
their references.

In recent decades, analyticity of solutions to the nonlinear Schrodinger equations (1.4)
has been obtained by many researchers. We refer the reader to [11-21]. In particular,
in [11], N. Hayashi and S. Saitoh gained two identities in a certain class of analytic func-
tions and the analyticity of solutions of the equation for t # 0, when the initial func-
tions decay exponentially as |x| — oo and n=1 corresponding homogeneous Schrodinger
equation in (1.4). Replacing AF(x,u,du) with |u|?x in (1.4), N. Hayashi and S. Saitoh
gained existence and analyticity in space variables of the solutions for t ¢ R\{0} in [12] if
@(x) € H*"t12(R") decay exponentially as |x| — oo and 1 >2. Replacing AF(x,u,du) with
AMul?Pu in (1.4), A€ C and p €N, N. Hayashi and K. Kato investigated that there exists a
unique solution u(t,x) of equation and that u(t,x) is analytic in time and space variables
and has an analytic continuation when the initial functions ¢ satisfies } |e|x‘2 q)’ ’H[%H»l < o0
in [13]. Replacing AF(x,u,0u) with if(u,0u) in (1.4), H. Chihara proved that the so-
lution of semilinear Schrédinger equations with gauge invariant nonlinearity becomes
real-analytic in the space variable and a Gevrey function of order 2 in the time variable
except in the initial plane when the initial data decays exponentially in [19]. Replacing
AF(x,u,0u) with |u|>u and n=11in (1.4), A. Tesfahun gained that the uniform radius of
spatial analyticity o(¢) of solutions at time ¢ to the cubic nonlinear Schrédinger equations
on the circle cannot decay faster than 1/t as t — oo, when initial data is analytic with fixed
radius oy in [21].

In [22], Cao and Guo gained the existence and smoothness of solution for homoge-
neous Schrodinger equation, when 6 =2 and ¢ = —2 to the problem (1.3). C.E.Kenig,
G.Ponce and L.Vega obtained the existence and smoothness of solution for nonlinear
Schrodinger equation in [10], when 6 =1, 5 = —1 for the problem (1.3).

Inspired [11, 13, 23], in this paper, we will study the analyticity of solutions for the
problem (1.2), then apply it to study the solutions of free transport equation, and we
prove Theorem 1.1, by using the following analytic smoothing effect of Schrodinger type
equations which is independently interesting.

Theorem 1.2. Assume that e*"+Vuy € L2(IR2"). Then the Cauchy problem (1.2) admits a
unique solution u(t,x,y) which is analytic on RY xRy for t #0. Moreover, it can be analytically
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extended to C?", and we have that, for t € R\ {0}, the analytic continuation satisfy

1 w 92 2(xw yo) . ’
@y et T It (o) i) Pxdydudd

= [, @ g (x,y) Py, (15)

Our results is different from [11], [12] and [13] in signal between § with 5, but we
also obtain the analyticity of solutions and the corresponding identity for homogeneous
hyperbolic Schrédinger equation when 6 >0 and &' <0.

The article is organized as follows: In Section 2 we prove the existence and analyticity
of solution for Cauchy problem (1.2). In Section 3 we prove Theorem 1.1. In Section 4, we
extend the solution to the complex space and prove that it is holomorphic, and prove the
identity (1.5).

2 Existence and analyticity of solution

We study firstly the existence and analyticity of solution for Cauchy problem (1.2). To
simplify the notation, we take n=2.

Proposition 2.1. Assume that e/’ +1¥uy € 12(IR*), then the Cauchy problem (1.2) admits a
unique solution u(t,x,y) which is analytic on R2 x ]Rﬁ for t 0.

Proof. Existence of smooth solution: The Cauchy problem (1.2) admits a unique solution
u(t,x,y) and u(t,x,y) € C*(RR,C* (]Riy)), when el¥*+vy € 1.2 (R*).
Since e\(x/y)\zuo €12 (IRiy), we gain that

2/ |u ?dxdy = / xy)‘2]uo|2dxdy<—|—oo,

therefore there exists (¢, ) € !, such that for any n €N,

[ 0) o Py < o
Thus, one has, for any n €N,
| ()| "uo € L2(RY).
By using the results of [22], the Cauchy problem (1.2) admits a unique solution u(t,x,y) €
C(R\ {0},C(R4,)).

Analyticity of solution: we prove that the solution u(t,x,y) to the Cauchy problem (1.2)
is analytic on R2 x ]Rﬁ for t £0, when el**+1v* 3 € 1.2 (R*). For this end, we prove now the
following Proposition. O
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Proposition 2.2. Assume that u(t,x,y) is a solution of Eq. (1.2) and el P+l e 12 (R*), then
it holds that, for t #0,

© 242 (la[+[B) oy 2
1A o( «)x!ﬁ! P57 (e o u(t’x’y)> ey
o =
= weZ(lx\ZHy\z)‘uo(x,y)pdxdy_
Proof. We define the operator P*Pg by
P*Pgu= (x+itdy)" (—y+itdy)Pu, 2.1)
we have then
%2~ |y)? xl2—1yI2
P*Pgu(t,x,y) — el (it)“"‘ﬂﬁ‘a;(;;’ﬁ) (e‘l o u(t,x,y)). (2.2)
Letting
- 1 1
L - Zat+ EAX - EAy,
we can easily gain
[L,P*Pg] = LP*Pg—P"P3L=0. (2.3)

Since u is a solution of the problem (1.2), by using (2.1) and (2.3), we obtain that P* Pgu is
also a solution of the following Cauchy problem

| 1
{zat (P*Patt) +5 s (P*Pptu) — 1A, (P*Pput) =0,

(2.4)
(PPeu)| = (—y)Puo(xy).
Integrating both sides of (2.4) multiplied by P*Pgu, we have
. — /1
/1124 <zat(P"‘P5u(t,x,y)) -P*Pgu(t,x,y)+ (iAx(P“Pﬁu(t,x,y))
1 " _——
- EAy(P Pgu(t,x,y))) -P"‘Pﬁu(t,x,y)> dxdy=0. (2.5)

Taking the imaginary part in (2.5), we obtain
d
S IP st =0,

which implies
|| P*Pau(t)||2, = || P* Pgu|| L VteER. (2.6)
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Owing to (2.2) and (2.6), one has

|P* Py (t) / yzt|2 el +181) ]a ) ( S, x,y))’zdxdy

\ 2

:/]R4 x20y%P |u0(x,y) |2dxdy.

Multiplying both sides of (2.7) by 2‘“%‘,& |, we have

2l2181|¢|2(1«l+181)
w!B! /11{4
(2x)"™ (2x5)*2 (291)P (2y3)

= 2
Tl ml pul py Mol (y)dxdy.

a&‘;‘,ﬁ)( 7‘ ‘Zu(t,x,y)> ‘zdxdy

According to the assumption el* P+ € L*(IR*), one has

i (262) (lal+18) /

(a,8) *\y\z 2
wpl-0 P o (e u(t,xy) )| dxdy

I (Zx%)txl (23(2) (2y1),51 ( y%)‘B ,

B ) |~dxd

M;S:_O/W ! ;! Bi! B! |luo(x,y)["dxdy

:/ i (2x3)M (2x3)%2 (2y3)P1 (2y3)F> o) Py
]R4\zx|+\ﬁ\:0 ! ao! B! Bo! ,

= ]R432(IXIZ+W),uo(x,y)pdxdy
This completes the proof of Proposition 2.2.
End of proof of Proposition 2.1

Since el**+lv* 4, (x,y)€L? (]R‘}Cy), there exists a constant M >0 such that

T —

Using Proposition 2.2, we have that

o (212)(l+B)

1R1
wip=0 P

B(D;ﬁ)( e (tx,y))‘zdxdy<M.

(2.7)
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Therefore, there exists (c,p) € /1, such that

and for a,B € IN?, it holds that

(1) ( il 2 Ca, p'P!
/]R4 Oxy < 7 u(t,x,y))’ dxdy<m. (2.8)
Using (2.2) and (2.8), we have
c OC"B'
1P Pou(8)1172 < S (2.9)
Owing to (2.8), we get
2 (nIBN)
‘azaf (e—f*‘x‘zzﬁ‘y‘zu) SM VE£0. (2.10)
L2 (ﬁt>\a\+\l3\

22
On the other hand, o " s analytic on R2 x lRﬁ for t #0, then

22 21,2
u(t,x,y):ew%m <e ] (txy)>

is analytical on IR2 x ]R; for t #0. We end the proof of Proposition 2.1.

3 Free transport equation

We study now the Cauchy problem of the free transport equation (1.1).

If u € L2(R?"), we define the partial Fourier transform JF, of u with respect to the
second variable as Fou(x,8) = [p.u(x,y)e "*Ydy and the partial inverse Fourier transform
J> of u with respect to the second Varlable as F, u(x é)= 2 =L f]R,, x,y)e lgy dy.

Lemma 3.1. We have
WoW™'=1d on L*(RY,), W 'oW=Id on L*(RY,).

Proof. For any f € L*(IR%"), by the inverse Wigner transformation and Fourier transfor-
mation, we have

WoWL(f)(x,0) = ( f<x+y) "ydé)( v)
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_ 1 t+y+x-% e+~ (%) —iod gy
=Gy /]R”( ]Rnf<2,§>e 2 2/d¢ |e ™" dx

— (2711)1« /]R ( /Rnf (x,g)eigx/ dg) oY gy

= ]:Z’lf(x,x’)e’iw‘,dxl = f(x,v).
R1’l

So we have WoW~1=1d on L?(R%.).
For any u € L*(R%),), by the inverse Wigner transformation and Fourier transforma-
tion, we have

1 x x iox 1!
-1 _ -1 NV —1ivx
W™ oW (u)(x,y) =W <(2n)n/nu<x+ X 2)3 dx)
-/, ((2711)/ " (T%'}C;y‘z) d> e
IRn n

_ 1 Xty 0 XY VN io(x-y)
_/]12"((27'[)”]:2“( 2 T2 2>)e do

_ Xty X—y Xty X—y\_
—u< 2 + 2 7 2 2 >—”(x/y)'

So we have W~ loW=Id on L? (IR,ZC”y) This completes the proof of Lemma 3.1. O

Lemma 3.2. We have, for any u € L?(IR%"),

1
Wiz = g Il

Proof. Assuming W(u),uq1 €S (IR%), we have

’
X

uy(x,0) - 1 xil _ = —ivxl I
/]R%V\/(M)Ml(x,v)dxdv—/]Rgg [(271)” /IRn,u <x—|— X5 ) e dx ul(x,v)] dxdo

1 YN
:/11{2"/” 2m" <x+’;,x_’;) e~ uy(x,v)dx dxdo.

Let x+% =t x—%X =5, then x="°, x =t—s and oY) _ 1. By the above formula, we
2 2 2 a(t,s) y

have that

/ W(u)up(x,v)dxdo
RZH

XU

! —io(t=s),,, (115
/n (2n>nu(t,s)e u1< 5 ,v)dsdtdv

st
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_ 1 —iv(t—s) H_is
= IREZ‘u(t’S)det/lR% (27'[)”6 ul( 5 ,v)dv

_ 1 t_‘_is iv(t—s)
= Rgﬁu(t's)det(Zﬂ)”/lrigul< 5 ,v)e do

:(Z;)H /IR u(ts)V T (ur) (£,5)dsdt.

Let’s use W(u1) instead of u; and Lemma 3.1, then it follows that

/R%W(u)VWdde:(zylz)n /Rgtn“(t'S)W_l(W(”l))(f,S)dsdt
= (2;)’1 /JRE;‘ u(t,s)Mdsdt.
When u =1y, it holds that
W) iz =l
(2n)?
Since S space is dense in L?, we have finished the proof of Lemma 3.2. O

Lemma 3.3. The function f(t,x.v) is a weak solution of Cauchy problem (1.1) if and only if their
inverse Wigner transformation is a weak solution of the following Cauchy problem:

- 1

{ <lat+ E (Ax — Ay)) u(t,x,y) = 0,
uli=o=uo =W (fo) (x,y)-

Where the definition of weak solution is in the usual distribution sense.

For the proof, we can refer [23, lemma 2.1], and we omit it here.

Lemma 3.4. We have that 21X =38 f, (x,0) € L2(R2", ) if and only if el 14 g (x, ) cL*(RY)),
where fo=W(up).

Proof. By the inverse Wigner transformation, we have, for k€N,

W ((1x+1yP) wo) (x,0)

1 / N ) / y
:(27-1—)71/,1(’354—3; ) u0<x—|—3;,x_z>e—wxdx/

1 12\ k ! ! .,
=) /IR” <2\x|2+|x2’> U <x+z,x—;>e‘w" dx’

2 ¥
+‘x—§
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1 k ¥'|2 v N
:(27‘[)71 ~/1R” Z(]Ck<’ 2‘ ) (2|x\ ) <X—|—2,x_2>e iox' 1

:(2i)n];)C£(2|x|2)kj;]/ (|x|) (x+g,x—);/>e‘ivx’dx’

- <zi)n]§C£(2|x\2>“ 5 <MZ_], S i i (34 5 e
G L) T (X g [o(xr Gan g Jear)

=]iJC£ (21x%)" (Mzzj (j)ja&’;fo(x,v)),

then we have, for any k€N,
W((xP+lyP) o ) (x0) = 21— 180) fo (x,0).

Proof of necessity : Since e"“2+|y|2u0(x,y) €L?, we gain

1 X X / / .
TCRRLE™ (x,v):(zn)n/nexﬂﬂ—zuo <x+§’x_3;>e—lvx 4

k
0 <x+x—’ + x—x—,> / / .
! /Z x|t uo(x+x,x—x)e_”’xdx/
]R"kfo

~2n)r K 2773
E

Using the Winger transformation from L? to L2, we gain that ¢2/* =28 fo(x,0) € L2
Proof of adequacy: Using Lemmas 3.1 and 3.2, it holds that both the Winger transforma-
tion and the inverse Winger transformation are one-to-one mappings from L? to L?. Since

62|"‘2*%Avf0(x,v) € L2(R2"), we get W1 (ez‘x‘Z*%Avfo)(x,y) € LZ(R%) and

W_1 (EZ‘X‘Z—%Ava) (x’y) :e|x‘2+‘y|2u0(x,y),

then it follows that el** t1¥* 11 (x,y) € LZ(IRJZC;). This completes the proof of Lemma 3.4. [

k
i CEE=200) 3 0) (0) = =38 £y (1,0).

Proposition 3.1. For any k€N,
4% ((Pe1 —P, )ku> (x,0) = (21 —2tv)) W () (x,0), (3.1)
W ((P14-P, 't} (x,0) = (Do, 1D, ) W () (,0). (3.2)
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Proof. Denote, for a,f cIN",
PY=(x+itdy)", Pg=(—y+itd,)P.

For «a =e¢1,D, =1i0d,, we have

1 / / / ) ,
W(Pqu)(xﬂ)):(zn)n/n <x1—|—le>u <x+§’x_3;> e it X gy

1 / / . ,
+(27‘[)”‘/1Rnituxl <X+J;,x—);> e X dx/

/ x/

D 1 I
= <x1_|_ 21’1 ) W(u)(x,v)qt(zn)n/w ity <x+z,x—2> e ¥ qy!
and for f=e1,D,=1i0,,
1 X x! XN\
W(P,u)(x,0)=— (27r)n/n <x1—21>u <x+2,x—2>e gy
1 ) ! ! I
(27_[)” /]antuy] (x—l—é,x—é) e X gy

xl /

. Dvl _ 1 . X —iv - x ’
_< 5 x1> W(u)(x,v)%—W/IantuW <x+2,x—2>e dx’.

We get then
W((P =P, )u) (x,0)

. ’ / ’ , y

=2x1 W(u)(x,0)+ (ZZ) / <”x1 <x+z,x—;> —y, <x+§,x—z>>e”’ “dy
it X' x' —iv - x' 3./

(271)”/”28"3 (“ (”z"“z))e dx
<20 W) (r0) o [ (et T oy (e Yav
= 1 7 " 2 ’ 2 xi X

)y
=(2x1 —2tvy ) W(u)(x,v), (3.3)

=

=2x1 W(u)(x,0)+

and

W ((P*+P., )u) (x,0)
. , , , . . ,
:Dm W(U)(X,U)+ (217‘1;’)”/14 (Mxl <x+z,x—z> —}—uyl <x+zlx_z>>e—w - x dx/

=Dy, W(u)(x,0)+ (zi)n/naxl <u <x+§,x—g>>e—iv ¥ gy
=(Dy, +tDy, )W (u)(x,0).
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We only prove W ((P% — Py, )¥u) (x,0) = (2x1 —2tv1 ) W(u) (x,0). W((P?+ Py, You) (x,0) =
(Dy, +tDy, )" W(1)(x,0) is proved similarly, and we omit it here.

We prove (3.1) by induction with respect to k. (1) When k=1, By (3.3), the above
proposition holds. (2) When k =n, we assume that proposition 3.1 holds. (3) When
k=n+1, using (2) and (3.3) it follows that

W((P* —P,)" ™ u) (x,0)

=W((P* =P, ) (P —P.,)"u) (x,0)

=(2x1 —2tv )W((P' =P, )"u) (x,0),

=(2x1 —2tvy) (2x1 —2tv1)"W(u)(x,0),

= (2x1 —2tv1)" TP W () (x,0).

This completes the proof of Proposition 3.1. O
Similar to the calculation method of (3.1) and (3.2), we have
W((P% =P, )u) (x,0) = (2x—2tv ) W(u) (x,0),

and
W ((P%+ Py, )u)(x,0) = (Dy, +tDy, )W (u)(x,0).

Owing to proposition 3.1, by calculation we gain
W((P =P, -+ (P =P, )" u) (x,0) = (2x —2t0) W (1) (x,0). (3.4)

and
W((P +Ppy)* -+ (P + P, ) 1) (x,0) = (Dyp+tDy )" W(u) (x,0). (3.5)

We study now the free transport equation.

Proposition 3.2. Assume that e2lx* 380 fo € L*(R%%), then the Cauchy problem (1.1) admits a
unique solution f(t,x,v), which satisfies:

k 2

H(2x1—2tvl) £(b) LZ(R%)SAW!,
k 2

H(avl+tax1) £(b) LZ(]R;@)SAMH‘

Proof. Using Lemma 3.4, we have that,
e‘x|2+‘y‘2u0 c L2 (Ritly),

where 1p=W~!(fy). By Proposition 2.1 and Lemma 3.3, it follows that the Cauchy prob-
lem (1.1) admits a unique solution f(¢,x,v). Using now (2.9), for any «,f € N",t #0,

Ca,pt! B!
2(al+18)°

HPaPﬁ”H%Z(R%)S (3.6)
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For simplicity of writing later, let’s calculate the following result.
Replacing a with & —j and g with j respectively in (3.6), by Schwartz inequality we
have

]

, laf (e — iVl L
L P TRl ey < 1 (P oy e

i=0 /=0 20
(@)t @i NP % 1 "

= | E (Cit)j(cﬂé*]',]‘)z S Ja] 2 C‘L Z Ca,]"]' )i (A|a|+ )2, (3.7)
27 Jjl=0 272 \Jj|=0 j|=0

since Z| = oC ] =2lel where w=(a1, -, 0),j=(j1, ,jn) and (co—; ;) €¢'. Using now Propo-
sition 3.1 and Lemma 3.2, We have

| @xi—2to0)t £ (1)

- HW (P =Py, )Fur)

L2(R2) L2(R21)
1 .
— A T (PEI_Pfl)ku ZC 61 - ] )](Pel)]u
(271)>2 L2(R%y) j=0 12(R2)
k . . . 1 1
<Y CUIPY T (Pey ) ]| 2y < (A1) 2 (kE)2
j=0
and
k
H(av1+taxl) f( ) L2(R21) _HW P61+P31) ) L2(R2)
1 1
=[P+ P, )fu = Zcf (P (Py)u
(2m)? LRY) - (2m)% || 2 L2(R2)
koo 1
<y clpeye=i(p, )i < (A2 (k1)2
LG PR ] g < (4510
We get then
H(le—zwl)kf(t) L2(R2) S
and
[ @+ 00701 s < 457K

This completes the proof of the Proposition 3.2. O
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Proof of Theorem 1.1: By Proposition 3.2, we gain a unique solution f(t,x,v) of the
Cauchy problem (1.1). By (3.4), Lemma 3.2, [P*,Pg] =0 and (3.7), we have

2 =260)% £(8) 2y = [V (P = P ) (P = Po )

1
T (2n)f (P1 =Py )™+ (P =P, )" u ’LZ(R%)
a ) Xn .
< <Z C,]xll(Pel)M_jl(_Pe])jl> <Z Ctlxz(Pen)an—fn(—Pen)]'n> u
/1=0 jn=0 L2(IR%y)
la . 1 1
SWZOC£"|Pa]Pj”’|LZ(R%E) < ()2 (A1),
il=

By (3.5), Lemma 3.2, [P*,Pg] =0 and (3.7), we have
|| (av—i—tax)“f(f) ||L2(R§111;) = HW((Pel +Pgl)“1 - (PCn +Pg”)“nu) HLZ(]R%;',)

1

" (2n)t (P Pey )™= (P 4P, )t | o
.51 . . . Xn . . .

<|[| X Cay (PO (Be )t | o | Y Co (PO)™ I (Pe, ) | u
j1:0 jnZO

L2(R%)
o , 1 .

< Y CUlIP TPz < (at)2 (A1),
li|=0

Thus we have )
H (x—t0)" f(¢) H L2(R2) < Alal+1g

and ,
I (av+tax)“f(t)}|L2(R%) < Alel+1a1

This completes the proof of Theorem 1.1.

4 Holomorphic extension

2|2
By Proposition 2.1, we have g(t,x,y) =i u(t,x,y) is analytic for (x,y) €R*. Accord-
ing to (2.10), the analytical radius of ¢(t,x,y) at each points (x,y) € R* is V2tV #£0. Let
z=(x,y)+i(w,0) €C*, we extend g(t,x,y) to the complex plane.

oo a(a’ﬁ)g(t,x,y) .
g(t'Z):| [+16l=0 Cap (@), 1)
o =

Next, we show that the function g(t,z) is holomorphic on z € C*.
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Proposition 4.1. Let u be a solution of Cauchy problem (1.2), under the assumption of Proposi-
tion 2.1, then the function g(t,z) defined by (4.1) is holomorphic for z€ C* and t #0.

Proof. Letz=/(z1,22,23,24) = (X1 +iwy, X2 +iwy,y1 +i61,y2 +i62) € C*. We just need to cheek
Cauchy-Riemann equation:
0g(t,2)

22 =0, VzeCHt#£0,j=1,2,34.
aZ]'

We compute only the case of j =1. Using the definition of g(t,z) in (4.1) and simple
calculation we have that

ag(tz) & anoiPle(tay)

- ¥ (i(w,6))
M wip=
and
o (a1,42,B1,82)
ag(tz) . Dy S(Y) 1 .
=i i) (iw, )2 (101)P1 (10, ) P2
awl agl (061—1)'0€2'5' ( 1) < 2) ( 1) ( 2)
0(121
) a)(cl;l +1/0€zr,51,l32)g(x,y)
=i (iwy) ™ (iwy )2 (i0;)P1 (i6,)P?
tx—&g—o 061!0(2!‘3!
00 (@,B)
=1 Z axlaxy g(t/x/y)(i(wlg))(uc,ﬁ).
Wil P
We gain that
Bg(t,xl+iw1,x2+iw2,y1+i91,y2+i92)
a(xl—iwl)
:a—g(tx +iwq,xp +1iwo, Y1 +161,y2 + 6 )L
9x1 ,X1 1,X2 2,Y1 1,Y2 2 a(xl—iwl)
08 . . . . owy
+%(t,x1+zw1,x2+1w2,y1+zf)1,y2+192)-m
0 ) ) . .
IaTCgl(t,x1+1w1,x2+1w2,y1+191,y2+192)
.0 . . . .
+187i(t,x1+zw1,x2+zw2,y1+161,y2+162):0.
So we gain
og(t,z)
82_1 =0.

This completes the proof of Proposition 4.1. O
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We prove now (1.5) in Theorem 1.2. Let

x+1w) (y+i0)2

u(t,x+iw,y+i0) =g(t,x+iw,y+i0)e = (4.2)

where the function g(t,x+iw,y+i6) is defined by (4.1).
For the rest of Theorem 1.2, we need to prove the following identity, for ¢t #0,

1 w2462 2(xw—yb) )
(2[’2)2/]Rge 2;5 32 = ‘M( Iy)+l(w;0)>‘2dXddeUd9

= [ 2PV (x,y) [Pdxdy.

IR4

We prove now a lemma.

Lemma 4.1. Let u be a solution of Cauchy problem (1.2), under the assumption of proposition
2.1, then

1 _ [w+e? 2xw—y-0) ) )
/4(2t27r)2€ 22 /]R4@ o |u(t (xy) +i(w,0))|“dxdydwdo
R
@ (2¢2)Ial+IBD

2

() (il
=0 WP A

2
u(t,x,y)) ’ dxdy. (4.3)

1R4

Proof. By Proposition 4.1 and (4.2), one gains that

(x+iw)2— (y+i6)?
2t

g(t,x+iw,y+i0) =u(t,x+iw,y+if)e”

is holomorphic function on Cc. By using (4.1) and expanding a1,a2,B1,B2 into odd and
even numbers in turn, and using the perfect square formula to expand, the following
series of squares also using the perfect square formula to expand, one has

1 Pee? .
/}R et 8 (t, (x,y) +i(w,0))[2dxdydwdd

00 22x| 2|
= L <( [ 1057 gt x.) Paxdy

wfTpl=0 \ (22)1(2P)!
1 _w 2, 2, 2/5 Qﬁ
X/I:{4 W@ 212 wllxlwzazgl 192 deUdg .
Since . , (28!
—27 2k 3, _ *(ns2)k
\/%/Re rdr= g (26
we have

w? +wz+9 +€
e s
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i fal+lg (2a1)! (2a2)! (2B1)! (2B2)!
=(2t%)
22“1061! 220251 Zzﬁlﬁll 22/52,32!

al+lp)_(20)'(2B)!
— (282 |+W22|a|22\ﬁ|m5!'

we get then

1 _ lw+lo? .
/IR N T 1g(t (x,y) +i(w,0)) |2 dxdydwde

© (2f2)lal+Il
Y

1R
wip=0 P

3P g (t,x,y)| dxd
xy g(t,x,y)| dxdy.

On the other hand

1 _wlep? .
/R et 1g(t (x,y) +i(w,0)) P dxdydwdd

 (x+iw)2 — (y+i0)2 2
2t

u(t,x+iw,y+if)e”"

) dxdydwdé

1 _ |w\2+2\e\2
= ks W e 2t X

[w2+10]>  2(x-w—y-
_ / 8(1‘3 2 Tt (2 ) +i(w,6)) Pdxdydwds,
R

21271)2
and
> (2f2)lal+IAl ) )
| _‘g OMﬁ!/]I‘{L} a;; g(t/x/]/)‘ dXdy
14 =
0 242 (laf+|B]) R )
:‘ Py (()X',B'/IR‘l 83(60;'5) (e ity u(t,x,y))’ dxdy.
o|+ =0 0.
This completes the proof of Lemma 4.1. -

Finally, using Proposition 2.2 and (4.3), we gain

1 7w2+92 2(x-w—y-0) ] )
/]Rz;(yzn)ze 2 /]Rf T Ju(t,(x,y) +i(w,0))|“dxdydwde

x2 2
- /R IR g () Palxdy.

This completes the proof of Theorem 1.2.
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