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Abstract. Subspace clustering is a fundamental problem in machine learning that
has attracted considerable attention in recent years. Most existing methods focus on
designing effective models to regularize the coefficient matrix, often neglecting the
impact of noise on subspace structures. However, real-world data are typically cor-
rupted by noise, which can distort the underlying subspace structure. Additionally,
for sequential data, a key challenge is the effective exploitation of temporal infor-
mation. To address these issues, we propose a novel and robust sequential subspace
clustering method, termed joint capped ¢; and ¢, norm minimization (JCLLM).
The capped ¢ norm-based loss function mitigates the influence of noise and outliers
in regression, while the ¢, norm regularization captures the temporal dependen-
cies inherent in sequential data. We develop an iteratively reweighted optimization
algorithm to solve the JCLLM model and prove its convergence to a stationary point.
Extensive experiments on both synthetic and real-world datasets demonstrate that
our method consistently outperforms several state-of-the-art subspace clustering ap-
proaches.
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1. Introduction

In recent years, subspace clustering has emerged as a significant research topic in
computer vision due to its strong performance in various real-world applications, such
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as face clustering [7,9,11,26,40], handwritten digit clustering [17], motion segmenta-
tion [19-21], and video segmentation [25,37,39]. Given a set of data points sampled
from a union of subspaces, the goal of subspace clustering is to determine the number
of subspaces, their dimensions, the basis for each subspace, and the corresponding data
segmentation. The core idea is to learn an effective representation that facilitates the
construction of an affinity matrix, upon which spectral clustering is applied to partition
the data [35].

Over the past two decades, numerous subspace clustering methods have been pro-
posed, including iterative methods [3], algebraic methods [8, 39], statistical meth-
ods [32], and spectral-based methods [10,27]. Among these, spectral clustering-based
methods have demonstrated superior performance on real-world data. In this paper,
we focus exclusively on spectral clustering-based approaches. These methods typically
involve two main steps: constructing an affinity matrix and applying a clustering al-
gorithm based on the affinity matrix to partition the data. Clearly, constructing an
effective affinity matrix is a crucial step in spectral clustering-based methods. The self-
expression model is commonly employed for this purpose. It treats the original data as
a dictionary and can be formulated as follows:

min  ¢(E) + \6(Z)
Z.E (1.1)
st. Z=XZ+E, diag(Z) =0,

where X denotes the data matrix, where each column represents a sample point; Z is
the coding matrix, and E is the error matrix. The functions ¢(-) and §(-) are designed
to act on E and Z, respectively, to enforce different types of prior knowledge inherent
in the data. The parameter A > 0 serves as a trade-off between the reconstruction error
and the regularization terms. Additionally, the constraint diag(Z) = 0 is optionally
applied to avoid the trivial solution where Z becomes an identity matrix.

The primary differences among most subspace clustering methods lie in the choice
of the regularization function §(Z) applied to the representation matrix Z, which serves
to enhance the global structural information of the data. We refer to §(Z) as the
global structure regularization function. Representative methods include sparse sub-
space clustering (SSC) [10], low-rank representation (LRR) [27], and least squares
regression (LSR) [30]. Specifically, SSC employs the ¢; norm as §(Z) to obtain the
sparsest representation for each data point; LRR uses the nuclear norm || - || as a con-
vex surrogate for the rank function to yield a low-rank coefficient matrix; and LSR
constrains the representation matrix Z with the Frobenius norm to achieve a block-
diagonal structure. Moreover, to enhance the performance of SSC and LRR, several
variant methods have been proposed [9, 26, 28,41,42]. For instance, to address lim-
itations posed by small-scale datasets, Liu et al. [28] introduced the latent low-rank
representation (LatLRR) method, which constructs the dictionary using both explicit
observed data and implicit latent data, effectively overcoming the performance bottle-
neck of LRR. To further explore the intrinsic structure of data, Ding et al. [9] proposed
a bilateral tensor low-rank representation (BTLRR) method, which fully utilizes the bi-
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lateral information of observed data, capturing not only the similarities among samples
but also the correlations among features. However, although methods based on SSC
and LRR and their extensions have achieved remarkable success in conventional data
processing, they still struggle to fully exploit the inherent information contained in data
with special characteristics, such as the temporal priors inherent in sequential data.

Sequential data, such as videos, are ubiquitous in real-world applications [7,22,40].
A key characteristic of such data is that adjacent frames often share similar features
and thus may lie in the same subspace. This observation motivates the development of
unsupervised visual learning algorithms tailored for sequential data, a task known as
sequential subspace clustering. In general, to perform sequential subspace clustering,
a specific regularization term f(Z) is incorporated into the self-expressive model (1.1),
which can be formulated as follows:

min  ¢(E) + \6(Z) + Xof (Z)
ZE (1.2)
st. X=XZ+E, diag(Z) =0,

where f(Z) represents local or temporal information used as a regularization term on
Z to enforce the temporal properties of sequential data. The parameters A; > 0 and
A2 > 0 are trade-off coefficients. We refer to f(Z) as local temporal regularization.
Guo et al. [16] proposed a spatial subspace clustering method (SpatSC) by introducing
an additional /;-norm temporal term into the SSC model to exploit the temporal infor-
mation in the data. However, the /;-norm can only ensure similarity between adjacent
elements in the matrix and fails to effectively capture the overall structural similarity
between neighboring columns. To overcome this limitation, Tierney et al. [37] replaced
the /;-norm with the ¢, ;-norm and proposed the ordered subspace clustering (OSC)
method, which better models the global temporal relationships in the data. However,
OSC neglects the local structural information between data points. To address this
issue, Li et al. [25] incorporated Laplacian regularization and proposed the temporal
subspace clustering (TSC) method, which was successfully applied to human motion
segmentation tasks with promising results. Furthermore, to explore the intrinsic rela-
tionship between the structural regularization term 6(Z) and the local temporal regu-
larization term f(Z) more deeply, Liu et al. [29] proposed the temporal smoothness se-
quential subspace clustering (TS®>C) method based on the idea of temporal predictabil-
ity. This method demonstrates that, in model design, constructing f(Z) appropriately
is more critical than §(Z). Some recent studies have investigated robust multi-view
clustering, such as hypergraph-regularized deep non-negative matrix factorization [6]
and robust weighted low-rank tensor approximation under mixed noise [34].

However, real-world data are often contaminated by noise [31], and the statistical
distribution of this noise is typically complex. As noted in [24,27], if the noise cannot
be effectively characterized, the coefficient matrix will fail to capture the relationships
among data points, thereby degrading the performance of subspace clustering. Most
existing subspace clustering methods, particularly those that rely on squared error func-
tions applied to observed entries, are sensitive to both noise and outliers.
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To address the aforementioned problem, we propose a novel and efficient sequential
subspace clustering method, termed joint capped ¢, norm loss function and ¢, norm
local temporal regularization minimization. Specifically, we employ a capped ¢ norm-
based loss function to mitigate the influence of outliers, thereby enhancing robustness
to noise. The capped /> norm is defined as follows [23]:

HXHCQE = Z min (HXZ'H% 8)7
%

where x; denotes the i-th sample point in the data matrix X, and ¢ is a threshold pa-
rameter that controls the upper bound of the norm. Compared to the conventional /5
norm, the capped ¢, norm remains constant when ||x;||2 exceeds ¢, as illustrated in
Fig. 1. This implies that noise with large magnitudes can be effectively suppressed.
Consequently, the capped /> norm exhibits greater robustness to noise than the tradi-
tional /5 norm. Furthermore, extensive computational studies [4,5,12] have demon-
strated that employing the ¢, norm (0 < p < 1) can yield sparser solutions than the ¢;
norm. Naturally, minimization based on the mixed ¢, , norm (0 < p < 1) is expected to
produce superior sparsity patterns compared to the ¢, ; norm. Unlike traditional meth-
ods such as SpatSC and OSC that utilize the ¢; or /5 ; norm for spectral embedding, our
model incorporates a ¢, norm-based temporal regularization term, making it more
resilient to noise and outliers in sequential data. Last but not least, our proposed ob-
jective jointly minimizes the capped ¢, norm and the ¢, norm, yielding a model that
is both more robust and more efficient than standard subspace clustering approaches
for sequential data. Although the resulting optimization problem is non-convex, we
develop an efficient iterative algorithm with rigorous convergence analysis. Extensive
experiments on both synthetic and real-world datasets demonstrate the superiority of
our method over several state-of-the-art clustering algorithms. In summary, we high-

-2 -1 0 1 2

Figure 1: An example of capped £, norm (e=1).
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light the main contributions of this paper as follows:

* We propose an efficient method for robust sequential subspace clustering by
jointly employing the capped ¢, norm and the /¢; , norm. This approach enhances
robustness to outliers, enforces joint sparsity, and effectively captures local tem-
poral structures.

* An alternating iterative algorithm is developed to solve the resulting optimization
problem. We also provide a convergence analysis and a detailed parameter study
of the proposed method.

* Extensive experiments are conducted to evaluate the performance of our algo-
rithm, demonstrating that it consistently outperforms existing methods.

The remainder of this paper is organized as follows. Section 2 provides a brief
review of the SpatSC, OSC, TSC, and TS3C models. In Section 3, we introduce the
proposed JCLM method, which is based on the capped ¢; norm and the /5, norm.
Extensive experiments are presented in Section 4. Finally, Section 5 concludes the

paper.

2. A general framework of sequential subspace clustering

2.1. Notation

In this paper, matrices and vectors are denoted by bold uppercase and bold low-
ercase letters, respectively. For example, let M € R™*" be a matrix; M;; denotes its
(i,7)-th entry, m* denotes its i-th row, and m; denotes its j-th column. The Frobenius
norm of the matrix M is defined as

For matrix M, the /5, norm is defined as |[M||2; = > ||m;|2. This can be general-
ized to the ¢ , norm

n »
M2, = (ZH%H’S) :
i=1

When p > 1, the ¢, , norm satisfies the properties of a valid norm, including the triangle
inequality

[Allzp + [[Bll2p = [[A + Bll2,p.
However, when 0 < p < 1, the /5, norm (as well as the ¢y norm) does not satisfy all

norm axioms, and is thus not a true norm in the strict mathematical sense. Neverthe-
less, we still refer to them as norms for the sake of convenience.
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2.2. Related work

Consider a sequential data matrix composed of column-wise samples, denoted as
X = [x1,...,%,] € R¥", where each sample is drawn from a union of & linear sub-
spaces {S;}%_,. Here, d is the dimensionality of each sample, and n is the total number
of samples. The objective of sequential subspace clustering is to segment the data
according to the underlying subspaces from which the samples originate. In this sec-
tion, we briefly review three state-of-the-art sequential subspace clustering methods:
SpatSC [16], OSC [37], and TSC [25]. All of these methods incorporate an additional
penalty term on the representation matrix Z into traditional subspace clustering frame-
works, which are typically based on global structural regularization of Z, in order to
better exploit the sequential nature of the data.

1. SpatSC: SpatSC is a variant of the SSC method that introduces a local temporal
regularization term on Z to directly constrain the similarity between consecutive
columns while preserving the sparsity of Z. This method encodes the sequen-
tial information using a matrix R, which enforces similarity between adjacent
columns of the coding matrix Z (i.e., z; =~ z;1). As a result, the following opti-
mization problem is formulated:

. 1
min §HX — XZH% + M|Z]]1 + A2 ZR |,

s.t. diag(Z) =0,

2.1)

where R is a lower triangular matrix, to enforce the consistency of the spare
representation of the sequential data

-1 0 0 0
1 -1 0 0
0 1 -1 - 0

R=( . . . . : : (2.2)
0 0 0 -1
0 0 0 1

nx(n—1)

2. OSC: OSC method adopts the ¢, ; norm in the third term instead of ¢; norm, and
gets the following model:

1
min =||X — XZ||% + M ||Z]|: + \2||ZR
) 2|| 17 + MIZl1 + A2[| ZR 2,1 2.3)

s.t. diag(Z) = 0.

The penalty term ||ZR||2; is stronger than ||ZR||; to enforce column similarity
of Z. However, the applied squared error is sensitive to outliers, and the ADMM
method used to solve problem (2.3) in [37] is not guaranteed to converge.
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3. TSC: TSC is a variant of LSR method, which adds a term of local temporal regu-
larization on Z and learns a non-negative dictionary from data with a temporal
Laplacian regularization, whose goal is to encode the temporal relationships in
sequential data and obtain more expressive codings. Its model is

min HX—DZH%—FMHZH%+)\2f(Z)
z,D 2.4)
st. Z>0, D>0, |d]3<1, i=1,2,...,m

where the non-negative constraints Z > 0 and D > 0 are to ensure the learned
bases and corresponding representation codings have non-negative values, the
constraint ||d;||3 < 1 to control the model complexity, and f(Z) is the temporal
Laplacian regularization function. Given a representation matrix Z, it is defined

as
1n n

F(Z) =30 wyllz — 25 = tr(ZLeZ"), (2.5)

PR
i=1 j=1

where Ly is the temporal Laplacian matrix, Ly = D - W, f)“ = Z?Zl wij, W is
the weight matrix that captures the sequential relationships in X. Let s denote the
number of sequential neighbors for each sample, the element in W is calculated

as
Wi = .
0, otherwise.

S
5

[\)

4. TS3C: For sequential data, Liu et al. [29] design a novel local temporal regular-
ization term on Z to enforce the temporal smoothness of sequential data, based
on the concept of temporal predictability [36]. The resulted model is

min || X — DZ||% + \||ZB|/%
Z,D (2.6)
st. B=1I-T", |d3<1, i=1,...,7

where B = I — T is an auxiliary variable and T is a n x n Toeplitz matrix
with the right-shifted template appearing an each row, and " denotes the matrix

transposition
B 0 0 0 0 o --- 0
af B 0 0 0 o --- 0
a?8 af B0 0 0 -+ 0
T=| a8 o’ o g 0 0 - 0 2.7)
0 a8 a?B aBf B o - 0
0 0o ... .o
0 0 a8 o?B aB B

TS3C demonstrates that a properly designed local temporal regularization term
f(Z) can be more effective than the global structural regularization term §(Z). In
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some cases, it may not even be necessary to include the global structural regu-
larization. Motivated by this insight, we propose a sequential subspace clustering
model that jointly minimizes a capped ¢, norm loss and a /3 , norm-based regu-
larization term, resulting in an objective function with only two components.

2.3. The general framework of sequential subspace clustering

Based on Eq. (1.2), we give the unified model of sequential subspace clustering
methods as follows:
min  ¢(E) + M\d(Z) + A2 f(Z)
ZB (2.8)
st. X =DZ+E,

which consists of three terms, the reconstruction error ¢(E), the global structure regu-
larization 6(Z) and the local temporal regularization f(Z) with the signal representa-
tion constraint X = DZ + E, where D is the dictionary to be learned or the original
data samples X (in self-expressive model).

The most representative existing methods, including SSC [10], LRR [27], LSR [30],
SpatSC [16], OSC [37], TSC [25], and TS3C [29], are analyzed under the framework
of the unified model from the following aspects:

* Model Components: These methods incorporate a combination of global struc-
ture regularization 6(Z) and local temporal regularization f(Z), as summarized
in Table 1. Most of them utilize the Frobenius norm ||E||r to measure the re-
construction error. However, the Frobenius norm is known to be sensitive to
outliers [33].

* Optimization Techniques: Since all existing subspace clustering models are for-
mulated as constrained optimization problems, the alternating direction method
of multipliers (ADMM) [2] is commonly employed to solve them. ADMM is a hy-
brid method that combines the augmented Lagrangian multiplier (ALM) tech-
nique and the alternating direction method (ADM) [38], and solves separable
unconstrained subproblems using a block coordinate descent (or alternating min-
imization) approach. More details can be found in [2] and the references therein.
SSC, LRR, OSC, and TSC adopt ADMM for optimization, whereas LSR has an an-
alytical solution.

Table 1: The analysis of existing methods in the framework of unified model.

Methods | SSC | LRR | LSR |spatSC| OSC TSC TS3C | JCLLM
S(E) | IEI% | [El2 [ IBIE | IEIE | [EIE EIE | IEIE | Ele;
02Z) | Nzl | 11zl | 1ZlF | 120 | 1Z]: I1Zll n/a | n/a
f(Z) | n/a | n/a | n/a |||ZR|1 | |ZR]l21 | tr(ZLrZ") | |ZB|% | [ZR]|2,
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3. Joint capped ¢/, norm and /,, norm minimization for sequential
subspace clustering

In this section, we will introduce the formulation of our method and then propose
a program to solve its objective function.

3.1. Formulation of JCLLM

In real-world applications, outliers frequently occur in datasets; therefore, tradi-
tional loss functions may fail to achieve optimal performance. A straightforward ap-
proach to address outliers is to detect and mitigate their impact. As illustrated in Fig. 1,
the value of the capped ¢, norm does not continuously increase with the magnitude of
the error but instead becomes constant when ||x;||2 exceeds a predefined threshold ¢.
This property effectively reduces the influence of large outliers and noise in subspace
clustering. Owing to its robustness to outliers and noise, we adopt a capped ¢ norm-
based loss function to penalize the noise term in our model

n

mzlnizlmln(ﬂxi — Xz;)2, ). (3.1
If the k-th element of X contains outliers, x;, will deviate significantly from the regres-
sion model. Consequently, the value of ||x; — Xz;||; may become excessively large. To
mitigate the influence of outliers, we employ the capped norm along with a threshold
parameter ¢. In this context, the selection and analysis of the threshold parameter ¢
are of critical importance. Through rigorous theoretical analysis and empirical evalua-
tions, we conclude that the parameter ¢ indeed affects the final results, and our method
remains robust as long as ¢ varies within a certain range.

Then, the next step is to add a regularization term f(Z) with parameter ~ to enforce
the temporal properties of the sequential data. Based on the analysis of Egs. (1.1) and
(1.2), whose main difference lies in the two regularization terms — global structural
regularization 6(Z) and local temporal regularization f(Z) — we argue that, for specific
tasks such as sequential subspace clustering, a properly designed f(Z) is more impor-
tant than 6(Z) [29]. In some cases, the inclusion of §(Z) may even be unnecessary.
Furthermore, we adopt the p-th power of the /5, norm to capture the local temporal
structure. The rationale is that the regularization term ||ZR/||5 , achieves similar results
to ||ZR||2,, under the regulation of v, while enabling a more efficient optimization
approach for solving the formulation.

In conclusion, we formulate our method as a joint minimization problem involving
the capped ¢; norm and the /5 , norm, as follows:

mzianin(Hxi — Xzij2,€) + 7| ZRJ]5 . (3.2)

i=1
Although the proposed model does not explicitly introduce a global structural reg-
ularization term 0(Z), the affinity structure is not degraded in practice for the follow-
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ing reasons. First, the self-expressive reconstruction constraint inherently enforces the
subspace-preserving property, since each data point is represented as a linear combi-
nation of other samples, and the dominant structural information is governed by the
intrinsic data correlation contained in X "X. This mechanism naturally discourages
cross-subspace connections even without imposing an explicit block-diagonal regular-
izer. Second, the capped /5 loss stabilizes the influence of large residuals by truncating
extreme reconstruction errors. As a result, potential mis-assignments caused by noise,
outliers, or abrupt transitions across different subspaces are effectively suppressed, pre-
venting them from dominating the learned affinity matrix. Third, although the /3 , tem-
poral regularizer encourages local consistency along the sequence, it does not blindly
enforce smoothness. When two neighboring samples belong to different subspaces, im-
posing z; ~ z;,1 would induce a large reconstruction penalty. In such cases, the capped
loss automatically weakens this erroneous temporal coupling, thereby avoiding incor-
rect affinity propagation across true subspace boundaries. Therefore, even without an
explicit §(Z) term, the combined effects of the self-expressive model, capped robust
loss, and temporal regularization jointly preserve the block-diagonal affinity structure
in practice.

Remark 3.1. Although the /5, regularizer does not explicitly enforce sparsity on Z, it
does not lead to an over-connected affinity matrix in our model. This is because the
block-diagonal structure is jointly preserved by the self-expressive reconstruction con-
straint and the capped ¢, loss. Specifically, incorrect cross-subspace connections usu-
ally result in large reconstruction errors, whose influence is automatically suppressed
by the capped loss. As a result, the affinity matrix remains block-diagonal in practice
even without an explicit sparsity constraint.

3.2. Optimization and solution

In this section, we present an efficient method to solve the proposed formulation.
Firstly, we denote diagonal matrix H € R™*" and the i—th diagonal element of H is

1
———if |x; — Xzl <,
H;; = < 2[|x; — Xz;[2 I i (3.3)

0, otherwise.
Then the formulation in Eq. (3.2) will be converted into the following problem:
n
mzinz Hi[[x; — Xz[|3 + 7| ZR|5 . (3.4
i=1
As ||x; — Xz;|)3 is equivalent to (x; — Xz;) ' (x; — Xz;). We can expand Eq. (3.4) to the

following formulation:

n
mzin Z H;(x; — Xz;) ' (x; — Xz;) + VIZR|5 - (3.5)
i=1
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According to linear algebra and let M = ZR, we can reformulate Eq. (3.5) in matrix
form as follows:

L(Z) = Tr [(X - XZ)H(X - X2Z)"] + M5, (3.6)
If M; # 0, [|M[)5 , = Tr(MDM "), where

1

=, (3.7)
2|V |5

Then the derivative of £ in Eq. (3.6) can be regarded as the derivative of the following
objective function:

L(Z)="Tr [(X - XZ)H(X - XZ)"] +~Tr (MDM"). (3.8)
That is to say,
L(Z)="Tr [(X -XZ)H(X -XZ)'] +7Tr (ZRDR'Z"). (3.9)

Now, we adopt the objective function in Eq. (3.9) to approximate the JCLLM for-
mulation presented in Eq. (3.2). Since both H and D depend on Z, Eq. (3.9) becomes
a regularized least squares problem when H and D are fixed. Therefore, we take the
derivative of £(Z) with respect to Z and set it to zero, which leads to the following
update rule for Z:

827(;) = -X"XH+ X"XZH + vpZRDR' =0, (3.10)
or equivalently,
X"XZ+~vpZRDR ' H ! = XX, (3.11)

Eq. (3.11) is the well-known Sylvester equation, which cost O(n?) for a general solver.
But if X "X has certain structure, the costs may likely be O(n?) [1]. We use the Matlab
command lyap to solve Eq. (3.11) in this work.

We update H and D using Egs. (3.3) and (3.7), respectively, based on the com-
puted Z. The matrix Z is considered an optimal solution to the problem if Eq. (3.11)
is satisfied. In summary, we propose an iterative algorithm in this paper to obtain the
solution Z such that Eq. (3.2) holds. In each iteration, Z is computed using the current
H and D, after which H and D are updated based on the newly computed Z. The
iterative procedure is repeated until the algorithm converges. Moreover, the experi-
mental results on the convergence behavior demonstrate that the proposed algorithm
converges rapidly. The main steps of our method are outlined in Algorithm 3.1.

After obtaining the representation matrix Z using Algorithm 3.1, the affinity graph
is constructed as (|Z| 4 |Z"|)/2. Finally, the normalized cuts (Ncut) method [35] is
employed to obtain the clustering results. Algorithm 3.2 summarizes the complete
subspace clustering procedure.
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Algorithm 3.1 Efficient Algorithm for Solving the Problem Eq. (3.2)

Input: Date matrix X, parameters .
Initialize : H° =7, D° = I.
Output: Final coefficient matrix Z*.
1: repeat
2:  Update Z**1) by solving the following problem:

XTXZ +~+pZRDR'H ! - XX =0.
3:  Update D*+1D)
1
2HMiup b

i

4:  Update H*+1

1
H;; = { 2[lxi — Xz’
0, otherwise.

if ||Xz — XZZ'HQ < g,

5: until Converge

Algorithm 3.2 JCLLM

Input: Sequential data X € R%*", drawn from a union of & linear subspaces.

1: Obtain the optimal coefficient representation Z of X by Algorithm 3.1.

2: Create affinity matrix A using Z, i.e., A = (|Z| +|Z"|)/2. Then, an undirected

graph can be obtained.

3: Apply Ncut to segment the vertices of the undirected graph into ¢ clusters.

Output: The clustering results of X.

Remark 3.2. In practice, to make the problem derivable and numerically stable, H;; =
1/(2]|x; — Xz;|2) and D;; = 1/(2||M; |5 ?) are replaced by Hy; = 1/(2||x; — Xzi|2 + 1)
and D;; = 1/(2||M;||27" + 1), respectively, where x is a very small positive constant.
This modification avoids division by zero and alleviates potential numerical instability
caused by extremely small residuals or weights. It can be seen that when p — 0, the

modified formulation approximates the original problem.

3.3. Convergence and complexity analysis

Lemma 3.1. Given
1
o — m, ’6‘ < €1,
0, otherwise,
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we have the following inequality:
min(|e], 1) — sé2 < min(le|, 1) — se?. (3.12)

Proof. Let h(x) = min(y/e,€), € > 0, notice h(e) is concave function, and its deriva-

tive satisfy
1

W(e) = { 2/e’

0, otherwise.

0<e<e?

From the concave function property can be obtained,

min(|e|,e1) — min(|ée], 1)
= h(e?) — h(e%) > K (e?)(e? — &2)
= se? — se?. (3.13)

After sorting out the terms, Eq. (3.12) can be obtained. O

Lemma 3.2. Assume each column of X € R™*™ and Y € R™*"™ is nongzero. Let g;(x),

i =1,...,n, be concave and differentiable functions. We have
n
> ai(I1Yil3) = g (IXill3) = Tr (Y'Y = XTX)D), (3.14)
i=1

where D € R"*" is a diagonal matrix, with its i-th diagonal element being D;; =
Vai([Y:l3).
By letting g;(x) = x%/2,0 < q < 2, as a special case in Eq. (3.14) we get
P P p T T
IYI5, —1XI5, > 5T (Y'Y - XTX)D). (3.15)

Proof. By the definition of concave function, we have
n
Zgi(HYiH%) — i (|IXl13)
i=1
n
> Ve (IYal3) (Y313 — 1X13)
i=1
=Tr (Y'Y - X'X)D).
The proof is complete. O

Theorem 3.1. Let [J(Z) denote the original objective function defined in Eq. (3.2). The
sequence {Z*)} generated by Algorithm 3.1 satisfies the following properties:
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1. The objective function J (Z) is non-increasing along the sequence {Z*)}, i.e.,

2. The sequence {Z*)R} is bounded.
3. limy_o0 [|ZFR — ZEHDR || = 0.
Proof. Since Z(k+1) solve Eq. (3.10), we have
XT(xz* ) - X)H® 4 4pztHVRDPRT = 0. (3.16)

(k+1)

According to Lemma 3.1, set € = ||x; — Xz, ' |2 and e = ||x; — Xz HQ Then we can

have

min <HXZ - Xz§k+1)]]2,€> —HW |x

(22

2
- Xzz(‘kH)H
2

2
< min (HXZ - ngk)Hg,a) - Hgf) X; — XZZ(k)Hg' (3.17)

This together with Eq. (3.16) gives,

X = XZW|gz — [IX = XZH| |
H X - X203 - = X - x2¢ D)3
=Tr [(X - XZWM)T(X - XZ2W)) — (X — XZ*D))T(X — XZHF+HD)YH?)]
= A+2Tr [(XZW® — XZFHT(XxZ*HD) - X)H®)]
= A+ 2T [(Z2W - ZFTX T (xZ*H) - X)H®)]
=A-2ypTr [(Z2W — Z*HTZEIRDWRT]
=A-2ypTr [RT(Z2"W — 2+ TZHFDRD W], (3.18)
where
A=Tr [(XZ® - xZFHT(xZ® - xZED)yH®)].
By using Eq. (3.15), we have

YIM®E, — A IMED L

> ypTr [( )TM(k (M(kJrl))TM(kJrl)]D(k)

= B+ 2ypTr [(M k+1))T(M(k+1) _ M)D(k)]

=B+2ypTr [(z(k R - Z*YR)TZFURD®)]

= B +2ypTr [RT(Z®) — 2kt TZFDRD®)] (3.19)

where
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Now, combining Egs. (3.18) and (3.19) gives
J(ZWy — 7(Zz*+))y = A+ B > 0. (3.20)
The above equation implies the 7(Z(*)) is non-increasing. Then we have
IZPR|E < 7(Z®) < 7(Z2W) £ N. (3.21)

Thus, the sequence {Z(*)} is bounded.
Furthermore,

S T [(MB) — MEE) T M®) — MEHD)D®)]

k=1
3 J(ZW)y — 7(z*+)) = 7(ZM) - lim T <J .
; J( ) (Z') Jim (z*)) (zM)

According to the Cauchy criterion of series convergence, we have
Z Tr | MDY (M®) — ME+D)YDH] S 0, (3.22)

In particular, Eq. (3.22) implies that

Jlim |Z®R - Z"UR| =0

The proof is complete. O

4. Experiments

In this section, we conduct numerical experiments on both synthetic and real data-
sets to demonstrate the effectiveness of the proposed JCLLM algorithm. We first exam-
ine the behavior of JCLLM and its sensitivity to the parameter ., and then compare our
method with several state-of-the-art subspace clustering algorithms.

In the experiment, we use clustering accuracy (Acc) to establish a one-to-one cor-
respondence between clusters and ground-truth classes, and to evaluate the extent to
which each cluster contains data points from its corresponding class. The Acc metric is
defined as follows:

1 n
Acc = — E d(pi, i), 1
cc = — 2 (p map(q )) (4.1)
where p; and ¢; represent the output label and the ground truth one of the i-th point

respectively, 0(z,y) = 1 if z = y, and é(x,y) = 0 otherwise, and map(g;) is the best
mapping function that permutes clustering labels to match the ground truth labels.
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To comprehensively evaluate all methods, we repeated each experiment ten times
and reported the median and average clustering errors. In addition, we assessed the
robustness of the proposed method by adding noise to each dataset. The noise level is
quantified using the Peak Signal-to-Noise Ratio (PSNR) [37], defined as follows:

2

(1/mn) 375" 375 (L — Kij)? )

PSNR = 10log;, (4.2)

where I is the noise free data, K = I + N is a noisy data and s is the maximum pos-
sible value of an element of I. Note that decreasing values of PSNR means increasing
amounts of noise.

4.1. Parameter selections

Before conducting the experiments, we briefly discuss the selection of parameters.
In JCLLM, the parameter p is introduced as a small positive constant to ensure numeri-
cal stability and avoid division by zero in the iterative reweighting scheme. Specifically,
w is fixed throughout the optimization and defined as y = .|| X]|2, where || X||2 denotes
the spectral norm of the data matrix and p. is a scaling factor. To examine the influ-
ence of this numerical parameter, we further conduct a sensitivity analysis with respect
to pe. As shown in Fig. 2, extremely small or large values of i, may lead to degraded

0= ] 100
~ 907 — — 90 AN
5 g0t oy~ X80 '
O 707 o 70
g oo S 60
w0 50 an 90
£ 40+ 2 40
£ 30¢ £ 30
= 20t —e—Y@eB 2 2 —e—Y?xleB
O —6— Video &) —o— Video
10+ Weizmann 10 Weizmann
0102 03040506070809 1 107% 102 10! 1 10t 102 10®
Parameter p Parameter
lOO ,A A A A A A 100
— 0} ) ~ 90
X eot < 80
O 7047 8 70+
S 60 = 60
o 50| o 50+ =
£ a0} £ 40¢
<} L
g 30f —o—Yale B 2 38 —o—Yale B
= 207 —o— Video S —4—Video
@) @] 10+ N ]
107 ‘Weizmann || 0 Weizmann
1 2 3 4 5 6 7 0% 10° 10* 10° 10?2 10?
Estimated ¢ (early iterations T') Parameter p,

Figure 2: The sensitivity of JCLLM to the model parameters p, 7, € and p. on different databases.
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performance, while the clustering accuracy remains stable within a moderate range.
Based on this empirical observation, we recommend setting ;. = 10~ in practice,
which provides a good balance between numerical stability and clustering accuracy.

Next, we investigate the sensitivity of JCLLM to the trade-off parameter v, the
power parameter p, and the capped threshold . Specifically, v and p are tuned within
the ranges [1073,1072,107%,0.5,1,10,10%,10%] and [0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,
0.9, 1], respectively. For the capped threshold, ¢ is automatically estimated from the
residuals in the early iterations and then fixed for the remaining optimization process.
To evaluate the robustness of this strategy, we analyze the sensitivity of JCLLM to dif-
ferent early-stage estimation choices, where ¢ is estimated using varying numbers of
initial iterations. Fig. 2 reports the clustering accuracy of JCLLM under different values
of p, v, and £ on multiple datasets. It can be observed that smaller values of p gener-
ally lead to more accurate solutions due to the enhanced sparsity-promoting effect of
the /5, regularizer. Meanwhile, increasing ~ tends to improve clustering accuracy by
strengthening temporal consistency. Regarding the capped threshold, the performance
stabilizes once ¢ is estimated from a small number of early iterations, indicating that
the proposed strategy is insensitive to the exact early choice of ¢.

Fig. 3 shows the accuracy of JCLLM on different datasets. From this, we observe
that satisfactory clustering results can be achieved by setting (v, p) = (10,0.1) for the
Video dataset, (1000, 0.1) for the Weizmann dataset, and (10, 0.1) for the Yale B dataset,
respectively. In our experiments, the value of ¢ is initially selected based on the values
of the matrix during the first five iterations. Afterward, ¢ is fixed as a constant. In
this way, our model can automatically learn an appropriate value for ¢ in different
situations.

In Algorithm 3.1, we adopt the following stopping criterion:

(A AR

<€

IZ+ 1%

with e = 1074,

(%)

Clustering ACC(%)
Clustering ACC(

(a) Video dataset (b) Human activity dataset (¢) Yale B dataset

Figure 3: The sensitivity of JCLLM to the model parameters A and p on different databases.
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4.2. JCLLM for subspace segmentation

In this section, we present numerical results of JCLLM and other state-of-the-art
algorithms, including SSC [10], LRR [27], SpatSC [16], OSC [37], TSC [25], and
TS3C [29]. All experiments are conducted on a PC equipped with an Intel(R) Core(TM)
i5-9300H CPU at 2.40 GHz, 8 GB of memory, running Windows 10 and Matlab version
R2016b.

1) Synthetic Data Example: In this section, we construct ¥ = 8 independent sub-
spaces {S;}¥_,, whose bases {U;}*_, are generated by U;;; = TU;, with 1 < i <k,
where T is a random rotation matrix and U; € R%*" is a random orthogonal matrix.
Thus, each subspace has a rank of » = 8, and the data has an ambient dimension of
d = 200. We sample n; = 20 data vectors from each subspace, where X; = U;Q;, and
Q; € R®*? is a random Gaussian multivariate matrix. This mimics the assumption that
consecutive data points within the same subspace are similar to each other. Finally, the
data is concatenated as X = [Xy, Xo, ..., Xg].

We repeated the tests 10 times. The clustering accuracies, including both median
and mean values, for our approach and all compared methods are shown in Table 2.
We also provide visual comparisons of the affinity matrix Z in Fig. 4 and the clustering
results in Fig. 5 for the corresponding affinity matrix. It is worth noting that our method
always obtains the true segmentation, regardless of PSNR. Although SSC, SpatSC, and
OSC also perform well, our affinity graph exhibits a better block-diagonal structure.

2) Video Segmentation: To evaluate the effectiveness of our JCLLM for video clus-
tering, we conducted experiments on the video dataset [13]", which contains 10 un-
compressed AVI clips of natural scenes with 12 fps, including at least one target objects
or something others, Length varies 5-10 seconds. We selected three sequences ran-
domly. Preprocessing of each sequence includes converting the color video to grayscale
and sampling to a resolution of 288 x 352, so every data point can be recorded as
x; € RI01376 We evaluated the clustering performance of our proposed method and
the compared ones.

Every tests were repeated 10 times, and the clustering accuracies with median and
mean data were reported in Table 3. For clarity, we visually compared the affinity ma-
trix Z and the clustering results, as shown in Figs. 6 and 7. Form this, we can draw
the following conclusions: Our JCLLM method significantly outperformed all the other
compared methods on all the three subjects.

3) Action Clustering: The aim of this experiment is to segment individual scenes
from the Weizmann dataset*. The Weizmann dataset contains 90 video sequences
(180 x 144 pixels, 50 fps) captured from 9 subjects [15]. Each subject performs 10 dif-
ferent actions, including jumping-jack (or shortly jack), jump-forward-two-legs (jump),

thttp://www.kecl.ntt.co.jp/people/kimura.akisato/saliency3.html
*http://www.wisdom.weizmann.ac.il/~vision/SpaceTimeActions.html
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Table 2: Subspace clustering accuracy (%) for the synthetic data set with various magnitudes of Gaussian
noise, higher is better.

PSNR | ACC |SSC| LRR |spatSC|OSC| TSC | TS3C |JCLLM
Max | Med |100|84.69| 100 |100| 100 (81.88| 100
Mean |100|86.37| 100 |100|99.69(81.69| 100
91 | Med |100|86.25| 100 |100 |99.68(79.38| 100
Mean|100| 85.5 | 100 |100|99.56(80.13| 100
72 | Med |100|86.87| 100 |100| 100 (82.50| 100
Mean |100|86.87| 100 |100|99.93(82.38| 100
51 | Med |100|84.37| 100 |100| 100 (81.88| 100
Mean |100|85.68| 100 |100|99.75(81.94| 100
31 | Med |100|86.25| 100 |100|99.37(82.50| 100
Mean |100|86.06| 100 |100|99.62(82.19| 100

Table 3: Subspace clustering accuracy (%) for the video segmentation dataset [13] with various magnitudes
of Gaussian noise, higher is better. Experiments show that JCLLM achieve better segmentation.

PSNR | ACC SSC LRR | spatSC | OSC TSC | TS3C | JCLLM
Max | Med | 55.76 | 42.57 | 61.91 | 64.88 | 77.95 | 93.07 | 97.03
Mean | 57.06 | 43.43 | 61.97 | 64.69 | 78.02 | 93.73 | 96.96
81 Med | 55.76 | 43.56 | 61.91 | 64.88 | 77.95 | 91.09 | 96.68
Mean | 57.06 | 44.15 | 61.89 | 63.96 | 74.95 | 84.42 | 95.05
41 Med | 55.76 | 45.21 | 61.91 | 61.25 | 78.28 | 86.14 | 98.35
Mean | 57.06 | 44.98 | 61.91 | 63.04 | 78.48 | 88.84 | 98.09
27 Med | 55.76 | 89.10 | 66.14 | 60.92 | 77.95 | 86.14 | 97.03
Mean | 57.06 | 89.63 | 66.20 | 61.65 | 78.28 | 85.87 | 97.43

jump-in-place-on-two-legs (pjump), gallop-sideways (side), bend, skip, walk, run, wa-
ve-one hand (wavel), and wave-two-hands (wave2). Fig. 8 shows 10 frames of differ-
ent actions in the dataset.

The following experiments were conducted on action clips from 3 randomly chosen
subjects. Similar to the previous experiments, we add increasing Gaussian noise and
repeat the experiments 10 times for each noise magnitude. The statistical results of
segmenting 3 action sequences are reported in Table 4, and the corresponding visual
results are presented in Figs. 9 and 10. Specifically, it can be observed that JCLLM is the
most accurate method. We observe that SSC, and especially LRR, fail to obtain mean-
ingful temporal segments, as they do not take into account the temporal information.
This demonstrates that properly designed local temporal regularization f(Z) is more
important than global structural regularization 6(Z).
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(b) LRR (c) spaSC (d) osc

(e) TSC (f) TS3C (g) JCLIM

Figure 4: The affinity matrix of the synthesized data is obtained without adding noise.

r
-:_ L I I 1 I I
20 40 60 80 100

(a) SSC (b) LRR
H "l B EEEE
20 40 EO (@] Sg;atSC ) ) ) ) 20 ) EO (d)gOOSC ) ) ) )
H BN "EH IS
20 40 60 (e)gOTSC ) ) ) ) 20 40 60 ® ?;"SSC ) ) ) )
H B H EEEas
O @uam Goowmdmn

Figure 5: Clustering results from affinity matrices in Fig. 4. JCLLM, SSC, OSC and spatSC achieve perfect
segmentation, while LRR and TSC suffer from misclassification.

4) Face Clustering: In this subsection, following the setup of SSC-L1TG [18], we
conducted experiments on the Extended Yale Face Database B [14], with the goal of
segmenting or clustering unique subjects from a set of face images. Although this task
is not exactly suited to our assumption of clustering sequential data, we ensure that
in our datasets, face images are kept contiguous, i.e., unique subjects do not mix with
each other. We can exploit the temporal information, as the neighbors of each data
point are likely to belong to the same subject. As shown in Fig. 11, three subjects are
taken as examples. For each test, we randomly select three subjects from the dataset,
and then 20 sample images are randomly chosen from each subject. To highlight the
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(a) SSC (b) LRR (c) spaSC (d) OsC

(e) TSC (f) TS3C (g) JCLIM

Figure 6: The affinity matrix of the video data is obtained without adding noise.
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Figure 7: Clustering results from affinity matrices in Fig. 6. JCLLM achieves better segmentation, while
SSC,LRR, spatSC, TSC and OSC suffer from misclassification.

efficiency of our method, the images are directly used as data vectors x; € R307200

without dimensionality reduction. We then concatenate them to ensure that subjects
are not mixed. We repeated these tests 10 times for each level of corruption by Gaussian
noise.

Table 5 presents the subspace clustering results on the Extended Yale B database.
From the results, we observe that our method outperforms state-of-the-art methods in
these subspace clustering tasks. Specifically, for a PSNR of 85, our method surpasses the
second-best result by 16.1%. Compared to other methods that use the Frobenius norm
to handle noise, our method achieves better performance. Therefore, our proposed
method is more robust to noise and more effective for subspace clustering.
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Table 4: Subspace clustering accuracy (%) for the 3 motion sequences with various magnitudes of Gaussian
noise, higher is better, experiments show that JCLLM achieve better segmentation.

PSNR | ACC SSC LRR | spatSC | OSC | TSC | TS3C | JCLLM
Max | Med | 65.60 | 59.17 | 87.16 | 66.06 | 73.70 | 78.90 | 96.33
Mean | 68.07 | 59.36 | 87.52 | 68.44 | 73.61 | 78.90 | 95.49
40 Med | 66.97 | 60.09 | 88.07 | 66.06 | 77.16 | 81.19 | 96.33
Mean | 72.39 | 66.88 | 88.99 | 72.11 | 76.92 | 80.73 | 96.32
20 Med | 65.60 | 59.17 | 87.16 | 66.06 | 76.70 | 70.64 | 96.33
Mean | 68.07 | 59.36 | 87.52 | 68.44 | 76.61 | 70.37 | 95.48
4 Med | 65.60 | 59.17 | 87.16 | 66.06 | 76.69 | 38.99 | 96.33
Mean | 68.07 | 59.36 | 87.52 | 68.44 | 76.61 | 40.55 | 95.48

Table 5: Subspace clustering accuracy (%) for face data with various magnitudes of Gaussian noise, higher
is better, experiments show that JCLLM achieve better segmentation.

PSNR | ACC SSC LRR | spatSC | OSC | TSC | TS3C | JCLLM
Max | Med | 66.67 | 70.00 | 68.33 | 75.00 | 75.00 | 55.00 | 85.00
Mean | 67.67 | 70.33 | 68.33 | 71.00 | 75.67 | 54.00 | 85.91
85 Med | 68.33 | 70.00 | 68.33 | 65.00 | 70.00 | 53.33 | 85.02
Mean | 68.33 | 71.00 | 68.00 | 65.00 | 70.33 | 55.00 | 86.43
45 Med | 68.33 | 71.67 | 68.33 | 65.00 | 71.67 | 55.00 | 85.00
Mean | 68.33 | 72.00 | 68.33 | 67.00 | 75.33 | 56.00 | 86.19
30 Med | 66.67 | 73.33 | 68.33 | 66.68 | 73.33 | 56.67 | 85.31
Mean | 67.67 | 72.67 | 68.33 | 66.67 | 74.00 | 57.00 | 84.58

Walk Run Jump Side

Wavel Wave2 Pjump Jack Skip

Figure 8: Example frames of the 10 different actions in Weizmann dataset.
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(d) 0sC

(e) TSC (f) TS3C (g) JCLIM

Figure 9: The affinity matrix of the three classes human activity data is obtained without adding noise.
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Figure 10: Clustering results from affinity matrices in Fig. 9. JCLLM achieve better segmentation.

Figure 11: Face clustering: given an sequential set of face images (those temporal neighbors are almost all
from the same subject), the goal is to cluster images that belong to the same subject.

4.3. Convergence study and computational time

To demonstrate the convergence performance of JCLLM in Algorithm 3.1, we plot
the curves of our objective function, shown in Eq. (3.2), with respect to the number of
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(a) SSC (b) LRR (c) spaSC (d) Oosc

(e) TSC (f) TS3C (g) JCLIM

Figure 12: The affinity matrix of the face data is obtained without adding noise.
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Figure 13: Clustering results from affinity matrices in Fig. 12. JCLLM achieve perfect segmentation.

iterations in Fig. 14. As shown in the figure, the optimization algorithm proposed in
this paper (Algorithm 3.1) is effective and exhibits fast convergence, with the number
of iterations typically less than 45.

In addition, we compare the computation time (in seconds) of the different meth-
ods. Since all methods use Ncut for segmentation after obtaining the affinity matrix, we
compare only the time taken to compute the representation of the matrix Z to ensure
fairness. The comparison results are shown in Fig. 15. As shown, our method is the
fastest across all datasets. This is expected, as our method does not require singular
value decomposition, and the system’s solution is accelerated by the use of Lyapunov
equations. In contrast, SSC, LRR, and TSC are much slower. SSC converges slowly, LRR
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Figure 14: Convergence behavior of Algorithm 3.1 on three data sets.
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Figure 15: Comparison of computational time (in seconds).

involves SVD, and TSC requires learning a dictionary in each iteration. The complex-
ity of TSC is O(nr3) per iteration, which is potentially lower than that of JCLLM, but
TSC requires many more iterations, leading to slower performance overall. Thus, our
method is more efficient than the others.

5. Conclusions

In this paper, we propose a new robust and efficient sequential subspace clustering
method, referred to as JCLLM, which emphasizes the simultaneous minimization of the
capped ¢, norm loss and the /3, norm regularizer. The capped /¢, norm-based regres-
sion loss function is robust to outliers in datasets, and the /5, norm regularization is
used to enforce the temporal properties of sequential data when 0 < p < 1. An efficient
approach is employed to solve the problem, and convergence analysis demonstrates the
method’s convergence behavior. We provide an example using the capped ¢, norm to
illustrate its robustness. The proposed JCLLM is tested on various types of data, includ-
ing synthetic, video, human activity, and face data. The experimental results show that
our method outperforms state-of-the-art methods, such as SSC, LRR, SpatSC, OSC, and
TSC. In the future, we plan to explore the addition of the capped /5, norm to further
enforce the temporal properties. Additionally, we aim to investigate the application of
the capped norm to other tasks.
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