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Abstract. In this paper, we propose and develop a novel variational model based on

hue-saturation similarity and fuzzy membership function for color image segmenta-
tion. The main contribution of the proposed model is that we determine different

segments by using the similarity of hue and saturation information in hue, satura-
tion, and value color space. We first provide specific definitions of the hue/saturation

distance to describe hue-saturation similarity, then formulate a novel data fitting

term with an adaptive weight coefficient by using hue-saturation similarity in the
proposed energy functional. Two efficient iterative algorithms based on coordinate

descent method and alternating direction method of multipliers have been proposed

to solve the proposed optimization problem. Theoretically we study the existence of
the solution of the proposed model and the convergence of the proposed coordinate

descent algorithm. Numerical experimental results demonstrate that the segmenta-
tion performance of the proposed model is much better than that of other existing

color image segmentation methods.
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1. Introduction

Image segmentation is the process to partition an image into different regions ac-

cording to similar characteristics such as intensities, textures, and colors [10]. As one

of the well-known variational approaches, region competition [39] is an algorithm de-
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rived by minimizing a generalized Bayes/minimum description length criterion using

the variational principle. Geodesic active contour [5] and geodesic active region [25]

techniques are proposed based on active contours evolving in time according to intrin-

sic geometric measures of the images to detect boundaries or textured features. Sparse

subspace clustering (SSC) [11] method constructs a self-representation coefficient ma-

trix to represent the relationships between pixels, and then uses spectral clustering to

achieve clustering. To overcome the limitations of poor feature representation and com-

putational inefficiency, Wu and Zhao [35] proposed a robust superpixel-based fuzzy

SSC algorithm which constructs a unified optimization learning framework through

fuzzy C-multiple-means clustering, Zhu et al. [40] designed a joint SSC method to cap-

ture the structural features in the representation matrix via the L2-norm constraint.

The Mumford-Shah model [23,24] aims to find an optimal piecewise smooth function

to approximate the original image, while Chan-Vese model [9] further gives a simpli-

fication of the objective function aiming to partition the image domain into several

segments with constant intensities. Several convex relaxation approaches [3, 6, 21]

unify the Mumford-Shah model and the Rudin-Osher-Fatemi model (ROF) or other

regularization term such as L1-norm [36] to overcome the nonconvexity of Mumford-

Shah model. Another simplification is to restrict the solution to be piecewise constant,

which leads to the so-called piecewise-constant Mumford-Shah model [28, 32]. Grady

and Alvino [12] reformulated the corresponding Mumford-Shah model on an arbitrary

graph and apply combinatorial optimization to produce a fast, low-energy solution.

In [4, 7], the segmentation procedure of the Mumford-Shah model was divided into

two steps: getting a smooth image and thresholding it, and in [2,19], an additional di-

mension lifting step was proposed for enriching image information. More information

on the introduction of the Mumford-Shah model can be found in [31].

Different from the geometric term designed for forcing the total length of the re-

gion boundaries, fuzzy segmentation methods such as the multiphase soft segmenta-

tion model (SCV) [17, 18] associate image pixels with segmentation regions by using

fuzzy membership functions to represent probabilities. Several researches combine

fuzzy segmentation methods with active contour methods [1, 13, 37], region competi-

tion method [22], denoising regularization [8, 38], Lie group method [29], and other

methods to get more robust segmentation results. Meanwhile, bias field (intensity

inhomogeneity) may occur in real images with different modalities like nonuniform

illumination. Bias correction has been considered in several approaches [15, 16, 26],

where a smooth function is proposed to estimate the bias field, and the original image

is approximated by the product of a piecewise constant function (segmentation results)

and a smooth function (bias field).

Most of the methods mentioned above have rarely considered the situation for color

image segmentation. Li et al. [16] proposed a Fuzzy Mumford-Shah (FMS) model,

which further considers the recovery of the bias field based on the fuzzy segmentation

method and the Mumford-Shah model. By calculating the average energy of all chan-

nels, FMS can be extended for color image segmentation tasks. Cai et al. [2] proposed

a smoothing, lifting, and thresholding (SLaT) method with three stages for the mul-
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tiphase segmentation of color images. The first smoothing stage is to apply a convex

variant of the Mumford-Shah model to each channel to obtain a smooth image. The

second lifting stage is to compose a vector-valued image based on the smooth image

and its transformed version in a secondary color space, such as the Lab color space [20],

to properly handle the color information. The third thresholding stage is to apply mul-

tichannel thresholding to the combined vector-valued image to find the segmentation.

Jia et al. [14] proposed a novel saturation distance of color images, which is used to

describe the differences of color pixels through channel coupling. Wang et al. [33]

introduced the saturation distance into the fuzzy Mumford-Shah functional and pro-

posed the saturation-component based Fuzzy Mumford-Shah model (SFMS) for color

image segmentation. Compared to the FMS model, the SFMS model can better seg-

ment color images based on color information, and reduce the interference caused by

shadows, textures, etc. Recently, Wang et al. [34] further proposed a hue based color

image restoration model. This observation inspires us to incorporate hue information

into color image segmentation models.

In this paper, we propose a novel variational model for color image segmentation

based on hue-saturation similarity. Since the hue and saturation components in the

hue, saturation, and value (HSV) color space provide more intuitive color information

than the RGB space, we introduce hue-saturation similarity by providing specific defi-

nitions of the hue and saturation distance in order to capture more color information

and describe the inherent correlation among the red, green, and blue channels. In the

proposed energy functional, a piecewise smooth image is approximated by the product

of a piecewise constant function (segmentation results) and a smooth function (bias

field). Meanwhile, a novel data fitting method has been proposed based on the idea of

hue-saturation similarity, and an adaptive weight coefficient of the hue similarity term

has been incorporated. Specifically, we formulate the fidelity term by minimizing both

the hue distance and saturation distance between the input color image and the objec-

tive piecewise constant function, and we make use of the saturation part of the input

image as the weight of the hue similarity term to balance the role of the hue similar-

ity and saturation similarity adaptively. Numerically, two efficient iterative algorithms

including coordinate descent and alternating direction method of multipliers (ADMM)

iterations have been proposed to solve the proposed optimization problem. Theoret-

ically, we prove the existence of the model’s solution and analyze the convergence of

the proposed coordinate descent algorithm. Experiments on both natural and synthetic

images show that our model outperforms existing methods in segmentation accuracy.

The rest of this paper is organized as follows. In Section 2, we will introduce the

hue-saturation similarity of color images. In Section 3, we will formulate the pro-

posed segmentation model, and study the existence of the solution of the proposed

model. In Section 4, we will design two effective and efficient algorithms to solve the

proposed minimization problem. In Section 5, we present the comparison of the pro-

posed algorithms. Meanwhile, some experimental results are shown to demonstrate

the effectiveness of the proposed model. Finally, some concluding remarks are given in

Section 6.
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2. Hue-saturation similarity of color images

Wang et al. [33] proposed a saturation-component based fuzzy Mumford-Shah

model for color image segmentation, which made use of the saturation information.

Numerical experiments show that saturation information is very effective for most cases

in color image segmentation. However, if we consider more sophisticated color seg-

mentation, such as the segmentation of colors with different hue and similar saturation

(e.g. the segmentation of dark red and dark orange), or the segmentation of the same

color under different lighting conditions, saturation information is not sufficient. This

drives us to further study the role of hue similarity in color segmentation.

2.1. Hue similarity of color images

Assume that

f(x, y) =
(

fr(x, y), fg(x, y), fb(x, y)
)

,

h(x, y) =
(

hr(x, y), hg(x, y), hb(x, y)
)

are two given color images, then the hue distance of f and h can be described as

follows, and the hue similarity can be reflected by hue distance,

‖f(x, y)−h(x, y)‖H =

{

|H(f)(x, y) −H(h)(x, y)|, |H(f)(x, y) −H(h)(x, y)| < π,

2π − |H(f)(x, y) −H(h)(x, y)|, |H(f)(x, y) −H(h)(x, y)| ≥ π,

where the hue H(f) can be described as follows:

H(f) =























h(f), β1(f) > 0, β2(f) ≥ 0,

π − h(f), β1(f) ≤ 0, β2(f) > 0,

π + h(f), β1(f) < 0, β2(f) ≤ 0,

2π − h(f), β1(f) ≥ 0, β2(f) < 0,

h(f) = tan−1

( √
3|fg − fb|

|2fr − fg − fb|

)

, (2.1)

β1(f) = sign(2fr − fg − fb), β2(f) = sign(fg − fb). (2.2)

The detailed derivation of h(·) and H(·) can be found in [34].

2.2. Saturation similarity of color images

As is discussed in [14], the saturation distance of f and h can be described as

follows, and the saturation similarity can be reflected by saturation distance,

‖f(x, y)− h(x, y)‖S =
1

3

∥

∥

∥

∥

∥

∥





2 −1 −1
−1 2 −1
−1 −1 2









fr(x, y)− hr(x, y)
fg(x, y)− hg(x, y)
fb(x, y)− hb(x, y)





∥

∥

∥

∥

∥

∥

2

.
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3. Color image segmentation by hue-saturation similarity

3.1. The formulation of the proposed model

In this paper, we propose to use the following model for color image:

U(x) = g(x)ci + n(x), x ∈ Ωi,

where U : Ω → R
d with Ω ∈ R

2 being a bounded open connected set is the given image

to be segmented. Here d = 1 is for gray-scale image, d = 3 is for RGB color image, and

d > 3 is for many cases such as hyperspectral image [27] and medical image [30]. We

focus on color image (d = 3) in this paper. The smooth function g represents the bias

field which is introduced to deal with illumination inhomogeneity for color images, and

it is assumed to be valued around 1. ci is a constant, n represents the noise, and Ωi

refers to a segment of the partition. Based on the idea of fuzzy membership function

and the definition of hue-saturation similarity, we propose the following hue-saturation

fuzzy (HSF) segmentation model:

E(αi, g, c) = λ

N
∑

i=1

∫

Ω

(

‖U− gci‖2S + ρ1‖U− ci‖2S + ρ2 (‖U‖S‖U− ci‖H)2
)

αp
i dx

+ µ

∫

Ω
|∇g|2dx+

N
∑

i=1

∫

Ω
|∇αi|dx (3.1)

with the input image U partitioned into N regions. U = (U1, U2, U3), ci = (ci1, ci2, ci3)
refers to the RGB channels of input image and the i-th part of the segment result, αi is

the fuzzy membership function which is constrained by

0 ≤ αi ≤ 1,

N
∑

i=1

αi = 1. (3.2)

In the proposed functional, we consider L2 norm of the gradient to model the

smooth bias function g, and we apply total variation to model the fuzzy membership

function αi. For the data fitting term, we make use of ‖U − ci‖S and ‖U − gci‖S to

illustrate the saturation similarity. As one of the most important contributions, we in-

troduce ‖U− ci‖H to illustrate the hue similarity. The intention of the proposed model

is to handle the segmentation of colors with similar hue plus different saturation or

different hue plus similar saturation. We give a simple example in Fig. 1 to illustrate

the effect of the hue similarity term. First, we can see that the red part is divided into

dark red and light red (similar hue plus different saturation), and we tend to segment

the entire red part in this case. However, we see from the result that only using the

saturation similarity is not sufficient to give the expected segmentation for the case of

one color (same hue) with different saturation. Meanwhile, we also expect to separate

the yellow part and the red part (different hue plus similar saturation) in the segmen-

tation result, but using only saturation similarity can not meet our expectation neither.
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Figure 1: Left to right: the input image; the segmentation result by using HSF without the saturation
weight; the segmentation result by using only saturation similarity; the segmentation result by using HSF
with the saturation weight. The parameters of HSF: (λ, ρ1, ρ2, µ) = (1e-2, 1e-3, 1e2, 2e5).

After introducing the hue similarity term in the proposed HSF model, we see that the

segmentation result is exactly what we expected. Another important contribution of

the proposed model is that we introduce an adaptive weight coefficient of the hue sim-

ilarity term, i.e., we make use of the saturation part of the input image ‖U‖S as the

weight of ‖U − ci‖H . The mechanism is as follows, hue similarity plays a major role

where the saturation is high, while saturation similarity plays a major role where the

saturation is low. For the area where the saturation is moderate, hue similarity and

saturation similarity work at the same time. In Fig. 1, we can see that without ‖U‖S ,

the white background with light red color and the red region are segmented into the

same area. This is mainly because that without ‖U‖S , the effect of the hue similarity

is over-amplified where the saturation is low. Therefore, we introduce the saturation

weight to balance the role of the hue similarity and saturation similarity adaptively.

3.2. The existence of the solution

Noting that if (g, ci) is a solution, (kg, ci/k) is also a solution with a scaling factor

k when minimizing the functional in (3.1). Then the uniqueness of the solution is not

available. Therefore, we set the scale of ci by using the following formula:

cij =



















∫

Ω
Ujα

p
i dx

(∫

Ω
αp
i dx

)−1

,

∫

Ω
αp
i dx > 0,

0,

∫

Ω
αp
i dx = 0,

j = 1, 2, 3, (3.3)

which gives the mean value of image U in Ωi.

Suppose Ω is a bounded open subset of R2m with a positive integer m. Let B
m

denote the closed united ball in R
m and Km = C1(Ω,B2m) be the set of continuously

differentiable and bounded functions from the compact support in Ω to B
2m. We define

BV(Ω) as follows:

BV(Ω) =

{

u ∈ L1(Ω);

∫

Ω
|Du| = sup

ξ∈Km

{∫

Ω
udivξdx

}

< ∞
}

,
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where Du is called the distributional gradient of u. Assume that Uj ∈ L∞(Ω),
j = 1, 2, 3, the energy functional (3.1) is well-defined in the following admissible set:

Λ =
{

αi ∈ BV(Ω), i = 1 : N, satisfies (3.2); g ∈ W 1,2(Ω); c ∈ R
N × R

N × R
N
}

.

Now we give the existence result of the minimizer of functional (3.1).

Theorem 3.1. Assume that Uj ∈ L∞(Ω) and Uj ≥ 0, j = 1, 2, 3, then for fixed parameters

N,λ, ρ1, ρ2, µ, there exists a minimizer of (3.1) in the admissible set Λ.

Proof. As E ≥ 0, the infimum of E exists. Let {(αn
i , g

n, cn)} ⊆ Λ be a minimizing

sequence of E, which gives E(αn
i , g

n, cn) → inf E(αi, g, c) as n → ∞.

Notice that as taking g = 0, α1 = 1, αi = 0 (i = 2, . . . , N), c1j =
∫

Ω Ujdx/|Ω|
(j = 1, 2, 3), ci = 0 (i = 2, . . . , N), E will be a finite value, so inf E(αi, g, c) is finite.

Then upto a subsequence of {(αn
i , g

n, cn)}, which still denoted by {(αn
i , g

n, cn)}, there

exists a constant M1 ≥ 0 satisfies that E(αn
i , g

n, cn) ≤ M1, then each term is bounded.

Specially,

λ

∫

Ω
‖U − gci‖2S(αn

i )
pdx ≤ M1, µ

∫

Ω
|∇gn|2dx ≤ M1,

∫

Ω
|∇αn

i |dx ≤ M1. (3.4)

Since 0 ≤ αn
i ≤ 1,

‖αn
i ‖L1(Ω) =

∫

Ω
αn
i dx ≤ |Ω|.

Together with (3.4), we deduce that αn
i is uniformly bounded in BV(Ω) for i = 1, . . . , N .

By using the compactness of BV space, there is a subsequence of {αn
i } which still de-

noted by {αn
i }, and a function α∗

i ∈ BV(Ω), satisfies that

αn
i → α∗

i strongly in L1(Ω), αn
i → α∗

i a.e. x ∈ Ω,

∇αn
i → ∇α∗

i in the sense of measure.

By using the lower-semicontinuity of total variation, we have
∫

Ω
|∇α∗

i |dx ≤ lim inf
n→∞

∫

Ω
|∇αn

i |dx. (3.5)

Meanwhile, α∗
i satisfies (3.2). By using formula (3.3), we can deduce that

0 ≤ cnij ≤ ‖Uj‖L∞(Ω),

which means {cnij} is also bounded. So there is a subsequence of {cnij} which still

denoted by {cnij}, satisfies that

cnij → c∗ij, c∗ij =



















∫

Ω
Uj(α

∗
i )

pdx

(∫

Ω
(α∗

i )
pdx

)−1

,

∫

Ω
(α∗

i )
pdx > 0,

0,

∫

Ω
(α∗

i )
pdx = 0,

j = 1, 2, 3.
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We unfold the first inequality of (3.4) and derive that
∫

Ω
[(2U1 − U2 − U3)− gn(2cni1 − cni2 − cni3)]

2 (αn
i )

pdx ≤ M1,

∫

Ω
[(−U1 + 2U2 − U3)− gn(−cni1 + 2cni2 − cni3)]

2 (αn
i )

pdx ≤ M1,

∫

Ω
[(−U1 − U2 + 2U3)− gn(−cni1 − cni2 + 2cni3)]

2 (αn
i )

pdx ≤ M1.

As U1, U2, U3 are constants and cnij is bounded, unless U1 = U2 = U3, which means the

given color image has degraded into a grayscale image, max{(2cni1 − cni2 − cni3)
2, (−cni1 +

2cni2 − cni3)
2, (−cni1 − cni2 + 2cni3)

2} must be positive, which derives that
∫

Ω
(gn)2(αn

i )
pdx ≤ M2

for some fixed M2 > 0. By using [16, Lemma 3.2], there exists ρ(x) ∈ L2(Ω) such that

• ρ(x) ≥ 0 and
∫

Ω ρdx = 1;

• for some fixed M3 > 0,
∣

∣

∫

Ω gnρdx
∣

∣ ≤ M3.

By using the generalized Poincaré inequality on Ω, we get

‖gn − 〈gn, ρ〉‖L2(Ω) ≤ K‖∇gn‖L2(Ω)

for some fixed K, which means ‖gn‖L2(Ω) can be controlled by ‖∇gn‖L2(Ω). Together

with (3.4), we can easily derive that ‖gn‖W 1,2(Ω) is uniformly bounded. Then there

is a subsequence of {gn} which still denoted by {gn}, and a function g∗ ∈ W 1,2(Ω),
satisfies that

gn → g∗ strongly in L2(Ω), gn → g∗ a.e. x ∈ Ω, gn → g∗ weakly in W 1,2(Ω).

By using the lower-semicontinuity, we have
∫

Ω
|∇g∗|2dx ≤ lim inf

n→∞

∫

Ω
|∇gn|2dx. (3.6)

Finally, by using Fatou’s Lemma, we derive that
∫

Ω

(

|U− g∗c∗i |2S + ρ1|U− c∗i |2S + ρ2 (‖U‖S |U− c∗i |H)2
)

(α∗
i )

pdx

≤ lim inf
n→∞

∫

Ω

(

|U− gncni |2S + ρ1|U− cni |2S + ρ2 (‖U‖S |U− cni |H)2
)

(αn
i )

pdx. (3.7)

Combining the inequalities (3.5)-(3.7), considering a suitable subsequence, we have

E(α∗, g∗, c∗) ≤ lim inf
n→∞

E(αn, gn, cn) = inf E(α, g, c),

which proves that (α∗, g∗, c∗) ∈ Λ is a minimizer of E.
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4. Numerical algorithm

4.1. Coordinate descent based algorithm

In this section, we present an alternative minimization algorithm to solve the pro-

posed optimization problem, which is a generalization of the algorithm proposed

in [16]. We conclude it as the following Algorithm 4.1.

Algorithm 4.1

1. Initialization: randomly set α0
i , set g0 = 1, set c0i by using formula (3.3).

2. For fixed cki , α
k
i , update gk+1 by solving

gk+1 = argmin
g

N
∑

i=1

λ

2

∫

Ω

∥

∥U− gcki
∥

∥

2

S
(αk

i )
pdx+

µ

2

∫

Ω
|∇g|2dx. (4.1)

3. For fixed gk+1, cki , update αk+1
i by solving

αk+1
i = argmin

αi

λ

2

N
∑

i=1

∫

Ω
dki α

p
i dx+

N
∑

i=1

∫

Ω
|∇αi|dx, (4.2)

where

dki =
∥

∥U− gk+1cki
∥

∥

2

S
+ ρ1

∥

∥U− cki
∥

∥

2

S
+ ρ2

(

‖U‖S
∥

∥U− cki
∥

∥

H

)2
.

4. For fixed αk+1
i , gk+1, update ck+1

i by using formula (3.3).

5. Go back to Step 2 until |αk+1
i − αk

i |2/|αk
i |2 < ǫ for fixed ǫ.

4.1.1. Updating g

We first give the Euler-Lagrange equation of the optimization problem with respect to

g (4.1). By letting q = U− gcki , then the Euler-Lagrange equation can be given as

N
∑

i=1

λ

9

[

(2q1 − q2 − q3)
(

2cki1 − cki2 − cki3
)

+ (2q2 − q1 − q3)
(

2cki2 − cki1 − cki3
)

+(2q3 − q1 − q2)
(

2cki3 − cki1 − cki2
)

]

αp
i + µ△g = 0.

By letting

J1 =
1

3

N
∑

i=1

(

2U1c
k
i1 + 2U2c

k
i2 + 2U3c

k
i3 − U1c

k
i2 − U1c

k
i3

−U2c
k
i1 − U2c

k
i3 − U3c

k
i1 − U3c

k
i2

)

(αk
i )

p,
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J2 =
2

3

N
∑

i=1

(

(cki1)
2 + (cki2)

2 + (cki3)
2 − cki1c

k
i2 − cki1c

k
i3 − cki2c

k
i3

)

(αk
i )

p,

the above Euler-Lagrange equation can be simplified as follows:

λ(J1 − J2g) + µ△g = 0. (4.3)

We consider the following discrete scheme of △g:

(△g)x,y = gx+1,y + gx−1,y + gx,y+1 + gx,y−1 − 4gx,y

to provide the following Gauss-Seidel iteration formula for solving g subproblem with

periodic boundary condition,

gk,t+1
x,y =

µ(gk,tx+1,y + gk,t+1
x−1,y + gk,tx,y+1 + gk,t+1

x,y−1) + λ(J1)x,y

4µ+ λ(J2)x,y
,

where x, y denotes the grid, t is the inner iteration index.

4.2. Updating αi

In this section, we fix g, ci, and update αi. We set p = 2 in practice. The optimiza-

tion problem with respect to αi (4.2) can be written as,

min
αi

E(αi) =
λ

2

N
∑

i=1

∫

Ω
diα

2
i dx+

N
∑

i=1

∫

Ω
|∇αi|dx,

subject to 0 ≤ αi ≤ 1,
∑N

i=1 αi = 1. We use the following iterative method introduced

in [16] to solve the above minimization problem:



























yt+1
i = min

{

1

τ
, |yt

i + τ∇αt
i|
}

yt
i + τ∇αt

i

|yt
i + τ∇αt

i|
,

vt+1
i = αt

i − θ∇⊤yt+1
i ,

αt+1
i = min

{

max

{

vt+1
i

1 + λθdi
−
∑N

j=1(v
t+1
j /(1 + λθdj))− 1

∑N
j=i (1 + λθdi)/(1 + λθdj)

, 0

}

, 1

}

.

Here yi and vi are two auxiliary variables introduced as the intermediate iterative

variables, where i indicates i-th phase same as the subscript of αi, and t represents

the t-th iteration. Parameters τ and θ only influence the convergence speed. We only

iterate once in each iterative step from αk
i to αk+1

i in practice.
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4.3. Convergence analysis

We first give the following lemma to illustrate that ck+1
i given by formula (3.3) is

one of the minimizers of c subproblem in Algorithm 4.1.

Lemma 4.1. If µ (which is the weight of ∇g) is set to be large enough, and there is

a positive constant s > 0 such that |U|S ≥ s holds on Ω. Then with a proper number

of image segmentation regions N , formula (3.3) gives an approximate solution of the

following minimization problem:

argmin
c

{

Ec(c) =

N
∑

i=1

∫

Ω

(

‖U− gk+1ci‖2S + ρ1‖U− ci‖2S

+ρ2 (‖U‖S‖U− ci‖H)2
)

αp
i dx

}

. (4.4)

Proof. We consider the following three minimization problem:

argmin
c

{

E1(c) =
N
∑

i=1

∫

Ω
‖U− ci‖2Sαp

i dx

}

,

argmin
c

{

E2(c) =

N
∑

i=1

∫

Ω
‖U− gk+1ci‖2Sαp

i dx

}

,

argmin
c

{

E3(c) =
N
∑

i=1

∫

Ω
(‖U‖S‖U− ci‖H)2 αp

i dx

}

.

For energy functional E1(c), we calculate the first-order variation as follows:

δE1(c)

δc
=

2

3























N
∑

i=1

∫

Ω

(

(2ci1 − ci2 − ci3)− (2U1 − U2 − U3)
)

αp
i dx

N
∑

i=1

∫

Ω

(

(2ci2 − ci3 − ci1)− (2U2 − U3 − U1)
)

αp
i dx

N
∑

i=1

∫

Ω

(

(2ci3 − ci1 − ci2)− (2U3 − U1 − U2)
)

αp
i dx























.

It is clear that when ci satisfies

∫

Ω
cijα

p
i dx =

∫

Ω
Ujα

p
i dx,

which is consist with formula (3.3), we get that

δE1(c)

δc

∣

∣

∣

∣

c=ck+1

= 0. (4.5)
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For energy functional E2(c), we calculate the first-order variation as follows:

δE2(c)

δc
=

2

3























N
∑

i=1

∫

Ω

(

gk+1(2ci1 − ci2 − ci3)− (2U1 − U2 − U3)
)

αp
i dx

N
∑

i=1

∫

Ω

(

gk+1(2ci2 − ci3 − ci1)− (2U2 − U3 − U1)
)

αp
i dx

N
∑

i=1

∫

Ω

(

gk+1(2ci3 − ci1 − ci2)− (2U3 − U1 − U2)
)

αp
i dx























.

We find that if ci is given by formula (3.3), then we get

δE2(c)

δc

∣

∣

∣

∣

c=ck+1

=
2

3























N
∑

i=1

∫

Ω
(gk+1 − 1)(2U1 − U2 − U3)α

p
i dx

N
∑

i=1

∫

Ω
(gk+1 − 1)(2U2 − U1 − U3)α

p
i dx

N
∑

i=1

∫

Ω
(gk+1 − 1)(2U3 − U1 − U2)α

p
i dx























.

We sum all pixels of both side of Eq. (4.3), we then have

λ
∑

i,j

(J1 − J2g) + µ
∑

i,j

△g = 0.

If µ → ∞, g is forced to be flat, which means there exists a constant c, g(i, j) = c for all

pixels. By the definition of J1, J2 given in Section 4.1.1, the formula (3.3), it is easy to

deduce that
∑

i,j J1 =
∑

i,j J2. Now the equation is degenerated into

λ
∑

i,j

(J1 − J1c) = 0,

which gives c = 1. Therefore, by setting µ large enough, we can assume that |gk+1 − 1|
is a small quantity ǫ1. Also, as Ui ∈ [0, 1], αi ∈ [0, 1] are bounded, then

|(2U1 − U2 − U3)α
p
i | ≤ 4, |(2U2 − U1 − U3)α

p
i | ≤ 4, |(2U3 − U1 − U2)α

p
i | ≤ 4.

Therefore, we can deduce that

∣

∣

∣

∣

δE2(c)

δc

∣

∣

∣

∣

c=ck+1

∣

∣

∣

∣

≤
(

8

3

N
∑

i=1

∫

Ω
ǫ1dx

)

· 1. (4.6)

For energy functional E3(c), by setting proper number of image segmentation re-

gions N , we can assume that for each segmentation region Ωi, the hue and saturation

of each pixel are almost the same, which gives the following assumption:

‖U− ci‖H = |h(ci)− h(U)|, ‖U‖2S = S2 + ǫ2,
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where S is a constant refers to the approximate saturation of Ωi, and ǫ2 is a small

quantity. By this assumption, we can derive the first-order variation as follows:

δE3(c)

δc
= 2

N
∑

i=1

δh(ci)

δci

(

S2

∫

Ω

(

h(ci)− h(U)
)

αp
i dx+

∫

Ω
ǫ2
(

h(ci)− h(U)
)

αp
i dx

)

.

We rewrite h(U) through the first order Taylor expansion,

∫

Ω
h(U)αp

i dx =

∫

Ω

(

h(ci) +
δh(c)

δc

∣

∣

∣

∣

c=ci

(U− ci) + o(U− ci)

)

αp
i dx

=

∫

Ω
h(ci)α

p
i dx+

δh(c)

δc

∣

∣

∣

∣

c=ci

∫

Ω
(U− ci)α

p
i dx+

∫

Ω
ǫ3α

p
i dx,

where ǫ3 is a small quantity regarded as o(U−ci). It is clear that formula (3.3) satisfies

∫

Ω

(

U− ck+1
i

)

αp
i dx = 0,

then we have
∫

Ω
h(U)αp

i dx =

∫

Ω
h
(

ck+1
i

)

αp
i dx+

∫

Ω
ǫ3α

p
i dx,

then we can get that

δE3(c)

δc

∣

∣

∣

∣

c=ck+1

= 2

N
∑

i=1

δh(c)

δc

∣

∣

∣

∣

c=c
k+1

i

(
∫

Ω
ǫ2

(

h(ck+1
i )− h(U)

)

αp
i dx− S2

∫

Ω
ǫ3α

p
i dx

)

.

Similarly, we can also rewrite ‖U‖2S as follows:

∫

Ω
‖U‖2Sαp

i dx =

∫

Ω

∥

∥ck+1
i

∥

∥

2

S
αp
i dx+

∫

Ω
ǫ4α

p
i dx,

where ǫ4 is a small quantity regarded as o(U−ci). Using the assumption ‖U‖S ≥ s > 0,

we can deduce that

∥

∥ck+1
i

∥

∥

2

S
=

∫

Ω
‖U‖2Sαp

i dx

(∫

Ω
αp
i dx

)−1

−
∫

Ω
ǫ4α

p
i dx

(∫

Ω
αp
i dx

)−1

≥ s2 −
∫

Ω
ǫ4α

p
i dx

(∫

Ω
αp
i dx

)−1

>
s2

2
.

In [34], the detailed calculation of δh(c)/δc is given as

δh(c)

δc

∣

∣

∣

∣

c=c
k+1

i

=
2β1β2√
3‖ck+1

i ‖2S









ck+1
i3 − ck+1

i2

ck+1
i1 − ck+1

i3

ck+1
i2 − ck+1

i1









,
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where β1, β2 have the same meaning in formula (2.1). As cij ∈ [0, 1], h(c) ∈ [0, π/2] are

bounded, we have

∣

∣

∣

∣

δh(c)

δc

∣

∣

∣

∣

c=ck+1

∣

∣

∣

∣

≤ 8√
3s2

· 1,
∣

∣

∣

∣

δE3(c)

δc

∣

∣

∣

∣

c=ck+1

∣

∣

∣

∣

≤
N
∑

i=1

16√
3s2

(

π

∫

Ω
ǫ2dx+ S2

∫

Ω
ǫ3dx

)

· 1. (4.7)

Combine the formulas (4.5)-(4.7), we can finally get that formula (3.3) satisfies

∣

∣

∣

∣

δEc(c)

δc

∣

∣

∣

∣

c=ck+1

∣

∣

∣

∣

=

∣

∣

∣

∣

(

ρ1
δE1(c)

δc
+

δE2(c)

δc
+ ρ2

δE3(c)

δc

) ∣

∣

∣

∣

c=ck+1

∣

∣

∣

∣

≤
N
∑

i=1

(

8

3

∫

Ω
ǫ1dx+

16ρ2π√
3s2

∫

Ω
ǫ2dx+

16ρ2S
2

√
3s2

∫

Ω
ǫ3dx

)

· 1 ≤ ǫM,

where

M = N |Ω|
(

8

3
+

16ρ2π√
3s2

+
16ρ2S

2

√
3s2

)

· 1,

ǫ is a fixed small quantity which is larger than ǫ1, ǫ2, ǫ3 and is not depend on Ω. |Ω| is

the measure of Ω, which is also bounded. It is clear that M is finite, and the value is

not depend on the iteration k. Therefore, for proper parameter selection, formula (3.3)

is one of the approximate solutions of the minimization problem.

By Lemma 4.1, we can reasonably assume that

ck+1
i = argmin

c

{

E
(

αk+1
i , gk+1, c

)

}

.

Combine it with the following results in Algorithm 4.1:

gk+1 = argmin
g

{

E
(

αk
i , g, c

k
)

}

,

αk+1
i = argmin

αi

{

E
(

αi, g
k+1, ck

)

}

,

we can derive the following convergence result of the proposed algorithm.

Theorem 4.1. Let (αk
i , g

k, cki ) be the sequence derived from Algorithm 4.1, then (αk
i , g

k, cki )
converges to (α∗

i , g
∗, c∗i ) ∈ Λ (up to a subsequence) which is a coordinate minimizer of the

proposed energy E, i.e., for any (αi, g, ci) ∈ Λ, we have

E(α∗
i , g

∗, c∗i ) ≤ E(α∗
i , g, c

∗
i ),

E(α∗
i , g

∗, c∗i ) ≤ E(α∗
i , g

∗, ci),

E(α∗
i , g

∗, c∗i ) ≤ E(αi, g
∗, c∗i ).
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Proof. We first show the following inequality:

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk+1
i , gk+1, cki

)

≤ E
(

αk
i , g

k+1, cki
)

≤ E
(

αk
i , g

k, cki
)

. (4.8)

Remark that the sequence (αk
i , g

k, cki ) satisfies

ck+1
i = argmin

c

{

E
(

αk+1
i , gk+1, c

)

}

,

which means

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk+1
i , gk+1, c

)

, ∀c ∈ R
d.

Specifically, we choose c as cki , then we have

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk+1
i , gk+1, cki

)

,

which gives the first part of inequality (4.8). The following parts can be deduced by

using similar arguments.

From the above inequality, E(αk
i , g

k, cki ) is bounded. As discussed in Theorem 3.1,

we can find subsequences (which are still noted as (αk
i , g

k, cki )) in the admissible set

such that

αn
i → α∗

i strongly in L1(Ω), αn
i → α∗

i a.e. x ∈ Ω,

∇αn
i → ∇α∗

i in the sense of measure,

gn → g∗ strongly in L2(Ω), gn → g∗ a.e. x ∈ Ω,

gn → g∗ weakly in W 1,2(Ω),

cki → c∗i

with (α∗
i , g

∗, c∗i ) ∈ Λ. Recall that E(αk
i , g

k, cki ) ≥ 0, then there exists m ≥ 0 such that

m = lim
k→∞

E
(

αk
i , g

k, cki
)

.

We then show the following inequalities:

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

k, cki
)

≤ E
(

αk
i , g

k, c∗i
)

,

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

k+1, cki
)

≤ E
(

αk
i , g

∗, cki
)

,

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

k, cki
)

≤ E
(

αk
i , g

k, ck−1
i

)

≤ E
(

α∗
i , g

k, ck−1
i

)

.

Remark that the sequence (αk
i , g

k, cki ) satisfies

cki = argmin
c

{

E
(

αk
i , g

k, c
)

}

,

which means

E
(

αk
i , g

k, cki
)

≤ E(αk
i , g

k, c), ∀c ∈ R
d.
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Specifically, we choose c as c∗i and combine it with inequality (4.8), we then have

E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

k, cki
)

≤ E
(

αk
i , g

k, c∗i
)

.

Other inequalities can be deduced by using similar arguments. By summing the above

inequalities, we can derive that

3E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

∗, cki
)

+ E
(

αk
i , g

k, c∗i
)

+ E
(

α∗
i , g

k, ck−1
i

)

.

By rewriting the right-hand side, we obtain that

E
(

αk
i , g

∗, cki
)

+E
(

αk
i , g

k, c∗i
)

+ E
(

α∗
i , g

k, ck−1
i

)

= E
(

α∗
i , g

∗, c∗i
)

+ 2E
(

αk
i , g

k, cki
)

+ λ

N
∑

i=1

∫

Ω

(

‖U− g∗cki ‖2S + ρ1‖U− cki ‖2S + ρ2

(

‖U‖S‖U− cki ‖H
)2
)

(αk
i )

pdx

+ λ
N
∑

i=1

∫

Ω

(

‖U− gkc∗i ‖2S + ρ1‖U− c∗i ‖2S + ρ2 (‖U‖S‖U− c∗i ‖H)2
)

(αk
i )

pdx

+ λ

N
∑

i=1

∫

Ω

(

‖U− gkck−1
i ‖2S + ρ1‖U− ck−1

i ‖2S

+ρ2

(

‖U‖S‖U− ck−1
i ‖H

)2
)

(α∗
i )

pdx

− λ

N
∑

i=1

∫

Ω

(

‖U− g∗c∗i ‖2S + ρ1‖U− c∗i ‖2S + ρ2 (‖U‖S‖U− c∗i ‖H)2
)

(α∗
i )

pdx

− 2λ

N
∑

i=1

∫

Ω

(

‖U− gkcki ‖2S + ρ1‖U− cki ‖2S + ρ2

(

‖U‖S‖U− cki ‖H
)2
)

(αk
i )

pdx.

By using the convergence results listed above, when k → ∞, we can easily deduce that

N
∑

i=1

∫

Ω

(

‖U− gkcki ‖2S + ρ1‖U− cki ‖2S + ρ2

(

‖U‖S‖U − cki ‖H
)2
)

(αk
i )

pdx

→
N
∑

i=1

∫

Ω

(

‖U− g∗c∗i ‖2S + ρ1‖U− c∗i ‖2S + ρ2 (‖U‖S‖U− c∗i ‖H)2
)

(α∗
i )

p,

N
∑

i=1

∫

Ω

(

‖U− g∗cki ‖2S + ρ1‖U− cki ‖2S + ρ2

(

‖U‖S‖U− cki ‖H
)2
)

(αk
i )

pdx

→
N
∑

i=1

∫

Ω

(

‖U− g∗c∗i ‖2S + ρ1‖U− c∗i ‖2S + ρ2 (‖U‖S‖U− c∗i ‖H)2
)

(α∗
i )

p,

N
∑

i=1

∫

Ω

(

‖U− gkck−1
i ‖2S + ρ1‖U− ck−1

i ‖2S + ρ2

(

‖U‖S‖U− ck−1
i ‖H

)2
)

(α∗
i )

pdx
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→
N
∑

i=1

∫

Ω

(

‖U− g∗c∗i ‖2S + ρ1‖U − c∗i ‖2S + ρ2 (‖U‖S‖U− c∗i ‖H)2
)

(α∗
i )

p.

Therefore, let k → ∞ we have

3m ≤ E
(

α∗
i , g

∗, c∗i
)

+ 2m,

i.e.,

E
(

α∗
i , g

∗, c∗i
)

≥ m.

Combining with the lower-semicontinuity result, we finally get that

m = lim inf
k→∞

E
(

αk
i , g

k, cki
)

≥ E
(

α∗
i , g

∗, c∗i
)

≥ m,

which leads to

E
(

α∗
i , g

∗, c∗i
)

= m.

Then for any (αi, g, ci) ∈ Λ, we have

3E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g, c

k
i

)

+ E
(

αk
i , g

k, c∗i ) + E(α∗
i , g

k, ck−1
i

)

,

3E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

∗, cki
)

+ E
(

αk
i , g

k, ci
)

+ E
(

α∗
i , g

k, ck−1
i

)

,

3E
(

αk+1
i , gk+1, ck+1

i

)

≤ E
(

αk
i , g

∗, cki
)

+ E
(

αk
i , g

k, c∗i
)

+ E
(

αi, g
k, ck−1

i

)

.

We can get the following results by using similar arguments above

E
(

α∗
i , g

∗, c∗i
)

≤ E
(

α∗
i , g, c

∗
i

)

,

E
(

α∗
i , g

∗, c∗i
)

≤ E
(

α∗
i , g

∗, ci
)

,

E
(

α∗
i , g

∗, c∗i
)

≤ E
(

αi, g
∗, c∗i

)

.

The proof is complete.

4.4. ADMM based algorithm

In this subsection, we present an ADMM based algorithm to solve the proposed op-

timization problem. We first consider the following equivalent minimization problem:

E(αi, g, c, zi, vi, w)

=
λ

2

N
∑

i=1

∫

Ω

(

‖U− wci‖2S + ρ1‖U− ci‖2S + ρ2 (‖U‖S‖U− ci‖H)2
)

zpi dx

+
µ

2

∫

Ω
|∇g|2dx+

N
∑

i=1

∫

Ω
|∇αi|dx+

N
∑

i=1

τ(vi),

subject to zi = αi, w = g, vi = αi,

N
∑

i=1

zi = 1,
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where

τ(v) =

{

0, if 0 ≤ v ≤ 1,

+∞, otherwise.

We then give the augmented Lagrange function as follows:

E(αi, g, c, zi, vi, w, γi, θi, γ, θ)

=
λ

2

N
∑

i=1

∫

Ω

(

‖U− wci‖2S + ρ1‖U− ci‖2S + ρ2 (‖U‖S‖U− ci‖H)2
)

zpi dx+

N
∑

i=1

τ(vi)

+
µ

2

∫

Ω
|∇g|2dx+

N
∑

i=1

∫

Ω
|∇αi|dx+

N
∑

i=1

∫

Ω
γi · (zi − αi) dx+

β1
2

N
∑

i=1

∫

Ω
|zi − αi|2dx

+

∫

Ω
γ · (w − g) dx+

β2
2

∫

Ω
|w − g|2dx+

N
∑

i=1

∫

Ω
ηi · (vi − αi) dx

+
β3
2

N
∑

i=1

∫

Ω
|vi − αi|2dx+

∫

Ω
η ·
(

N
∑

i=1

zi − 1

)

dx+
β4
2

N
∑

i=1

∫

Ω

∣

∣

∣

∣

∣

N
∑

i=1

zi − 1

∣

∣

∣

∣

∣

2

dx,

where γi, ηi, γ, η are the dual variables corresponding to the constraints, β1, β2, β3, β4
are the penalty parameters. We conclude the ADMM iteration as the following Algo-

rithm 4.2.

Algorithm 4.2

1. Initialization of main variables: randomly set α0
i , set g0 = 1, set c0i by using

formula (3.3).

2. Initialization of auxiliary variables: set z0i = α0
i , v

0
i = α0

i , w
0 = g0 = 1.

3. Initialization of dual variables: set γ0i = 0, η0i = 0, γ0 = 0, η0 = 0.

## Block 1 ##

4. For other fixed variables, update αk+1
i by solving

αk+1
i = argmin

αi

∫

Ω
|∇αi|dx+

β1
2

∫

Ω

∣

∣

∣

∣

zki − αi +
γki
β1

∣

∣

∣

∣

2

dx

+
β3
2

∫

Ω

∣

∣

∣

∣

vki − αi +
ηki
β3

∣

∣

∣

∣

2

dx. (4.9)

5. For other fixed variables, update gk+1 by solving

gk+1 = argmin
g

µ

2

∫

Ω
|∇g|2dx+

β2
2

∫

Ω

∣

∣

∣

∣

wk − g +
γk

β2

∣

∣

∣

∣

2

dx. (4.10)

6. For other fixed variables, update ck+1
i by using

cij =



















∫

Ω
Ujz

p
i dx

(∫

Ω
zpi dx

)−1

,

∫

Ω
zpi dx > 0,

0,

∫

Ω
zpi dx = 0,

j = 1, 2, 3,

which is a same form discussed in formula (3.3).
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## Block 2 ##

7. For other fixed variables, update zk+1
i by solving

zk+1 = argmin
z

λ

2

N
∑

i=1

∫

Ω
dki z

p
i dx+

β1
2

N
∑

i=1

∫

Ω

∣

∣

∣

∣

zi − αk+1
i +

γki
β1

∣

∣

∣

∣

2

dx

+
β4
2

∫

Ω

∣

∣

∣

∣

∣

N
∑

i=1

zi − 1 +
ηk

β4

∣

∣

∣

∣

∣

2

dx, (4.11)

where

dki =
∥

∥U− wkck+1
i

∥

∥

2

S
+ ρ1

∥

∥U− ck+1
i

∥

∥

2

S
+ ρ2

(

‖U‖S‖U− ck+1
i ‖H

)2
.

8. For other fixed variables, update vk+1
i by solving

vk+1
i = argmin

vi

N
∑

i=1

τ(vi) +
β3
2

N
∑

i=1

∫

Ω

∣

∣

∣

∣

vi − αk+1
i +

ηki
β3

∣

∣

∣

∣

2

dx. (4.12)

## Block 3 ##

9. For other fixed variables, update wk+1 by solving

wk+1 = argmin
w

λ

2

N
∑

i=1

∫

Ω

∥

∥U− wck+1
i

∥

∥

2

S
(zk+1

i )pdx

+
β2
2

∫

Ω

∣

∣

∣

∣

w − gk+1 +
γk

β2

∣

∣

∣

∣

2

dx. (4.13)

## Dual variables updates ##

10. For other fixed variables, update γi, γ, ηi, η by

γk+1
i = γki + β1

(

zk+1
i − αk+1

i

)

,

γk+1 = γk + β2
(

wk+1 − gk+1
)

,

ηk+1
i = ηki + β3

(

vk+1
i − αk+1

i

)

,

ηk+1 = ηk + β4

(

N
∑

i=1

zk+1
i − 1

)

.

11. Go back to Step 4 until |αk+1
i − αk

i |2/|αk
i |2 < ǫ for fixed ǫ.

4.4.1. Updating αi

For αi sub-problem (4.9), which is a traditional total variation problem with a regu-

larization term plus two L2 data fidelity terms. We apply ADMM iteration to solve it

here.
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Let hi = ∇αi, set τ i be the auxiliary variables and θ be the penalty parameter, the

argumented Lagrange function is given as,

min
αi,hi,τ i

∫

Ω
|hi|dx+

β1
2

∫

Ω

∣

∣

∣

∣

zki − αi +
γki
β1

∣

∣

∣

∣

2

dx+
β3
2

∫

Ω

∣

∣

∣

∣

vki − αi +
ηki
β3

∣

∣

∣

∣

2

dx

+
θ

2

∫

Ω

∣

∣

∣
hi −∇αi +

τ i

θ

∣

∣

∣

2
dx.

Let t be the inner ADMM iteration index. For αi sub-problem

min
αi

β1
2

∫

Ω

∣

∣

∣

∣

zki − αi +
γki
β1

∣

∣

∣

∣

2

dx+
β3
2

∫

Ω

∣

∣

∣

∣

vki − αi +
ηki
β3

∣

∣

∣

∣

2

dx+
θ

2

∫

Ω

∣

∣

∣hi −∇αi +
τ i

θ

∣

∣

∣

2
dx

it is equivalent to solve the following equation:

(β1 + β3 + θ∇⊤ · ∇)αi = β1

(

zki +
γki
β1

)

+ β3

(

vki +
ηki
β3

)

+ θ∇⊤ ·
(

ht
i +

τ
t
i

θ

)

,

which can be quickly solved by using Fast Fourier transform (FFT),

αt+1
i = F−1









β1F(zki + γki /β1) + β3F(vki + ηki /β3)
+ θF(∇1)

∗F(hti1 + τ
t
i/θ) + θF(∇2)

∗F(hti2 + τ
t
i/θ)

β1 + β3 + θ (F(∇1)∗F(∇1) + F(∇2)∗F(∇2))









.

hi sub-problem

min
hi

∫

Ω
|hi|dx+

θ

2

∫

Ω

∣

∣

∣

∣

hi −∇αt+1
i +

τ
t
i

θ

∣

∣

∣

∣

2

dx,

has the following closed-form solution:

hi = max

{

0,

∣

∣

∣

∣

∇αt+1
i − τ

t
i

θ

∣

∣

∣

∣

− 1

θ

} ∇αt+1
i − τ

t
i/θ

∣

∣∇αt+1
i − τ

t
i/θ
∣

∣

.

τ i is updated by

τ
t+1
i = τ

t
i + θ

(

ht+1
i −∇αt+1

i

)

.

4.4.2. Updating g

By similar method discussed in Section 4.1.1, we first give the Euler-Lagrange equation

of the optimization problem with respect to g (4.10)

β2

(

g −
(

wk +
γk

β2

))

− µ△g = 0.

Using the following discrete scheme of △g:

(△g)x,y = gx+1,y + gx−1,y + gx,y+1 + gx,y−1 − 4gx,y,
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we provide the Gauss-Seidel iteration formula for solving g subproblem with periodic

boundary condition,

gk,t+1
x,y =

µ(gk,tx+1,y + gk,t+1
x−1,y + gk,tx,y+1 + gk,t+1

x,y−1) + (β2w
k + γk)x,y

4µ+ β2
,

where x, y denotes the grid, t is the inner iteration index.

4.4.3. Updating zi

For zi sub-problem (4.11), we only consider the case of p = 2. The first order optimal

conditions are given as

λdki zi + β1

(

zi − αk+1
i +

γki
β1

)

+ β4





N
∑

j=1

zj − 1 +
ηk

β4



 = 0, ∀i = 1, . . . , N,

which gives a linear system of equations. Let Ai = λdki +β1, Bi = β1α
k+1
i −γki +β4−ηk,

the linear system can be written as















A1 + β4I β4I β4I · · · β4I
β4I A2 + β4I β4I · · · β4I
β4I β4I A3 + β4I · · · β4I

...
...

...
. . .

...

β4I β4I β4I · · · AN + β4I





























z1
z2
z3
...

zN















=















B1

B2

B3
...

BN















.

Let M be the coefficient matrix. For convenience, we will omit I in the following

discussion. Let 1 denote the N×1 vector whose components are all 1, and let J = 11⊤.

If we define the diagonal matrix

D̃ = diag (A1, A2, . . . , AN ) ,

M can be written as

M = D̃ + β4J.

Noting that D̃ is a diagonal matrix, we have

D̃−1 = diag

(

1

A1
,
1

A2
, . . . ,

1

AN

)

.

Let

u = D̃−11 =

(

1

A1
,
1

A2
, . . . ,

1

AN

)⊤

,

S = 1⊤D̃−11 =

N
∑

i=1

1

Ai

.
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Then we have

M−1 = D̃−1 − β4
1 + β4S

uu⊤

by using the Sherman-Morrison formula. Specifically, for i, j = 1, . . . , N ,

(M−1)ij =



















1

Ai

− β4

(1 + β4
∑N

i=1 1/Ai)(Ai)2
, i = j,

− β4

(1 + β4
∑N

i=1 1/Ai)AiAj

, i 6= j.

Therefore, the solution of zi is given as

zk+1 = M−1















B1

B2

B3
...

BN















.

4.4.4. Updating v and w

The solution of v sub-problem (4.12) is given as

vk+1 = P[0,1]

(

αk+1
i − ηki

β3

)

,

where P[0,1](·) is a projection on [0, 1]. We then let

J1 =
1

3

N
∑

i=1

(

2U1c
k+1
i1 + 2U2c

k+1
i2 + 2U3c

k+1
i3 − U1c

k+1
i2 − U1c

k+1
i3

−U2c
k+1
i1 − U2c

k+1
i3 − U3c

k+1
i1 − U3c

k+1
i2

)

(zk+1
i )p,

J2 =
2

3

N
∑

i=1

(

(ck+1
i1 )2 + (ck+1

i2 )2 + (ck+1
i3 )2 − ck+1

i1 ck+1
i2 − ck+1

i1 ck+1
i3 − ck+1

i2 ck+1
i3

)

(zk+1
i )p,

w sub-problem (4.13) can be rewritten as

wk+1 = argmin
w

λ

2

∫

Ω

(

J2w
2 − 2J1w

)

dx+
β2
2

∫

Ω

∣

∣

∣

∣

w − gk+1 +
γk

β2

∣

∣

∣

∣

2

dx.

The first order optimal condition is given as

λ(J2w − J1) + β2

(

w − gk+1 +
γk

β2

)

= 0,

then

wk+1 =
λJ1 + β2g

k+1 − γk

λJ2 + β2
.
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5. Experimental results

In this section, we evaluate the proposed model on both natural and artificial im-

ages. We compare it with several state-of-the-art segmentation methods, including: the

SLaT model [2], the adaptive total variation (ATV) model [36], the soft segmentation

model [18], the fuzzy Mumford-Shah model [16], and the saturation-component based

fuzzy Mumford-Shah model [33].

In our proposed coordinate descent based algorithm, five parameters need to be

specified: τ, θ are involved in α updating procedure. For all experiments, we set τ = 1,

θ = 0.1. λ, ρ1, ρ2, µ are tuned individually for each experiment. For noisy images, we

reduce λ because α requires stronger regularization. Since ρ1 and µ influence the bias

field, we decrease ρ1 and increase µ for images with severe intensity inhomogeneity to

enhance the effect of g. Finally, ρ2 is adjusted to balance the contributions of hue and

saturation similarity. The same parameter-tuning strategy is applied to the FMS and

SFMS models. In our proposed ADMM based algorithm, the model related parameters

λ, ρ1, ρ2, µ are set in the same way, the penalty parameters β1, β2, β3, θ are all set to

be 1, β4 is set to be 1 × 10−5, while increasing by 1.1 pre iteration for convergence.

For the SLaT and ATV models, we use the default parameter settings provided in their

respective papers. The convergence threshold ǫ in Algorithms 4.1 and 4.2 is set to

1 × 10−3. The initialization ci are randomly initialized. The maximum number of

iterations is set to 500. The proposed algorithm is implemented in MATLAB, and all

experiments are conducted on a PC equipped with a 13th Gen Intel(R) Core(TM) i5-

13600KF 3.50 GHz CPU.

5.1. Comparison of the proposed algorithms

In this subsection, we discuss the efficiency of two proposed algorithms (coordinate

descent based algorithm and ADMM based algorithm). We take the first image in

Fig. 6 for example, which is a color image segmentation task with 5-phase. The related

parameters are set to be the same, which is given in the caption of Fig. 6. We show

the energy curves with respect to iterations in Fig. 2. It is clear that both algorithms

are very efficient on solving the minimization problem. The corresponding energy of

the two algorithms finally tends to be the same, which shows that the final results of

the two algorithms are the same. Meanwhile, we see from the figure that ADMM based

algorithm converges slightly faster then coordinate descent based algorithm.

Noting that ADMM usually converges faster when dealing with large-scale prob-

lems, we further resize the test image from 256 × 256 to 1024 × 1024, and display the

energy curves with respect to iterations in Fig. 3. Again we see that ADMM based

algorithm converges slightly faster then coordinate descent based algorithm, and the

difference caused by image size is negligible.

We finally present the time consumption of different algorithms in Table 1. In

summary, ADMM based algorithm and coordinate descent based algorithm have similar

convergence speed and similar energy results, while ADMM based algorithm is more
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Figure 2: The energy curves with respect to iterations, image size is 256 × 256.

Figure 3: The energy curves with respect to iterations, image size is 1024 × 1024.

Table 1: Time consumption of different algorithms.

Method Image size Time (500 iterations)

ADMM 256× 256 16.7400 s

Coordinate descent 256× 256 6.4281 s

ADMM 1024× 1024 265.8029 s

Coordinate descent 1024× 1024 100.2480 s

time-consuming. Therefore, we use the proposed coordinate descent based algorithm

to solve the proposed minimization problem in the following experiments.

5.2. Comparison of color image segmentation

In this experiment, we evaluate the proposed model for multi-phase color image

segmentation on several test images. The input images and segmentation results are

displayed in Figs. 4-6.

In Fig. 4, we show three examples of color image segmentation with 2-phase and

3-phase respectively. In the first row of Fig. 4, we test the performance of all methods

under varying lighting conditions and provide 2-phase segmentation results for com-

parison. The competing methods (ATV, SCV, SLaT, FMS, SFMS) fail to separate the

foreground (green region) from the background due to lighting variations. In con-

trast, the proposed HSF model achieves the expected segmentation. In the second row

and third row of Fig. 4, we evaluate segmentation on images with gradual saturation

changes. The other methods struggle to correctly segment all colors, but the HSF model

succeeds by effectively balancing hue and saturation similarity.
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Figure 4: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF of 2-phase (first row) and 3-phase (second and third rows) respectively. The parameters of HSF:
(λ, ρ1, ρ2, µ) = (1e− 2, 1e− 3, 1e2, 2e5).

In Figs. 5 and 6, we show some examples of color image segmentation with 4-phase

and 5-phase respectively. Both the SFMS and HSF models follow the color priority

principle, which is advantageous for color segmentation. For example, in the first row

of Fig. 5, the input color image mainly contains green, blue, and orange regions, dark

boundaries, and the white background. The SFMS model and the proposed HSF model

prioritize green and orange regions, while other methods incorrectly prioritize dark

boundaries. We can also observe the color priority effect in the segmentation results of

the second row in Fig. 5. But this time, the SFMS model fails to distinguish red from

orange. The proposed HSF model correctly segments the red regions, demonstrating

stronger hue sensitivity and robustness. Additional results in Figs. 5 and 6 further

confirm the superiority of the HSF model over competing methods.

5.3. Synthetic color image segmentation

This experiment evaluates the proposed model’s performance on synthetic color

image segmentation. The input images and comparative segmentation results are pre-

sented in Figs. 7-21.

In Figs. 7, 12, and 17, we examine segmentation performance under gradual sat-

uration changes along vertical and diagonal directions, where saturation is degraded

by multiplying itself with linear weights in [0.3, 0.9]. Comparative results from ATV,

SCV, SLaT, FMS, SFMS, and HSF methods demonstrate that only the proposed HSF

model maintains accurate color segmentation across all phase scenarios. As shown in

Fig. 17, conventional methods fail to properly segment yellow, light orange, and orange

regions, while HSF produces correct segmentation boundaries.
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Figure 5: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF of 4-phase respectively. The parameters of HSF: (λ, ρ1, ρ2, µ) = (1e− 2, 1e− 3, 1e2, 2e5).

Figure 6: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF of 5-phase respectively. The parameters of HSF: (λ, ρ1, ρ2, µ) = (1e− 2, 1e− 3, 1e2, 2e5).

Similar tests are conducted for gradual value changes (Figs. 8, 13, 18) and com-

bined saturation-value variations (Figs. 9, 14, 19). Using the same degradation method-

ology, HSF consistently outperformed other methods. Notably in Figs. 18-19, while

conventional methods produce incorrect segmentation of warm-color regions (yellow/

orange), HSF maintained accurate results regardless of value or combined variations.

We further test the impulse noisy conditions where saturation is corrupted by ran-

dom multipliers in [0.3, 1.2] (Figs. 10, 15, 20), and value components are similarly de-



Color Image Segmentation Based on Hue-Saturation Similarity 27

Figure 7: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively; Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 8: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 9: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 10: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 11: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 12: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 13: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 14: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 15: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 16: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 17: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 18: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 19: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

Figure 20: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).
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Figure 21: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS, SFMS,
and HSF respectively. Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (2e− 4, 1e− 3, 5e3, 2e5).

graded (Figs. 11, 16, 21). Comparative results reveal that conventional methods exhibit

two key limitations: color misclassification (e.g., yellow/orange regions in Figs. 20-21)

and noise-sensitive artifacts (particularly in ATV, SCV, FMS, SFMS outputs). In con-

trast, HSF demonstrates superior noise robustness, maintaining both accurate color

segmentation and clean boundary delineation across all test cases.

5.4. Natural color image segmentation

This experiment evaluates the proposed model’s performance for color image seg-

mentation on natural images. The input images and comparative segmentation results

with varying phase numbers are presented in Figs. 22-25. The results demonstrate

that the proposed HSF model exhibits superior color sensitivity due to its effective hue

similarity formulation. As shown in Fig. 22, the model correctly separates the fore-

ground flower region from the background, achieving the desired segmentation. In

contrast, ATV, SCV, FMS, and SFMS models fail to properly segment the red, yellow,

and background regions in 3-phase segmentation, the SLaT model incorrectly segments

the background region in 5-phase segmentation. Similar advantages are observed in

other test cases: red flower segmentation (Fig. 23), tiger and red region separation

(Fig. 24), lotus and stamen (Fig. 25). While all comparative methods (ATV, SCV, SLaT,

FMS, SFMS) produce unsatisfactory results across different phase settings, the HSF

model consistently achieves segmentation that aligns perfectly with our color-based

segmentation objectives.
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Figure 22: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS,
SFMS, and HSF respectively; Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (1e− 2, 1e− 3, 1e2, 2e5).

Figure 23: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS,
SFMS, and HSF respectively; Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (5e− 3, 1e− 3, 5e2, 2e5).

Figure 24: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS,
SFMS, and HSF respectively; Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (1e− 2, 1e− 3, 1e2, 2e5).
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Figure 25: Left to right: the input image, the segmentation results by using ATV, SCV, SLaT, FMS,
SFMS, and HSF respectively; Top to bottom: the segmentation results of 2, 3, 4, 5-phase respectively. The
parameters of HSF: (λ, ρ1, ρ2, µ) = (1e− 2, 1e− 3, 1e2, 2e5).

6. Concluding remarks

In this paper, we develop a novel variational model for color image segmentation

based on hue-saturation similarity. Color image segmentation is highly related to hue

and saturation channels of HSV color space which contains more intuitive color infor-

mation than RGB color space. Therefore, we make use of hue-saturation similarity and

the idea of fuzzy membership function to formulate a variational model for color image

segmentation. Specifically, we first propose the definitions of the hue distance and sat-

uration distance to describe hue-saturation similarity. We then formulate a novel data

fitting method with an adaptive weight coefficient by using hue-saturation similarity

in the proposed energy functional. We also consider the influence of bias field in the

saturation component. Efficient iterative algorithms including coordinate descent and

ADMM have been proposed for solving the proposed optimization problem.

The existence of the solution of the proposed model and the convergence of the

proposed coordinate descent algorithm has been studied at the same time. We have

conducted extensive numerical experiments on several synthetic images and natural

images with different kinds of degradation to test the robustness of proposed model.

The displayed examples effectively demonstrate the advantage of the proposed model

for color segmentation compared with other testing color image segmentation methods.

The proposed model demonstrates the superiority of hue-saturation similarity in color

image segmentation, and provides a novel extension to the idea of fuzzy membership
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function. We consider the following future research topics:

1 In this paper, we focus on color image segmentation problem. It would be very

interesting to further study hue-saturation distance/similarity/regularization for

different image processing problems, such as color image restoration, color image

inpainting, etc.

2 Noting that the proposed hue distance is nonlinear, which poses a challenge to the

design of the numerical algorithms. In the future, we will consider appropriate

linearization methods to handle the hue channel and to improve the computa-

tional efficiency.

3 It would be very interesting to consider specific targets tracking in videos based

on hue-saturation similarity.
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