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Abstract. Tumor angiogenesis involves a collection of tumor cells moving towards
blood vessels for nutrients to grow. Angiogenesis, and in general chemotaxis systems
have been modeled using partial differential equations (PDEs) and as such require
numerical methods to approximate their solutions in 3 space dimensions (3D). This
is an expensive computation when solutions develop large gradients at unknown lo-
cations, and so efficient algorithms to capture the main dynamical behavior are valu-
able. Here as a case study, we consider a parabolic-hyperbolic Keller-Segel (PHKS)
system in the angiogenesis literature, and develop a mesh-free particle-based neu-
ral network algorithm that scales better to 3D than traditional mesh based solvers.
From a regularized approximation of PHKS, we derive a neural stochastic interacting
particle-field (NSIPF) algorithm where the bacterial density is represented as empir-
ical measures of particles and the field variable (concentration of chemo-attractant)
by a convolutional neural network trained on low cost synthetic data. As a new
model, NSIPF preserves total mass and non-negativity of the density, and captures
the dynamics of 3D multi-bump solutions at much faster speeds compared with clas-
sical finite difference and spline based SIPF methods.

AMS subject classifications: 65C35, 65M75
Key words: Chemotaxis, neural particle-field algorithm, efficiency.

1. Introduction

Mathematical models are powerful tools to study a wide range of physical and bi-
ological phenomena. The field of cancer modeling includes various approaches from
mechanistic models that explore the detailed biochemical mechanisms of diseases to
data-driven models that facilitate clinical decision-making [1]. Angiogenesis is the bi-
ological process of the formation of new blood vessels and provides a way for tumors
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to metastasize. This phenomenon has been widely studied by both clinical and com-
putational scientists. Keller and Segel (KS) [7] first introduced the chemotaxis system
of partial differential equations to model the movement of bacteria to a food source
(chemoattractant). Since then, many PDE models of KS type have been used to study
tumor growth models and their associated biological processes.

In this paper, in the spirit of [4,11] for fully parabolic chemotaxis and related hapto-
taxis systems, we introduce a stochastic interacting particle-field algorithm with neural
interpolation for a parabolic-hyperbolic KS system motivated by angiogenesis [3]. Our
method takes into account the coupled stochastic particle and field dynamics, where the
field is the chemo-attractant concentration. In our Neural SIPF algorithm, we approxi-
mate the density of active particles by a sum of delta functions centered at the particle
positions. The non-smoothness of particle representation goes into the field due to
hyperbolicity. An interpolation is necessary from particle representation to compute
the gradient of the field that drives the particle evolution. While classical interpolators
such as spline interpolation can be used for this step, we study neural interpolators due
to their advantages in high dimensions. Neural interpolators have been of interest in
scientific disciplines such as weather forecasting or earth sciences [8,10] and have also
been of broader mathematical interest [14]. In these works, training usually consists
of millions of sample data samples obtained by experimentalists.

In this paper, however, the neural network is trained on synthetic data produced by
solving the radial PHKS system. Computing such a system is easier than solving the
original PDE system by traditional methods, thus providing an easier route to generat-
ing solutions as training data. Our method is mesh free, easy to implement, and able to
capture the diffusive and aggregation behavior of the system as shown by comparison
with finite difference method (FDM) and classical SIPF (e.g. with a spline interpolator).
In summary, our main contributions are as follows:

* We introduce a convolutional neural network architecture (CNN) to successfully
interpolate SIPF solutions to the PHKS system in 2D and 3D.

e The CNN interpolator is trained on radial solution data cheaply, thus removing
the need of a fully resolved FDM for collecting training data.

» SIPF with CNN interpolation is comparable to FDM and SIPF with classical in-
terpolation (i.e. splines) in the quality of solutions, yet is easier to implement at
lower computational costs.

* Combining the above, we introduce a paradigm of simulating a regularized ver-
sion of the original system by a particle-field-neural-network approach. It gen-
erates a new model that preserves physical properties (mass conservation and
non-negativity) and is easier to scale up in multiple dimensions while maintain-
ing qualitative properties of numerical solutions.

The rest of the paper is organized as follows. In Section 2, we review the PHKS
system of equations analyzed in [3], and present a propagation of chaos theory for
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a convolution regularized PHKS system as a motivation for neural interpolation. In
Section 3, we describe the main SIPF algorithm that utilizes the theoretical stochastic
differential equation (SDE) formulation of particle density as well as the need of a nu-
merical interpolator to evolve the gradient of concentration field and particle positions.
In Section 4, we show numerical results and convergence tests of the NSIPF algorithm
on locally Gaussian shaped initial conditions for density and concentration. At higher
resolutions in 3D, NSIPF has much smaller run times than FDM and classical SIPF while
capturing major dynamical properties. Concluding remarks are in Section 5.

2. Parabolic-hyperbolic KS

In this section we present the PHKS system and discuss previous theoretical and
numerical work. The original system is given below

pt =V - (vVp—xpVe),

G = —Cp,

where p is the density of the bacteria and c is the concentration of the chemoattractant.
The bacteria diffuse with mobility « and drift in the direction of V¢ with velocity xVe,
where Y is called chemo-sensitivity. In the context of tumor growth, this is known as
a type of angiogenesis, in which the endothelial cells of a tumor produce its own chemi-
cal to induce blood vessel growth. Theoretical analysis of well-posedness of this system
is in [3] with the existence of a family of self-similar solutions for the 2D case. While
this proves to be useful in training a neural interpolator in 2D, it appears unknown that
such a family exists in 3D.

2.1. Propagation of chaos for the PHKS system

The propagation of chaos is a mathematical property of a system of N interacting
particles that describes the limiting behavior of the system as the number of particles
grows very large. Physically, this idea describes that for large systems the correlations
between given particles due to interactions become negligible. In other words, the par-
ticles reach a “statistical independence” as the system becomes larger, meaning that the
average behavior can be understood rather than the detailed correlated trajectories of
each individual particle. The motivating scientific ideas root from Boltzmann’s kinetic
theory of gases in the 19th century but were later more mathematically formalized by
Kac and McKean in the middle of the 20th century.

In this subsection, we discuss the relevance of the propagation of chaos for
a McKean-Vlasov interacting particle system and thus theoretical motivation for NSIPF
algorithm. We refer to [2] for further details and references therein. Propagation of
chaos arguments are used to show that the solutions to interacting particle systems
converge to solutions of the corresponding Fokker-Planck equation. In our case, we
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have the McKean-Vlasov process
1 o 4
X} =+ ; K(X},X])dt + dBj,

where the sum is a sum of binary interaction forces given by K of particles X?, X7 at
time ¢, in the overdamped regime, meaning there are no mechanical oscillations. Bj is
the regular Brownian motion. The summation term above is given by

N
1 . . )
¥ oK) = [ (i ) = b(xE ).
j=1
where )Y is the empirical measure

| N
AN = d
=N Z el € P(R)
meaning that
b:R% x P(RY) — R?
and b is of the form
boap) = [ Kl y)n(dy),
which is linear in u. In general, we have the following:
dX} =b(X}, 4t )dt + dBj,

which we call the “pointwise” McKean-Vlasov system. Since NSIPF depends on the
previous time step, we must formulate it in the path-dependent sense. We define the
probability measure associated to the law of the process

N
1
N .
OT} — N ZéX[ZO,T] € P(CT)
i=1
Now the pathwise McKean-Vlasov system is written as
dX} = b( Xy 1), fify 7)) dt + dBY,

where b : Cr x P(Cr) — R In the case of PHKS, we have

c(t) = exp <— /O tp(s)ds) co(z).

To connect the previous discussion to our equation, we define the function b to be

ba.p) = Ve (- tp(s)ds) )}
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However, b : R? x P(Cr) — RY, but p is not just a measure but a probability density and
therefore belongs in P3¢(Cr). The empirical measure iV is not absolutely continuous
but a discrete measure. As such, we cannot simply define b as above. To address this,
we smooth it with a mollifier. Choose § > 0 and take K. — §y as ¢ — 0. The equation
for ¢ should then be

¢t = —c(Ke % p).

Define

be(x, p) = exp <_ /0 t Ke*p(s)ds> <Vco ~ eo(2) /O t VICE*p(s)cLS) .

Now, b, is defined appropriately with P(Cr) and the particle system is now well-defined.
If b, is Lipschitz bounded, then we are able to utilize a propagation of chaos statement.
In particular, we refer to the concept of moderate interaction introduced by Oelschléger
in the 1980’s for systems with constant diffusion matrix ¢ = v/21; and with a symmetric
interaction kernel K7 which depends on N

1 —x
Vm,y,e Rd’ Kl(CE,y) = K{V(y —CC) = TKO (y > ;
€N EN

where Ky : RY — R is a fixed symmetric radial kernel and (ex)y is a sequence such
that ey — 0 as N — +oo. The strength of the interaction between two particles is
of the order ~ ¢, ?N~1. Oelschléger considered the case ey = N~%/¢ with 8 € (0,1).
Note that if 3 = 0 then there’s weak interaction (O(N~1!)) and 3 = 1 gives strong
interaction (O(1)), hence the term moderate interaction. We refer this to any situation
where ey — 0 and 5’ N~! = o(1), which leads to
K () S O

in the sense of distribution, allowing us to recover singular purely local interactions. In
the NSIPF algorithm, we view the convolutional neural network framework as a proxy
convolution operation. To establish a mathematical statement, we introduce the fol-
lowing assumption:

Assumption 2.1. For a fixed ¢ > 0 and probability measures u, v, if

[be(, 1) = be(y, v)| < C(lz =yl + Wa(p, v)),

where W5 is the Wasserstein-2 distance, then for all finite 7" > 0, the Fokker-Planck
equation is well-posed in the pathwise sense and the associated SDE has a unique
strong solution.

With this, we present the following theorem:

Theorem 2.1 (Propagation of Chaos with Moderate Interaction). Let the interacting
particle system and its mollification for PHKS system be
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dX} = xb(X}, f;)dt + \/2vdBi, 2.1)
XN = xb (XPN, Kex ufy ) dt + /27d B, 2.2)

where b, is defined above. Then, by synchronous coupling with moderate interaction, the
propagation of chaos holds for the PHKS system. As N — oo, the empirical measure of
the particle system (2.2) converges weakly to the measure with density p satisfying the
regularized PHKS system

o=V - (’yV(ICe *p) — x (K, *p)Vc),
c = —c(Ke*p).

Proof. In order to show that (2.2) converges to (2.1), we require limits as N — +oo
and € — 0. The ideas of the proof follow closely Sznitman’s proof of McKean’s theorem
of Lipschitz interactions using synchronous coupling which can be found in the review
paper [2] and moderate interaction which can be found in [6]. It first suffices to show
that

lim E X; - X}|*] =o.
i E[sup| X = Xl

Let
1 N
N _
X=1 p=ppn =iy, By =5 )0k
i=1

and f; be the law of the associated system. By the Burkholder-Davis-Gundy (BDG)
inequality, for i € {1,2,...,N},

E[sup | X} — X{|*]
t<T
T ) _ 9
< 2T/ E|be(X{, 1) — b(X{, fr)|"dt
0

T
i i) |2 i i 2
§4TA E|be(X7, 1) — be(XE, ) |? + E|be(Xi 1) — be( X7, fo) |l

Then,
4 _. 19
E|b6(XZ’M) - bE(thu)‘
< C(EIX] — X2 + EW3(u, )
. . 1 X A A
<O BXE - P+ 5 2omix] - X
]:
< 2CE| X} - Xi|?
and

E|b (X}, i) — b (X7, fo)|° < CEWE (@, f).



An Efficient Particle-Field Algorithm Based on a PHKS in 3D 7

Combining, we have
E[sup | X} — X;[’]
t<T
T T R
gCl/ Ewg(u,ft)dt+02/ E|X; — X;| dt
0 0
T
<o [ ai oo
0

S C1€CQT03/N,

where the second to last inequality follows from Gronwall’s inequality. Then, to incor-
porate the moderate interaction, let ¢ = ey be a sequence of numbers converging to
0 and K, = e;,dK (x/en) where K is a Lipschitz continuous and bounded probability
density on R?. We first note that the L> and Lipschitz norms of K, are controlled by

Co Ch
HKEHOO - —a HKEHLip = Td¥1
€y €y

for some constants Cj, C; > 0 depending on K. Then, McKean’s theorem gives that for

all N,
2d

B N _ N2 o N < —2(d+1)
[sup [ X = X T|] < @ exp (e ™)
for some constants ¢;, ¢ > 0 depending on 7, K, and b.. In order to take N — +oo,
Jourdain and Méléard [6] assume that ey — 0 slowly enough such that the right hand
side of the inequality above converges to 0. A sufficient condition is
e&Q(dH) <dlog N
for a small 6 > 0. Jourdain and Méléard [6] further show that assuming that the SDE
is well-posed, then
B[sup |5 - X[ < 0¥
t<T

for some § > 0. Combining these two results, we have then that

—2d
E[sup | X} — X,|°] < Ce% + & D exp (Gpe 7Y,
t<T N
and the conclusion follows. -

Remark 2.1. We remark that the proof of propagation of chaos depends on the regu-
larity of ¢y which is not smooth in general. In the case that it is, or at least C? differ-
entiable, the explicit Lipschitz constants can be formulated and the overall argument
follows the same way.
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2.2. Towards a neural approach

Due to the propagation of chaos through mollification and moderate interaction, we
are inspired to incorporate neural networks to satisfy the role of b. due to the universal
approximation capability of neural networks. In this case, we seek to define a data-
driven operator My[f](x) where f is the function to be interpolated, x € R? is the
data input, and 6 is the trained parameters by the neural network. Due to the role
of convolution in the propagation of chaos theory, we consider using a convolutional
neural network. Here, a neural network interpolator M, defined for L layers, is

Mo[f)(z) = b,
O = (KO «pD 4 p0) ) 1=1,...,L,
W = f,

where K () are convolutional kernels, o is our activation function, and f is the input as
a collection of data points { f(z;)}; where x; are the points where f is defined (say on
a uniform grid). A classical interpolator Z typically asserts

Z(f(zi) = f (=)
for given data {z;}. However, the neural interpolator is an inexact method, meaning

that M([f](z;) ~ f(:).
3. Computational methods for PHKS

In this section, we present the main algorithms for simulating solutions to the PHKS
system, including the Neural SIPF algorithm as well as the training procedure of the
neural interpolator. Instead of using a classical interpolation method like cubic splines,
we opt for a CNN trained on radial solutions.

3.1. Neural SIPF algorithm

Consider a finite spatial domain 2 = [0, L]¢ with Neumann boundary conditions for
p and c. As a discrete time algorithm, we partition the time interval [0, 7] by {5 }o.n;
where typ = 0 and ¢,,,, = T'. Approximate density p by particles as

e L

0

P Zé(x - X7, (3.1
p=1

a.k.a the empirical measure, where P > 1 is the number of particles and M is the con-

served mass of the system. At {5 = 0, we sample P particles from the initial condition
po- To present the algorithm, we rewrite the particle approximation by

M, P
pn = ?Oz;é(m—Xﬁ).

At a given time step, our algorithm consists of two sub-steps: updating ¢ and p.
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Updating chemical concentration ¢: Let 6t = t,.1 — t,, > 0 be the time step. We
update ¢ by the explicit Euler scheme

Cn+1 = Cp — ot Cn Pn-

Updating density p: update the particle positions { X% },—1.p using an Euler-Maruyama
scheme of the SDE

XP = XP + x V(X t,) 0t + /276t NP, (3.2)

where N}’s are i.i.d. standard normal distributions with respect to Brownian paths in
the SDE formulation. The particles are then binned into IV, bins.

Each timestep requires O(P) operations to assign particles to bins and O(N,) op-
erations to create the bins, making the overall complexity O(P + N,), rendering the
method efficient for high-dimensional problems.

Computing V,c(z,t,) is difficult as it may not be strictly defined due to p,_; being
only coarsely valued through a histogram of particle positions. To circumvent this,
we first construct an everywhere differentiable interpolation of ¢, as a proxy, then
take gradient on the interpolator for an approximation. A similar treatment has been
adopted in training neural networks with piecewise constant activation functions. The
resulting proxy gradient is known as coarse gradient [9, 12,13] or straight-through-
estimator [5].

A classical interpolation is spline which is expensive to generalize to 3D and will be
compared with neural interpolation in Algorithm 3.1.

Algorithm 3.1 Neural SIPF
Inpl'It : QvT7X7M7P7M075t7p07CO-
Output : p7, cr.

Initialize X{, ..., X{" on Q based on initial data po.
forn=0,...,np do
Bin particles X!, ..., X" and define p,, according to (3.1) p,, < histogram(p,,)
if n = 0 then
| Cn < Co
else

Cni1 < Cp — Ot ¢y, pn, OVer each bin

¢(z,ty,) < CNN interpolator(c,,)

Compute V c(x,ty,).

Update X, to X, by (3.2) with V,c(z,t,).
end
end
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3.2. Neural interpolator training

In the 2D case, a neural interpolator was trained on radially symmetric self-similar
solutions computed by a finite difference method. These solutions were processed as 2D
images by the neural network. However, processing 3D solutions on the whole spatial
domain is computationally expensive and thus requires a different training strategy
when implementing the neural interpolator to interpolate the concentration variable.

To train the neural network, we first use a finite difference method to compute
solutions to the radial system

2 2
Pt =7 (PW + ;Pr> +X <prcr + pCrr + ;PCT> )
Ct = —Cp.

These solutions were computed with v = x = 1 with M, = 1 on the space [0, 100]
with [0,50] for time. Then, taking a random sample of 50 solutions across the time
domain, we augment a patch of each 3D reconstructed solution to use as training data
for the neural network interpolation. During augmentation, we perform a combination
of down-sampling, shifting, and Gaussian blurring of the patch by randomly selecting
three separate parameters within certain ranges during training. For down-sampling,
shifting, and blurring respectively, the ranges were set to be (2,4), (—20, 20), (0,0.5).
The patches are then resized to fit the dimensions of the input ¢ defined on a uniform
grid D x H x W. Serving as the input of the neural interpolator, a patch is then
interpolated to a defined resolution by passing through several convolutional layers
that follow an encoder-decoder like structure. The details of the architecture including
the changes of channel sizes are shown in Fig. 1. We train the neural network for 100
epochs with Adam optimizer, learning rate of 1073, and a batch size of 4 with mean
squared loss (MSE) as our loss function. The neural network training took 9753.73
seconds on an NVIDIA GTX GeForce 1080 GPU, with a 80/20 training/validation split.
The loss vs. epoch in training can be found in Fig. 2. We remark that the loss during
training does not go completely to zero, indicating that neural interpolator serve as an
inexact interpolation method. Nonetheless, we shall see that the method helps SIPF
capture the dynamic behavior in comparison with FDM solutions and at a much faster
speed in 3D.

> > L
116 B 16 — 32 [T LReLY 32 532 [TLRELU M| 5030

‘A Conv3D Conv3D
@—» 3 16 [P ReLU 161 [P RelU

Figure 1: Diagram of the CNN architecture.
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Figure 2: CNN training loss vs. epochs.

4. Numerical experiments and discussion

In this section we provide numerical results of the SIPF algorithm for one blob
and two blob initial conditions as well as demonstrate the efficiency of the algorithm
compared to classical methods such as classical SIPF or FDM. We provide numerical
convergence results and discuss important points of the algorithm. For simplicity un-
less otherwise stated, all simulations initialize density and concentration as Gaussian
blobs with v = x = 1 and assume M, = 1 for density. To implement the classical
interpolator we use Python’s RectBivariateSpline package for the 2D case and the
interpn package for the 3D case. For FDM experiments, the spatial domain is dis-
cretized as a uniform grid and the differential operators in the PDE are discretized as
forward differences. For classical SIPF experiments, the algorithm remains the same
except the interpolation step is replaced with spline interpolation. All computational
experiments were conducted on Python and training the neural network was done in
PyTorch.

4.1. Diffusive behavior with one blob

As a first experiment, we consider an initial standardized Gaussian density blob
with standard deviation 5.0 positioned at the center of the spatial domain (50, 50, 50)
with an initial concentration of food source which is also a standardized Gaussian blob
with standard deviation 10.0. The initial blob diffuses out as it consumes the food
source. The blob diffuses outward as shown in Fig. 3. As a demonstration that the
neural interpolation is an inexact method, a cross-section plot is shown in Fig. 4.
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Particles, t=0.0 Particles, t=40.0

100 ©

Figure 3: One bump solution particles at ¢ = 0 and ¢ = 40 produced by NSIPF with P = 20000.
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Figure 4: Target data points (red) and their neural interpolation at the y = 50 slice.

4.2. Aggregation behavior with two blobs

In this experiment, we demonstrate the power of NSIPF to simulate solutions to the
PHKS system with non radial initial data. We initialize p to be a sum of two Gaussian
blobs of standard deviation 5.0 positioned off-center ((30,30,30) and (70, 70,70)) in
the spatial domain while ¢ is a single Gaussian blob of standard deviation 10.0 located
in the center ((50, 50, 50)). The concentration is scaled to be much larger than density
to provide more biological realism to show that the blobs aggregate toward the food
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Particles, t=0.0 Particles, t=10.0
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Figure 5: Two-blob solution particles aggregating toward the center at t = 0.0, 10.0, 40.0 produced by
NSIPF with P = 20000.

source in finite time. As we can see in Fig. 5, the blobs aggregate towards the center
where the concentration is and continues to grow there. Fig. 6 shows cross-section
plots of density comparing FDM and NSIPF with 20, 000 particles.

4.3. Aggregation behavior along annuli boundary

In this last experiment, we demonstrate NSIPF’s ability to simulate solutions to
the PHKS system with different initial conditions for the concentration variable. In
particular, we initialize concentration to be a sum of two annuli in 3D, which is different
from the blob training data provided for the neural interpolator. Additionally, we vary
v, X, L, T, and resolution outside of their ranges during the neural interpolator training
while comparing to an FDM reference using 20, 000 particles. The Wasserstein-1 error
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FD density (slice at z=50) Particle density (slice at z=50)
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Figure 6: Two bump solution comparison at ¢ = 2.0 and ¢ = 40.0 with FDM (left) and NSIPF (right) with
P = 20000."

&

[N}

for p and relative error for ¢ are computed at T. The density is a single Gaussian
blob located in the center of the domain. We see that in Fig. 7, the particles quickly
aggregate along the boundary of the annuli where the food source is highest. The
comparison with the FDM reference under different parameters is shown in Table 1.
Even when the parameters are changed, we observe that the error remains small for
both p and ¢, indicating that the NSIPF is still able to produce solutions comparable to
traditional FDM with different initial conditions. Furthermore, there is no retraining
required for a different set of parameters.

4.4. Comparison of numerical methods

In this subsection, we compare the numerical methods implemented in our 3D
experiments. In Table 2, we compare runtimes of all three methods with timestep

The resolution of the cross-section of the NSIPF solution increases when particle count increases.
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Particles, t=0.0 Particles, t=10.0

100 © 100 ©

Particles, t=40.0
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Figure 7: One bump particles gathering around the boundary of the annuli at t = 0.0, 10.0, 40.0. produced
by NSIPF with P = 20000.

Table 1: Comparison of FDM and NSIPF methods with annuli initial condition for c.

(v,x, L, T) Resolution Error (p, ¢)
(1,1,100,50) | 200 x 200 x 200 | (8.60e-07, 0.006)
(10,5,100,100) | 200 x 200 x 200 | (1.05e-06, 0.0004)
(10,5,100,5) | 400 x 400 x 400 | (9.76e-07, 0.001)
(0.1,0.1,100,50) | 100 x 100 x 100 | (6.89e-07, 0.005)
(1,1,100,5) | 250 x 250 x 250 | (9.24e-07, 0.0008)
(1,1,200,50) | 250 x 250 x 250 | (1.02e-07, 2.7e-08)
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Table 2: Comparison of run times for different resolutions in 3D (50/100/200 refers to the number of grid
points/bins in each dimension).

Method Resolution Runtime (s)
FDM 50 x 50 x 50 7.31
100 x 100 x 100 56.89
200 x 200 x 200 742.24
Classical SIPF (P = 20k) 50 x 50 x 50 2955.73
100 x 100 x 100 3919.37
200 x 200 x 200 7599.54
NSIPF (P = 20Kk) 50 x 50 x 50 8.69
100 x 100 x 100 33.12
200 x 200 x 200 243.86

Table 3: Classical vs. Neural SIPF run times with respect to particle number.

P Classical SIPF Runtime (s) | NSIPF Runtime (s)
1000 211.27 31.97
5000 998.38 32.21
10000 1959.34 32.42

dt = 0.1. The main baselines we compare NSIPF to are FDM and the classical SIPF. The
usage of classical interpolation methods such as spline in the classical SIPF heavily ex-
tends runtimes compared to either FDM or Neural SIPF. The spline method interpolates
across all particle positions in the spatial domain defined by a grid and thus results in
a longer runtime. However, the neural interpolator, since it is trained on a sample of
augmented solution data, takes less time when called to interpolate only the particle
positions in which density or concentration is nonzero. Thus, the interpolation task is
reduced from a global task of interpolating all particle positions to just a local one and
a function call in our experiments and implementation. As in the annuli experiment,
the neural interpolator is able to interpolate concentration data that are not blobs.

We also compare classical SIPF and Neural SIPF methods with respect to particle
count and see the weakness of classical methods when it comes to runtime. As we can
see from Table 3, NSIPF is unburdened by the increasing particle count. We found that
NSIPF runtime starts to lengthen at around 500k particles but still remains faster than
traditional methods.

4.5. Numerical convergence

In this section, we present numerical findings to convergence of the NSIPF method
with respect to both the number of particles P and the timestep dt. We calculate the
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Figure 8: Convergence plots of p,c using NSIPF. Fitted slopes are —0.47, 1.01 respectively.

relative L2 error,

\/Z(fnum - fref)2
2
\/ ref

where fpum, fref are the numerical and reference solutions respectively. The reference
solution is taken to be an FDM output with dz = 0.02 and dt = 0.0125. In Fig. 8, we
compute the relative L? error of density and concentration with respect to different
particle count P and timestep dt. Fitting the slope of the error in the log-log plot yields
e(P) = O(P~%47) for density and e(6t) = O(6t'!) respectively, implying that NSIPF is
of order —1/2 with respect to P and first order with respect to timestep.

4.1

5. Conclusion and future research

We have presented an interacting particle method with neural interpolation that
effectively computes solutions to the PHKS system in 3D and agrees with computations
using traditional methods. Motivated by a theoretical propagation of chaos statement,
we present a neural interpolator enhancing the performance of the classical SIPF. The
CNN used for interpolation is trained on low cost radial solution data generated from
FDM in one dimension (radial variable) and demonstrates efficacy in handling initial
concentration profiles other than blobs and other parameter regimes. In future work,
we aim to improve interpolation performance in runtime and speed. Finally with the
particle solutions here as training data, we aim to develop a physics-aware (mass and
non-negativity preserving) generative Al model for predicting cell dynamics, bypassing
the reliance on mechanistic models entirely.
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